M.Postnikov 
Lectures 

in Geometry 
SEMESTER Il 


Smooth 
Manifolds 


M. POSTNIKOV 


SEMESTER Ill 


SMOOTH 
MANIFOLDS 


Translated by vladimir shokurov 


VOLUME 1 


URSS 
PUBLISHERS 
MOSCOW 


M. M. IIOCTHHKOB 
rUIATKHE MHOTOOBPA3HHA 
TOM 1 

Mocxksa, "Hayka" 


M. M. POSTNIKOV 
SMOOTH MANIFOLDS 
VOLUME 1 

Moscow, "Nauka" 


Translated by 
Vladimir Shokurov 


ISBN 5-88417-025-4 
ISBN 5-88417-026-2 (vol. 1) 


© M. M. Ilocrauxos, 1987 
© Translated by Vladimir Shokurov, 1989 
© AO"YPCC", 1994 


CONTENTS 


VOLUME 1 

Preface to the Russian Editien 10 
Preface to the English Edition 16 
Lecture 1 17 


Simple lines in the plane. Giving lines by an equation. 
Whitney's theorem. Jordan curves. Smooth and regular curves. 
Nonparametrized curves. Natural parameter 


Lecture 2. 36 
Cusgves in the plane. Frenet formulas for a space curve. 
Projections of a curve onto the coordinate planes of the 
canonical frame. Frenet formulas for a curve in an n- 
dimensional space. The existence and uniqueness of a curve 
with given curvature 


Lecture 3 $1 
Elementary surfaces and their parametrizations. Examples of 
surfaces. Tangent plane and tangent subspace. Smooth map- 
pings of surfaces and their differentials. Diffeomorphisms of 
surfaces. The first quadratic form of a surface. Isometries. 
Beltrami's first differential parameter. Examples of computa- 
tion of first quadratic forms. Developable surfaces 


Lecture 4 80 
Normal vector. Surface as the graph of a function. Normal 
sections. The second quadratic form of a surface. The Dupin 
indicatrix. Principal, total and mean curvatures. The second 
quadratic form of a graph. Ruled surfaces of zero curvature. 
Surfaces of revolution 


Lecture 5 99 
Weingarten formulas. Coefficients of connection. The Gauss 
theorem. Explicit formula for Gaussian curvature. The neces- 
sary and sufficient conditions of isometry. Surfaces of cons- 
tant curvature 


Lecture 6 110 
Introductory remarks. Open subsets of the space R" and their 


6 Contents 


diffeomorphisms. Charts and atlases. Maximal atlases. Smooth 
manifolds. Examples of smooth manifolds 


Lecture 7 126 
Topology of a smooth manifold. Open submanifolds. 
Neighbourhoods and interior points. Homeomorphisms. The 
first axiom of countability and the property of being locally 
flat. The second axiom of countability. Non-Hausdorff 
manifolds. Smoothnesses of a topological space. Topological 
manifolds. Zero-dimensional manifolds. The category TOP. 
The category DIFF. Pullback of smoothness 


Lecture 8 142 
Topological invariance of the dimension of a manifold. The 
dimension and coverings. Compact spaces. Lebesgue lemma. 
The upper estimate of the dimension of compact subsets of a 
space R". The monotonicity property of the dimension. 
Closed sets. The monotonicity of the dimension and closed 
sets. Direct product of topological spaces. The compactness 
of the direct product of compact spaces 


Lecture 9 156 
The drum theorem. The Brouwer fixed-point theorem. Cube 
separation theorem. Normal and completely normal spaces. 
Separation extension. The Lebesgue theorem on coverings of a 
cube. The lower estimate of the dimension of a cube 


Lecture 10 170 
Ordinals. Interval topology in sets of ordinals. Zero-dimensio- 
nal spaces. Tychonoff's example. Tychonoff product of 
topological spaces. Filters. Centred sets of sets. Ultrafilters. 
Compactness criterions. The Tychonoff theorem 


Lecture 11 186 
Smoothness on an affine space. The manifold of matrices of a 
given rank. Stiefel manifolds. Matrix rows. The exponential 
of a matrix. The logarithm of a matrix. Orthogonal and J- 
orthogonal matrices. Matrix Lie groups. Groups of J-orthogo- 
nal matrices. Unitary and J-unitary matrices. Complex matrix 
Lie groups. Complex-analytic manifolds. Arcwise connected 
spaces. Connected spaces. The coincidence of connectedness 


Contents 7 


and arcwise connectedness for manifolds. Smooth and piecewi- 
se smooth paths. Connected manifolds failing to satisfy the 
second axiom of countability 


Lecture 12 210 
Vectors tangent to a smooth manifold. Derivatives of 
holomorphic functions. Tangent vectors to complex analytic 
manifolds. The differential of a smooth mapping. The chain 
rule. The gradient of a smooth function. The étale mapping 
theorem. The theorem on the change of local coordinates. 
Locally flat mappings 


Lecture 13 230 
Proof of the theorem on locally flat maps. Immersions and 
submersions. Submanifolds of a smooth manifold. A subspace 
tangent to a submanifold. Giving locally a submanifold. The 
uniqueness of the submanifold structure. The case of em- 
bedded submanifolds. The theorem on the inverse image of a 
regular value. Solutions of systems of equations. The group 
SL(n) as a submanifold 


Lecture 14 246 
The embedding theorem. Compact sets revisited. Urysohn 
functions. Proof of the embedding theorem. Manifolds satis- 
fying the second axiom of countability. Scattered and meager 
sets. Null sets 


Lecture 15 260 
The Sard theorem. The analytic part of the proof of the Sard 
theorem. Direct product of manifolds. The manifold of tangent 
vectors. Proof of the Whitney theorem 


VOLUME 2 


Lecture 16 274 
Tensors. Tensor fields. Vector fields and differentiations. Lie 
algebra of vector fields 


Lecture 17 291 
Integral curves of vector fields. Vector fields and flows. 
Transfer of vector fields using diffeomorphisms. The Lie 


8 Contents 


derivative of a tensor field 


Lecture 18 304 
Linear differential forms. Differential forms of arbitrary de- 
gree. Differential forms as functionals of vector fields. The in- 
ner product of a vector field and a differential form. Pullback 
of a differential form via a smooth mapping 


Lecture 19 318 
Exterior differential of a differential form. The Lie derivative 
of a differential form 


Lecture 20 330 
The de Rham complex and cohomology groups of a smooth 
manifold. The group H°X. Poincaré lemma. The group H'S?. 
The group H'S'. Computing H'S' using integrals. The group 
H’S’. Groups H'S" for n22. Groups H"S",m<n.Groups 
HS" 


Lecture 21 358 
Simplicial schemes and _ their geomefric realizations. 
Cohomology groups of simplicial schemes. The double comp- 
lex of a covering. Cohomology groups of a double complex. 
Augmented double complexes. Boundary homomorphisms. 
Acyclic complexes. Row acyclicity for p=0 


Lecture 22 374 
Row acyclicity of the double complex of a numerable covering. 
Row acyclicity of the double complex of a Leray covering. 


The de Rham-Leray theorem. Generalization. Groups E24. Gro- 
ups F?“. A group adjoined to a graded group with filtration 


Lecture 23 389 


Groups E?4. Spectral sequences. Spectral sequence of a 
double complex. Spectral sequence of a covering 


Lecture 24 405 
Compactly exhaustible and paracompact topological spaces. 
Paracompact manifolds. Integrals in R”. Cubable sets and 


Contents 
densities in arbitrary manifolds. Integration of densities 


Lecture 25 420 
Orientable manifolds. Integration of forms. Poincaré lemma 


for finite forms. The group H;,,X. An orientable manifold 


Lecture 26 436 
The degree of a smooth proper mapping. The algebraic number 
of inverse images of a regular value. Invariance of the degree 
under smooth homotopies. Proof of the drum_ theorem. 
Invariance of the degree under any homotopies 


Lecture 27 448 
Domains with regular boundaries. Stokes' theorem. Gauss- 
Ostrogradskii, Green's and Newton-Leibniz formulas. Mani- 
folds with border sets. Interior and boundary points. Embed- 
ded 0-submanifolds. Stokes' theorem for manifolds with bor- 
der set and for 0-submanifolds. Stokes' theorem for surface 
integrals. Stokes' theorem for singular submanifolds. Line 
integrals of the second kind 


Lecture 28 468 
Operators of vector analysis. Consequences of the identity 
dod=Q. Consequences of differentiation formulas for pro- 
ducts. The Laplacian and the Beltrami operator. The flow of a 
vector field. The Gauss-Ostrogradskii formulas for divergence 
and Green's formulas. Convergence as the density of sources. 
The Stokes formula for circulation. The Gauss-Ostrogradskii 


formula for rotation. The generalized Gauss-Ostrogradskii 
formula 


Lecture 29 487 
Periods of differential forms. Singular simplexes, chains, cyc- 
les, and boundaries. Stokes' theorem for chain integrals. Singu- 
lar homology groups. The de Rham theorem. Cohomology 
groups of a chain complex. Singular cohomology groups 


Subject index 508 


PREFACE TO THE RUSSIAN 
EDITION 


Geometry has been and remains the Cinderella of the 
curriculum at the Moscow University’s Mathematics and 
Mechanics faculty. Never once during the last fifty 
years has the curriculum contained a course on the foun- 
dations of geometry or algebraic curves or transformation 
groups or even projective geometry (if we do not count 
the scraps in the first-semester courses in analytic geo- 
metry which may only be given under special circum- 
stances, and nobody cares when the lecturer curtails 
them up or even drops them altogether). A student might 
well graduate from the faculty—with honours! —with 
no idea about Lobachevskian geometry, Caley-Klein 
ideas in the foundations of geometry, or the properties of 
algebraic curves or Lie groups. 

Some twelve years ago the overflow into the calculus 
course of geometric material due to the ever increasing 
implementation of geometric methods led to the creation 
in the second year of a new course with the ad hoc name 
“Smooth manifolds and differential geometry”. This 
course was delivered at a rate of a lecture a week and it 
was hoped that the course would free lecturers from 
presenting the extraneous geometric material. The course, 
however, was not well thought-out, and the parallel 
courses in calculus and differential equations were not 
coordinated with it. As a result the lecturers on calculus 
did not derive any advantage, and ridiculous as it may 
seem, integration of the differential forms on manifolds 
and Stokes’ formula were discussed twice in as much 
detail but from slightly different points of view, in the 
two concurrent courses. 
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Delivering the geometry course in the third semester 
did not allow the generalizing and unifying role played 
by geometric concepts in modern mathematics to be 
brought out since to do so it is necessary for the main 
analytic courses to have been covered. 

These and various more particular considerations led 
to the transfer of geometry to the third year (the fifth and 
sixth semesters). It has immediately become clear that 
this afso had disadvantages. 

A necessary constituent part of any course in geometry 
is the theory of curves and surfaces in three-dimensional 
Euclidean space, which is important both in its own 
right and as a source of examples and analogues for 
Riemannian geometry and the geometry of affine connec- 
tions. By the third year, this material is too elementary 
(by this time students have already acquired a knack 
and a taste for more complicated constructions and con- 
cepts) and for it to play its propaedeutic role one cannot 
pass too quickly onto Riemannian geometry. 

It is clear that this theory must be presented no later 
than the third semester (or perhaps earlier, as suggested 
by me in the first Russian edition of Semester II of 
these Lectures, even in the second semester). Moreover, 
a third-year geometry course does not help lecturers 
presenting second-year analysis (which I am sure will 
soon lead to the abolition: of the course in geometry in 
the third semester and may be, alas, to its ousting from 
the schedule of the curriculum). 

The radical solution is, of course, to overhaul the 
traditional system of mathematical courses. However, 
since there is an acute struggle between the departments 
for hours and courses such a review, which will have to 
be carried out sooner or later, is at present not possible, 
and a temporary solution would be the return of the 
geometry course in the third or fourth semester with the 
presentation of integration topics clearly distributed 
between the courses in calculus and geometry, each passing 
on the baton to the other as it were. 

The following distribution of topics is suggested. After 
the integral of functions over domains in R” has been 
discussed in calculus, the geometry lecturers cover the 
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integration of densities and forms on manifolds. Simul- 
taneously the calculus lecturer illustrates the general 
theory by particular cases of line and surface integrals of 
the first (density) and the second (form) kind. During 
this time, the generalized Stokes theorem is discussed 
which in the calculus course is immediately rendered 
concrete in the form of the Green, Gauss-Ostrogradskii 
and Stokes formulas. This duet, in which the general 
melody sometimes drifts, sometimes merges, ends in 
the apotheosis of vector analysis with elements of 
potential theory where the course in calculus changes 
freely into the theory of multidimensional improper inte- 
grals and the geometry course into cohomology theory. 
All this, of course, requires close coordination between 
the lecturers, which is not easy to achieve. | 

This book-has, like its predecessors*, grown out of 
lectures given at the mathematics and mechanics faculty 
of Moscow University in different years. It is not, how- 
ever, arecording of any particular course, but is instead 
a realization of the proposed geometry syllabus for the 
third semester. It can, however, certainly be used as the 
text for the fifth semester course: 

The textbook ‘is intended as a normal course presented 
at two lectures a week. The number of lectures (29) arises 
because although the winter semester formally contains 
18 weeks, in practice it is impossible to deliver more 
than 11 to 15 weeks of lectures. The course can be used, 
however, even if the curriculum assigns only one or one 
and a half lectures a week (11 to 15 and respectively 16 
to 22 lectures). 

To be able to estimate the time required for a syllabus, 
I have tried to make each lecture in the book correspond 
to a two-hour lecture. Repeating material from other 
courses and considering examples, in written form, 
requires much more time. This accounts for difference 
in the volume of the lectures and the unexpectedly 
large size of Lectures 3, 11, and 20. 


* M. Postnikov. Lectures in Geometry: Semester I. Analytic 
Geometry. (Mir Publishers, Moscow, 1981), Semester II. Linear 
Algebra and Differential Geometry. Mir Publishers, Moscow, 1982). 
(Referred to as I and II in what follows.) 
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The book focusses on smooth manifolds, and general 
topological facts and ideas are not separately presented 
being interspersed in the text. 

In recent years a rather strange view of smooth mani- 
folds has become widespread, a view surprisingly shared 
by some respected and competent mathematicians. Since 
a smooth manifold can be regarded as the result of the 
natural attempt to generalize axiomatically the simple 
idea of a manifold as a subset of a Euclidean space defined 
by a system of functionally independent equations, it is 
argued that the generalization does not actually lead to 
new objects because of the Whitney embedding theorem 
and so manifolds should be defined as.subsets of that 
kind and that the general concept of a manifold is just 
an example of an axiomatic construction which inevitab- 
ly arises in following a concept to its conclusion but one 
which it is then better to forget. I cannot share this 
opinion because in practice—for example, in mechanics— 
manifolds tend to appear in an abstract form, unem bedded 
in a Euclidean space, and their forced embedding (with 
great arbitrariness!) introduces an additional structure 
that is sometimes useful but often having no relevance to 
the crux of the matter. The adherents of the former 
opinion appeal to Poincaré, who has shared it. In fact 
Poincaré clearly understood the necessity of having 
a general concept) of manifold and dwelt on pasting to- 
gether the charts of an atlas. Referring to the extremes of 
axiomatization is also wrong, since in reality manifolds 
were not introduced as the result of “natural attempt to 
generalize the simple notion of a manifold given by 
equations” but as an answer to the need to clearly explic- 
ate the notion arising in mathematical investigation. 
A consistent execution of the same principles would throw 
mathematics a hundred years back, since from this point 
of view, for example, all linear algebra in its present 
form has no right to exist, being based as it is, on the 
concept of a vector space which could be said to “have 
arisen as a result of a natural attempt to generalize the 
simple idea of the space R””. (which is as false as it is 
for manifolds), whereas the isomorphism theorem shows 
that “the generalization does not actually lead to new 
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objects” (which, though true, does not deprive the con- 
cept of a vector space of its value). In this book, therefore, 
manifolds are defined in the usual way, on the basis of 
an atlas, while subsets of Euclidean spaces only appear as 
examples. 

The problems in this book are mainly quite trivial and 
intended exclusively for a reader to test himself. Some 
more difficult problems are given in small print. Auxili- 
ary material on algebra or calculusis also given in smal] 
print. 

The first five lectures are only indirectly related to the 
theory of smooth manifolds, mainly being devoted to 
elementary differential geometry. The theory of curves 
(Frenet formulas) is followed by the first and second quad- 
ratic forms of a surface, the Weingarten formulas are 
derived, and Gauss’s theorem on the invariance of total 
curvature is proved. Everything not directly related to the 
Gauss theorem has been omitted (the Meusnier theorem 
and the Euler theorem, geodesics, asymptotic curves, lines 
of curvature, and the like). When delivering lectures in 
the second year this material had sometimes to be post- 
poned until the middle of the semester (so as to satisfy the 
needs of the course on differential equations, by introduc- 
ing the general theory of smooth manifolds as soon as 
possible). Although this did remove some repetitions 
(for example, it was then unnecessary to define the differ- 
ential of a smooth mapping twice, first for surfaces and 
then in the general case), it was barely justified metho- 
dologically (as it links elementary differential geometry, 
which is local in nature, to the theory of manifolds). 

The theory of manifolds begins in Lecture 6. The first 
ten lectures (from the sixth to the fifteenth) are devoted 
to basic geometric notions and theorems of the theory of 
manifolds. In the shorter 11-lecture course one may omit 
seven of these lectures, reducing the first five lectures to 
four and sacrificing Lectures 8, 9, and 10 (which treat in 
the main the topological theory of dimension and the 
Tychonoff theorems), and Lecture 10 in a 16-lecture 
course. The remaining lectures in this group (particularly 
those on the Sard and the Whitney theorems) must, in 
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my opinion, be kept in the course under all circum- 
stances. 

An 11-lecture course actually stops here. It turns out 
to be, however, possible to save, by slightly reducing 
and condensing the presentation, about an hour and a half 
of lecture time in presenting some of the material in 
Lectures 16 and 17. As to the theory of differential forms 
(Lectures 18, 19, and 20), it must be put off in the short- 
ened course until the next semester (or left to the calculus 
lectures). 

In a 16-lecture course it is possible to finish the course 
with Lecture 20, which demonstrates various ways of 
computing de Rham cohomology groups using the exam- 
ple of a sphere. This means that the “integration” Lectures 
24 to 29 are excluded from the course and their material 
is thus left to the calculus course. 

In Lectures 21 to 23 an attempt is made to expound the 
theory of homologies and cohomologies (up to spectral 
sequences!) in a form suitable for the compulsory course. 
This is made possible by changing the generally accepted 
point of view and giving up the treatment of simplicial 
homology theory, which is alleged to be geometrically 
obvious. I am pleased to note that a similar approach, at 
a more advanced level, is accepted in Differential Forms 
in Algebraic Topology by R. Bott and L.W. Tu, which 
must be read by anyone who wants to become acquainted 
with the basic ideas and constructions of the classical 
homology theory in a bright and up-to-date presentation. 
When time is lacking it is possible to omit the second 
half of Lecture 22 and all of Lecture 23... 

Finally, the concluding Lectures 24 to 29, which, if 
desired, can be partially interchanged with Lectures 21 
to 23, deal with integration. Here the presentation is 
deliberately incomplete (for example, nothing is said about 
additive functions of a set), since these lectures reflect 
only part of the general picture, and omit what relates to 
calculus. Lecture 28 can be left entirely to the calculus 
lecturer. It is also possible to confine oneself to just one 
lecture, Lecture 29, which is virtually independent of the 
previous four lectures. 


PREFACE TO THE ENGLISH 
EDITION 


This book is actually Semester 3 of my Lectures in 
Geometry. It starts a new subject, however, and is there- 
fore independent of the previous two semesters. 

The book has two major features that distinguish it 
from other textbooks on elementary smooth manifold the- 
ory. Firstly, a lot of space is allotted to topological 
dimensional theory, the most geometry-oriented branch of 
general topology, and an acquaintance with it will 
bring joy to lovers of elegant mathematical constructions 
which provide deep insights. Secondly, I’ve ventured, in 
this elementary course, to present the basic notions of 
the theory of spectral sequences, a tool whose power 
and significance is becoming increasingly clear in current 
studies. This is done without first expounding general 
(co)homology theory. 

It is hoped that the two topics will appeal to the 
interested English reader. 

The symbol ( signifies the end of a proof of a theorem. 


December 31, 1988 M. Postnikov 


Lecture | 


Simple lines in the plane - Giving lines by an equation - 
Whitney's theorem - Jordan curves. Smooth and regular 
curves - Nonparametrized curves - Natural parameter 


There are several different approaches to explicate the 
idea of a line, which yield different results. In simple 
cases, however, all the approaches give virtually the 
same result. 


Let us first consider lines in the plane. | 

A set [in the plane is said to be a graph if there is 
a system of (Euclidean or affine) z-, y-coordinates and 
a differentiable (alternatively, continuous)’ function f: 
I—» R defined on the (closed, half-open or open) interval 
I of the real axis R such that a point with coordinates x 
and y isin I if and only if z € J and y = f (z). Intuitive- 
ly, all graphs, are, of course, lines. 

A point py, of a set C in the plane is said to be simple 
if there is an open disk U with centre at p, such that the 
intersection U ()C is a graph. 

The set C is said to be connected if it cannot be divided 
into two sets having the property that each limiting point 
of one set does not belong to the other. (This graphically 
means that the set consists of one piece.) 

The set C in the plane is said to be a simple line if it is 
connected and consists of only simple points. 

Problem 1. Prove that any graph is connected (and 
hence is a simple line). 

The various ways of explicating the notion ofa line 
differ mainly by nonsimple points that are allowed. We 
shall avoid discussing these questions once and for ever 
by agreeing to consider only simple lines. 
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A simple line may (or may not) have end points. There 
may be at most two of them. A simple line with two end 
points (having the shape of a bent closed interval of the 
number line) is called closed, and that with one end point 
(having the shape of a bent half-open interval of the 
number line) is called half-open. A simple line without 
end points may have the shape of a bent open interval of 
the number line or that of a bent circle. In the former 
case’it is called open, and in the latter case closed. (Thus 
the term “closed” as applied to simple lines has two mean- 
ings! This historically established ambiguity must be 
constantly kept in mind.) 


The usual way of giving lines in the plane is to define 
them by equations of the form 


(1) F (z, y) = 9, 


where z, y are coordinates (affine or rectangular) in the 
plane, and F is a function of z, y. [The statement that 
a set £ is given by equation (1) implies by definition that 
a point p of the plane is in & if and only if its coordin- 
ates z, y satisfy equation (1). When F is treated as a func- 
tion in the plane this means that p € £& if and only if 
F (p) = 0.) 

To obtain lines (in the sense of an explicit definition) 
it is certainly necessary to impose on F certain conditions. 
First of all it is natural to require that F be continuous. 
[If discontinuous functions are allowed, then equations 
of the form (1) may define an arbitrary set A of points of 
the plane; it suffices to take as F the function 1 — y, 
where y is the so-called characteristic function of A equal 
to unity for the points of A and to zero outside A.] 

Recall from the course in calculus that a point p of the 
plane (or generally of an arbitrary metric—Euclidean in 
particular—space) is said to be an interior point of A if 
there is e > 0 such that the e-neighbourhood of that 
point (an open ball—a disk in the plane—of radius e with 
centre at p) is entirely in A. A set consisting of only in- 
terior points is called open. A set C is said to be closed 
if its complement is open or, equivalently, if for any 
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convergent sequence of points p, €C its limit lim p, is 
also in C. 

A subset of an affine (real and finite-dimensional) space 
# is said to be closed (open) if it is closed (open) with 
respect to some Euclidean metric on #4. 

Problem 2. Show that if a subset of #4 is closed (open) 
with respect to one Euclidean metric on #, then it is 
closed (open) with respect to any other as well. 

Remark 1. A closed simple line in the plane is a closed 
(and bounded) set (for each of the two meanings of the 
term “closed line”). On the contrary, none of the simple 
lines—the open one included—is an open set. Moreover, 
there are open lines (for example, the graph of a tangent) 
which are closed sets (necessarily unbounded). 

Remark 2. It can be easily seen that none of the simple 
lines has a single interior point. Therefore Cantor suggested 
to consider arbitrary closed sets without interior points 
as lines in the plane. This definition offers some advan- 
tages but it is too general for most mathematical theories 
(while failing to cover, say, open simple lines). 

It is obvious that for every continuous function F on 
a metric space 2 the set of all points in which F is zero 
is closed. This means that an equation of the form (1) 
with a continuous function F can specify only closed sets of 
the plane. 

Problem 3. Show that, conversely, for any closed set C of 


% there is a continuous function F on ® such that p € C if and 
only if F (p) = 0. (Hint. Consider on © the function 


F (p)= infp(p, gq), PE, 
q€C 


a distance from p to C; here p is a metric in ® .] 


A point of a set (1) is said to be nonsingular if at this 
point both partial derivatives 


of F exist, are continuous, and at least one of them is non- 
zero. The other points of set (1) are called singular points. 

The implicit-function theorem known from calculus 
states that in the neighbourhood of any nonsingular point 
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each set (1) is a graph, i.e. every nonsingular point is 
a simple point. (The converse is false. For example, when 
F (z, y) = z (z? + y’) the set (1) consists of the points of 
the axis of ordinates x = 0 and hence all its points are 
simple. At the same time the point (0, 0) is its singular 
point.) 

It follows that the set of all nonsingular points of every 
set (1) is a union of simple lines (joining, in general, at 
singular points). If therefore the number of singular points 
is not very large, for example, it is finite, then the set of 
form (1) corresponds quite well to an intuitive idea of 
lines. (And it is quite appropriate to call them so.) If, 
however, there are many singular points, then the situa- 
tion is quite different. Namely, as was shown by the 
American mathematician Whitney, an equation of the 
form (1) with an infinitely differentiable function F can 
define any closed subset of the plane. 


Whitney's theorem is related to an arbitrary finite- 
dimensional point affine space #. Every function F on 
that space can be regarded, on choosing a reference point 
O, as a function on the associated vector space 7’ and 
hence, after choosing in 7 a basis e, ...,e,, aS a fun- 
ction on a Euclidean space R”. A function F is said to be 
smooth function of class C~ or C~ - function if, as a func- 
tion on R"”, it has continuous partial derivatives of all 
orders. (It is clear that if this condition is satisfied for one 
choice of the frame Oe, . . . e,, then it is so for any other 
choice of it.) 

Theorem 1 (Whitney's theorem). For any closed subset C 
of an affine space # there is a C®-function F on # such 
that p €C if and only if F (p) = 0. 

The proof of Theorem 1 rests on the following lemma, 
which is of interest: 

Lemma 1. There is a C®-monotonic function a: R — 
R such that: 


1° 0<a(t) <1 for any t€ER, 
2° a(t) = 0 if and only ‘if t<0. 
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Proof. Put 


{«" if ¢<>0, 
(2) *Q)=)q if t<o. 


Function (2) is clearly monotonic and has Properties 1° 
and 2°. Moreover, when ¢ 3 0 this function is obviously 
infinitely differentiable. We therefore must only prove 
that it is infinitely differentiable for t = 0 as well. 


Graph of a function a 


To this end recall] that a function f/ defined in the 
neighbourhood of t = 0 is differentiable at that point if 
there are limits 


(3) lim LO=10 jig {=F 0) 
tt 0 t+0 


(the left and right derived numbers of f at ¢ = 0) and if 
these limits are equal. 

On the other hand, if f is differentiable in the neigh- 
bourhood of t = 0, except possibly for the point itself, 
and if there are limits 


(4) lim f' (¢), lim f' (¢), 
tt 0 140 


then, as it follows directly from the Lagrange theorem 
on finite increments, limits (3) exist and are equal to 
limits (4). | 

Since for all functions f = a the left-hand limits (4) 
obviously exist and are zero (for when t< 0 these 
functions are identically zero) it follows that to prove 
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Lemma 1 it suffices to establish that for any n> 0 the 
limit 

lim a” (t) == lim (e- 1/4) 

t40 140 


exists and is equal to zero. 
But it is easy to see that for any n > 0 there is a formula 


ey =e-tp, (+), 


where p, = Pn (7) is a polynomial of degree 2n. [This 
formula is true for n = 0; if it is true for some n> 0, 
then 


(e- 1/t)("+1) — [ e- i/t pp, { t)] 


ef tan(4)— we (4)] 
=e- "pay, (+), 


where py, (T) = Tp, (T) — T*p;, (7) is a polynomial 
of degree 2n + 2.] 
Therefore 


lim (e-'/4)™ = lim Pall) 9, 
t40 t++oo ef 


which was to be proved. (2 

Corollary 1. For any closed interval [a, b] of the azis R 
there is a C™-function B: R — R such thatO< f (t)K 1 
for all t€R and 


1 if txa, 
BY) =} 9 os 
O if t>b. 
Proof. It suffices to put 


= a (b—t) 
BW) = aon tama * 


where a is the function in Lemma 1. J 
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Remark 3. We can construct C@ -functions with a more 
complicated behaviour in a similar way. For example, for 
any numbers a<c<d< b the formula 


_ a(B—|t—C|) 
\(t)= BT Ntallt=DT oA’ 
where 
_ d—e __ b—a ed 2 ee 
A= 5 ’ B= 9 : C= 2 . D= 2 : 


defines a C®-function equal to zero outside [a, 6] and 
to unity on [c, d]. We shall need such a function in 
Lecture 10. 

Let 7° be a Euclidean vector space. 

Notation. For any r > 0 we shall denote by BY’ (or 
simply B,) a ball of radius rof¥Y with centre at 0, i.e. the 


Cc d 
Graph of a function A 


set of all vectorsx € for which |x |<. The correspond- 
ing open ball (a set of vectors x €¥ for | x | <r) will 
be denoted by B”. 

For 7 = R” we shall write, as a rule, B” rather 
than BF. 
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In a Euclidean point space 4 a ball of radius r with 
centre at p will be denoted by B% (p) (and open ball by 
B# (p)). | 

These symbols will be constantly used throughout this 
course. 

Corollary 2. For any point p, of a Euclidean point space 
A and any r > 0 there is a function f: A — R such that 
O<f<i on #& and 


1 if and only if pEB, (pp), 
j= 


0 if and only if p@B,, (pp). 
Proof. It suffices to put 
f(pP) = B(x), 


where x = pop is the radius vector of the point p counted 
off from p, and f is the function in Corollary 1, construct- 
ed for fr 2r). O 

On choosing in #4 a system of rectangular coordinates 
we call p € & a rational point if all its coordinates are 


rational numbers. A ball B, (p) will be called rational 
if its centre p and radius r are rational. 

Lemma 2. Every open set UC & is a union of a count- 
able (or finite) number of rational balls, i.e. there are ra- 


tional pointsq,, ..., dm, --- andrational numbersry,,.. ., 
Tm, ... such, that 
(5) U= U B,, (qm). 

m=1 


Proof. Under the hypothesis, for any point p € U there 
is e > such that B, (p) < U. Consider a rational ball 


B,(q), where gq is a rational point such that p (p, q) << 
e/2 and r is a rational number such that p (p, q) <<a r< 
e/2 (the existence of g and r is ensured by the fact that 
any real number may be approximated as much as de- 
sired by a rational one). Since p (p, gq) <r, we have p € 


B, (q), and since 
p(z, P)<p(z, g +p(,g)<er<e 
for any point z € B, (q), we have B. (yc B, (p)c U. 
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We thus see that any point p € U is contained in some 
ratYonal ball B. (q)< U. This means that the set U is 


a union of rational balls of the form B, (q) which are 
constructed for all possible points p € U. But the set of 


all rational balls of a space # is clearly countable. The 
number of distinct balls of the form B, (q) is therefore 


at most countable. Denoting them by B,,,(qm) we obtain 
expansion (5). 0 

We are.now ready to prove Theorem 1. 

Proof of Theorem 1. We may obviously assume without 
loss of generality that the affine space # under consider- 
ation is Euclidean and hence the complement U = 
ANC of the set C allows a representation of the form (5). 
Let f,, be the function in Corollary 2 to Lemma 1 corresp- 
onding to q,, and r,,/2. This function (and hence each 
of its partial derivatives) is identically zero outside the 
compact (closed and bounded) set B,,, (g,,). For any 
k > 0 therefore there is a number c*, > 0 such that the 
absolute value of each partial derivative of order k of f,, 
is at most c*, throughout 4. Let 


ae 0 1 
Cm oes max (1, Cm) Cm) ee 69 cr). 


Consider a functional series 


of 
6 3 oe. 
m=1 
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Since by construction c,, > 1 and f,,< 1, this series is 
majorized by the numerical convergent series 


1 
‘2m° 
i 


(7) 


i Ma 


Consequently, series (6) converges to some function 
F:A—>R. If p€C, then p ¢B,,, (qm) for every m> 1 
and hence /f, (p) = 0. But if p ¢ C (i.e. p € U), then there 
ism > 1 such that p €B,,, (gn). Then /, (p) 0 and 
hence F (p) # 0. Thus F (p) = 0 if and only if p EC. 

On the other hand, since for any m>k each partial 
derivative of the m-th term of series (6) of order k obvious- 
ly does not exceed the m-th term of series (7), on differen- 
tiating (6) & times we obtain a series all terms of which, 
except possibly for the first kK terms, are also majorized 
by terms of series (7) and which is, consequently, uni- 
formly convergent. According to the well-known series- 
differentiation theorem the sum of series (6) is infinitely 
differentiable (and each of its partial derivatives is the 
sum of a series made up of the corresponding partial 
derivatives of series (6)). 

This completes the proof of Theorem 1. 0 


Another approach to the concept of aline, usually asso- 
ciated with the name of the French mathematician Jor- 

an, is based on the concept of a line as a trajectory of 
a moving point. Lines in the sense of Jordan will be 
called curves. 

According to Jordan, by a curve in an n-dimensional 
affine space .4 an arbitrary continuous mapping 


(8) yl—~az 


is meant, where / is some interval of the number line R 
(open, half-open or closed), i.e. after choosing the reference 
point in #, a continuous vector function 


(9) r=r(t), t€l 


which assumes values in the associated vector space 7. 
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In affine coordinates zx’, ... x” the Jordan curve (8) 
is given by continuouS numerica] functions 


(10) g=az (t),:., 2" =z" (), tel. 


Equations (9) and (10) are called parametric equations of 
curve (8) (a vector and a coordinate one, respectively). 

We stress that curves—in contrast to lines! —are not 
sets but mappings. 

In practiée, however, it is convenient to handle curves, 
at least from a terminological standpoint, as if they were 
sets. Forexample, for any t, € J a point py = y (t,) of & 
is called a point of the curve (8) corresponding to the value 
of the parameter t), and it is also said that for t = t, 
curve (8) passes through p,. When the interval J is closed 
(la, b]) points y (a) and y (bd) are called the end points 
of the curve (8). Curve (8) is also said to join the point 
y (a) to the point y (6) and so on and so forth. 

When y (a) = y (6) curve (8) may be thought of as 
a continuous mapping of a circle. Such curves are called 
closed. 

When it is required to stress the difference between 
a curve and the set of its points, the latter is called the 
support of the curve. Thus the support of curve (8) is 
nothing but the image y (/) of the interval J under 
mapping (8). — 

In general, the support of a curve may have the shape 
very far from the intuitive idea of a line. For example, it 
may have interior points or even fill a square, as shown 
by the example of a Peano curve. 

Curve (8) is said to be simple if it is, first, an injective 
mapping I — &, i.e. y (t;)=y (t,), 1, ts € Jif and only if 
t; = t,, and, second, a reciprocal continuous mapping 
(also known as a moneomor phic mapping), i.e. such that 
if for a sequence {t,,} of points of an interval J there is 
a point t€J such that lim y (¢,,) = y(t), then {tn} 
converges (and lim t, = t). A closed curve 


(41) y:la, bl +A, y (a) = y (0) 


is said to be simple if y (t,) = y (t,) for t; << t, if and 
only if t; = a@ and ¢t, = b. 
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A typical example of an injective rather than moneo- 
morphic mapping of an open interval into # is the curve 


3t 3 P; 
t=a78° Y= ape, —i<t<to 


(the “cut-off folium of Descartes”). 


Problem 4, Prove that for J = [a, b] any injective mapping 
I + & is moneomorphic. 


The supports of simple curves are called simple arcs. 


g 


0 Zz 
The cut-off folium of Descartes 


In general, simple arcs already correspond to an intuit- 
ive idea of a line; in any event it follows from the theo- 
rem on the topological invariance of dimension (see Lec- 
ture 8 below) that they have no interior points (for n> 1). 
At the same time their structure is quite complicated. 

Example 1. Let x= 2z(t), y=yi(t), OS t<x1 be 
parametric equations of the Peano curve in the plane. 
Then the equations 


z=2z(t), y=y(t), z=t, O<t<i 


will give in space a simple arc whose projection onto the 
x, y plane is a square. Figuratively speaking, this means 
that a square area could be completely covered by a roof 
which is nevertheless a line rather than a surface! 


Recall (from calculus) that a real function given on 
(a, b) is said to be a smooth C’-function, wherer is either a 
natural number or oo, if it has continuous derivatives of all 
orders <r (for r = oo this means by definition that there 
are continuous partial derivatives of all orders; see above). 
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In accordance with this we shall say that (8) given on 
I =(a, b) is a smooth C'-curve if all functions (10) are 
C’-functions. Since the derivatives 


‘ H 
ri(' =) iat... a, 


of functions (10) are the coordinates of a vector 


(12) r’ (t) = lim ET 


this condition means that continuous derivatives of all or- 
ders < r for r oo (continuous derivatives of all orders 
for r = oo) exist for vector function (9). 

In what follows we shall always consider the number r to 
be sufficiently large for all differentiations we need to 
have meaning, and no reference to the class C” will be 
made as a rule. 

When the interval J has end points (i.e. when either 
I = [a, bj, or J = la, b) or I = (a, b], curve (8) is said 
to be smooth if it bounds some smooth curve (of the 
given class C’) defined on some large interval J’> J. 

Problem 5. Prove that this is equivalent to the fact that 
(for r s£ oo) functions (10) have continuous derivatives of 
all orders < ron (a, b) and the corresponding one-sided 
derivatives at points t = a and/or t = b 

A closed curve (11) is said to be smooth if in addition 
the one-sided derivatives at t = a and t = b coincide. 

Vector (12) is called a tangent vector to the smooth curve 
(11) at t. Somewhat loosely, it is also called a tangent 
vector at a point y (t). (For simple curves this terminology 
is quite valid, though.) 

In Lecture 15 we prove Sard’s theorem from which it 
follows in particular that the support of a smooth curve 
has no interior points (and is even the so-called set of 
measure zero). Since the projection of a smooth curve is 
obviously a smooth curve, it follows that the phenomenon 
described in Example 1 is impossible in the class of 
smooth curves. 

It is interesting that a smooth curve may have breaks. 

Example 2. A curve in the plane with equations 


(143) x=a(t),y=a(—t), -wct<4+oo, 
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where a is the function in Lemma 1, has a support which 
consists of two coordinate half-lines zx = 0, y >0O and 
z> 0, y = O meeting at right angles! 

Curve (8) (or (1)) is called regular at t, if r’ (t,) #0. 
A curve regular at all points is called regular. 

Notice that curve (13) is not regular at the break point 
t= 0. This is not accidental, since it is known from 
calculus that the support of a simple curve (8) regular at 
ty has at y (to) a single tangent (r’, (to) serving as the 
direction vector). 

The two curves 


(14) y: L+>A, yt: I* >, 
where / and /* the intervals of the same type (both are 


closed, both are open or both are half-open), are called 
equivalent if there is a smooth (C’-) function 


(15) g:i*—>T, 


with a derivative nonzero everywhere, which maps /* on- 
to J and such that y* = yg, i.e. such that 
(16) y* (t*) = y (@ (t*)) for any t* €/*. 

It is also said that the function @ brings about a change 
of parameter on the curve jy. 

The equivalence classes of curves are called nonparamet- 
rized curves. To stress the difference between curves and 
nonparametrized curves the former are sometimes called 
parametrized curves. 

A nonparametrized curve is said to be smooth, simple 
or regular if it is the equivalence class of a smooth, simple 
or regular parametrized curve. Since a curve equivalent 
to a smooth, simple or regular curve is obviously also 
smooth or respectively simple and regular, this definition 
is correct. 

If curves (14) are connected by relation (16), where @ 
is in general an arbitrary function, then the supports of 
these curves coincide. Equivalent curves therefore have 
the same support (which is called the support of the corre- 
sponding nonparametrized curve), but the converse is in 
general false. 

In the class of simple and regular curves, however, the 
situation is more satisfactory. 
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Proposition 1. /f both curves (14) are simple and regular, 
then they have the same support if and only if they are 
equivalent. 

Proof. If curves (14) are simple and have the same sup- 
port, then a continuous (why?) mapping g = y~'o y* of J* 
onto J is correctly defined. It is only necessary therefore 
to prove that the mapping @ is smooth and that its 
derivative is everywhere nonzero. 

Let ¢? be an arbitrary point on /* and let t, = g (¢$). In 
that case, if po = y* (t*), then po = y (to) and the support 
of curves (14) has a “single tangent at p,. If r = r (t) 
and r = r* (¢*) are vector parametric equations of cur- 
ves (14), then r’ (t,) and r*’ (¢*) will be the direction 
vectors of the tangent. Therefore these vectors are collinear. 

Since the curve y is regular at tf), we have r’ (t)) + 0. 
Therefore if 


g=f(t),...,2 =f"(t), tel, 
and 
zi = gi(t*), ..., 2" = g” (t*), t* €7*, 


are the coordinate parametric equations of curves (14), 
then it may be assumed without loss of generality that 


oh > (to) #0 and ee by virtue of r’ (t)) and r*’ (f°) 
veing collinear, that “«. ’ (t*) + 0. 


But if i (t.) + 0, then by the inverse function theo- 


rem known from calculus f! is locally invertible, i.e. there 
exists an interval (a, 5) on the z-axis which contains 
Lo = J! (to), and a function t = h(z) mapping that inter- 
val onto some other interval (a, B) of the axis t, con- 
taining f, (and contained in J), such that 


h (f} (t)) = t for any point t € (a, 8). 


The smooth function h belongs to the same class C’ as the 
smooth function f! and its derivative is nonzero at Zp. 

By construction g’ (t3) = f (to) = Zo E (a, 0b). There- 
fore, there is an interval (a*, B*) on ¢*, containing ¢ 
and contained in J*, such that g! (t*) € (a, b) for any 
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point ¢* € (a*, B*). Consequently, defined ou (a*, B*) 
is a function 


(17) ho gi: t* +h (g' (¢*)) 


which assumes values on (a, B). This function belongs to 
smooth functions of class C’ and has the property that 
its derivative is nonzero at ?¢%. 

On the other hand, under the hypothesis 


f*( (t*)) = gt (t*) 


for any point t* € /* and any i = 1, ..., m; in parti- 
cular, for t* € (a*, B*) and i = 1. Therefore g (¢*) = 
(h o g') (t*) for t* € (a*, B*), i.e. function (17) is a re- 
striction of the function g to the interval (a*, B*). Hence 
belongs to the smoothness function of classC” on (a*, B*) 
and its derivative is nonzero at t?. Since ¢* is an arbitrary 
point on /*, and intervals of the form (a*, B*) cover the 
whole of this interval, this proves that @ is of class C* 
on the entire interval I* and that its derivative is non- 
zero everywhere on /*. 

This completes the proof of Proposition 1. 0 

Proposition 1 implies that simple regular curves are 
uniquely defined up to equivalence by their supports (and 
may therefore be identified with them). These supports are 
called regular simple arcs. A regular simple curve whose 
support is a regular simple arc & is called a parametriza- 
tion of Z. As a rule we shall identify regular simple arcs 
with their parametrizations (considered up to equiv- 
alence). 

Remark 4. Although generalizing Proposition 1 to ar- 
bitrary curves by more general changes of the parameter 
(for example, with vanishing derivatives) seems natural 
at first sight, alas it is one of the many far-fetched prob- 
lems that are meaningless. 

For n = 2 (in the plane) any graph is obviously a regu- 
lar simple curve. Moreover, it can be shown (try to do it!) 
that in the plane regular simple arcs are precisely simple 
lines. Thus, in relation to simple lines all explicit defi- 
nitions of the intuitive idea of a line lead to the same 
result. 
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Problem 6. Show that in the plane every regular curve (8) 
is locally equivalent to a graph, i. e. for any point t, € J 
there is its neighbourhood (a, 6)C J in R such that 
the curve y |, 5) is equivalent to a curve with equa- 
tions of the form x = t, y = f (t) (and is hence a regular 
simple curve). 

Problem 7. Give an example which shows that a regular curve, 


which is an injective mapping, cannot nevertheless _be a simple, 
curve (and may even have a whole interval of nonsimple points)e. 


If 4 is a Euclidean space, then for any smooth curve 
(8) on J a function 


tm» |r’ (t) l, tel, 


is defined, which is the length of a tangent vector r’ (¢). 
This function is trivially continuous, and hence when 
I = [a, 6] there is an integral 


b 


s= | Ir’ (t)| dt 


a 


of this function over [a, 6]. As shown in caiculu3, this 
integral is equal to the limit of the length of the broken 
lines which are a refinement of curve (8), i.e. to the 
length of curve (8). | 

Now let J be an arbitrary interval, and let ¢, € J. 
Then the formula 


t 


(18) s(t)=\ [r'(t)|dt, tT, 


to 


defines on J a smooth function mapping J onto some other 
interval J of the s-axis, which contdins the point 0. This 
function is called the arc length. (Notice that it may 
assume negative values as well.) 

If s (¢t) = t — t,, then the parameter ¢ is called natural. 
Allowing the inaccuracy generally accepted in calculus 
we may thus say that the parameter t is natural if it is an 
arc length. 

The property of a parameter to be natural is equivalent 
to the identity s’ (t) = 1. Since by definition s’ (t) = 
2 3ax. 516 
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| r’ (t) |, we see therefore that the parameter t on curve (8) 
is natural if and only if 


|r’ (t) | =1 for all tel. 


In particular, we see that a curve referred to a natural 
parameter is trivially regular. 

Conversely, let curve (8) be regular. Then | r’ (t) | > 0 
for all t€ J, and therefore function (18) is monotonic 
and an inverse function 


g: J>] 
is defined for it. The curve 
iw=yepsrAa 
is equivalent to the curve y and we — for it 
ri (s)=r' () Pis)=r' (Qo 
where t = q (s). Since s’ - = |r’ (t) | it follows that 
|r; (s) | =1 for all s EJ, 


i.e. that the parameter s on the curve y, is natural. 
We thus see that every regular curve is equivalent to 
a curve referred to a natural parameter. 

Therefore, since we restrict ourselves to regular (and 
in addition, simple) curves, all curves under consideration 
may be, without loss of generality, referred to a natural 
parameter. It is important to bear in mind that for a re- 
gular simple curve the natural parameter is defined up to 
a transformation of the form 


tort t+ ty 


(i.e. up to a starting point and the direction of the 
measurement chosen). 

In what follows the natural parameter will, as a rule, 
be denoted by s. 

Differentiation with respect to s will be denoted by 
a point: 


d*r (s) 


r(s) =", r(s) =", ..., ete. 


dr (s) 
ds 
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As we have already seen, the parameter s naturalness is 
equivalent to the identity 


Ir (s)]| =14 for all s. 


In this connection it is good to have in mind the follow- 
ing lemma (in which s is, of course, not the natural 
parameter): 

Lemma 3. Let u = u (s) be a vector-valued smooth func- 
tion such that |u(s) | = 1 for all s. Then 


(19) u (s) u (s) = 0 jor every s. 


Proof. The equation |u(s) |= 1 is equivalent to 
u (s)? = 1. But it is easy to see that for a scalar (as well as 
for a vector) multiplication of vectors the usual product 
differentiation formula remains. In particular, 


(u?)" = uu + uu = 2uu. 
Therefore, if u? = 1, then uu = 0. 0 
Corollary. For any curve r = r (s) referred to the natural 
parameter there is a formula 


(20) r (s) T (s) = 0 jor every s. 


2* 
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Curves in the plane. Frenet formulas for a space curve - 
Projections of a curve onto the coordinate planes of the can- 
onical frame - Frenet formulas for a curve in an n-dimensional 
space - The existence and uniqueness of a curve with given 
curvature 


Let 
(1) y: I> # 


be an arbitrary regular and simple curve in an n-dimension- 
al Euclidean space #4. As we know from the preceding 
lecture, curve (1) without loss of generality may be 
referred to the natural parameters s. 

Let r = r(s) be a vector parametric equation of curve 


(1) and let 
(2) t (s) = r (s) 


be its tangent vector. Since s is the natural parameter, 
vector (2) is a unit vector and the vector 


t (s) —T (s) 
is orthogonal to it: 
t (s) t (s) = 0 for all s. 
Definition 1. The length | t(s) | of a vector t (s) is 


denoted by k (s) (or simply *) and called the curvature 
of the curve (1) at s (or r (s)). 
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For example, for a plane curve 


k(s) =Vzi(@y + yo, 


where z = z (s) and y = y (s) are coordinate parametric 
equations of curve (4) in a Euclidean coordinate system 
x, Y. 

By the curvature of a curve referred to an arbtrary 
parameter is meant the curvature of an equivalent curve 
referred to the natural parameter. The formula for this 
curvature (which can be obtained by simple but rather 
cumbersome calculations using nothing but formulas for 
differentiation of functions) has, even for plane curves, 
quite a complicated form: 

ize x"y’ —y"x’ 


[(z’)?§+ (v8 P/ 


Obviously, the number k is the instantaneous velocity 
of rotation of a unit vector t. The greater the curvature of 
the curve, the greater the velocity. Hence the term 
“curvature”. 

In an oriented plane the so-called relative curvature ke, 
equal to the curvature k can be considered when (for k 


0) vectors t and t form a positively oriented basis for 
the plane, and to — k otherwise. We shall need this curva- 
ture in Lecture 4. 

Example 1. lf 


zx=2,+ sl, y= yo +sm, where /? + m? = 1, 


i.e. if the curve in question is a straight line, then z=0 


and y = 0. Therefore k = O for all s, i.e. as was to be 
expected, the curvature of a straight line is identically zero. 

Since linear functions are the only functions whose sec- 
ond derivative is identically zero, the converse is also 
true, 1.e. a curve whose curvature is identically zero is a 
straight line (or its segment). 

The point ry = r (s,) on a curve r = r (s) is said to be 
the point of rectification if k (s,) = 
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Example 2. Parametric equations of a circle of radius R 
in the natural parameter s are, obviously, of the form 


$ 7 § 
z= Reos =, y = Resin Rr: 

Since 

ho aS eeeet ane _ | ai a 

eae te OY eee = ee aa 
for a circle 

1 
k (s) ==> for all s. 


Thus the curvature of a circle is constant and equal to the 
inverse of its radius. 

From the general Theorem 1 to be proved below the 
converse follows, namely a curve with constant curvature 
is a circle (or its arc). 

If for some curve k (s,) 0, then a number R (s,) = 


a is defined which is called the radius of curvature of 
0 


the curve at the point in question. 

A curve r = r(s) is called a generic curve (a curve of 
general type) if there are no points of rectification on it, 
i.e. if k (s) sO for all s. At each point of such a curve 
the unit vector 


t (s) 

k (8) 

is defined which is directed along the normal to the curve 
(i.e. along the straight line passing through the point of 
tangency at right angles to the tangent). 

For any s the vectors t (s) and n (s) form an orthonormal 
basis which is called Frenet’s moving basis for a given 
generic curve. 

By definition 


n (s) = 


t (s) = k (s) n (s). 
Let us find a similar formula for n (s). Let 


n (s) = a (s) t (s) + B (s) n (5) 


Lecture 2 39 


be a decomposition of n (s) in terms of the basis t = t (s), 


n = n(s). Since tn =O, we have tn + tn = 0 (we use 
again the fact that for a scalar product of vectors the 
formula for product differentiation is valid), and therefore 


a = tn = — tn = —k. On the other hand, according 


The Frenet basis for a plane curve 


to Lemma 2, Lecture 1, B = nn = 0. This proves that 
for any generic curve formulas 


t=kn 
n= — kt 


hold (we omit the hint about the argument s) which de- 
scribe the instantaneous rotation of the moving basis. 

Formulas (3) are called Frenet’s formulas for a plane 
curve. 

Remark 1. In an oriented plane the Frenet basis can 
also be defined for curves with points of rectification, tak- 
ing as n(s) a vector forming together with t (s) a posit- 
ively oriented basis for the plane. Then in formulas (3) 
a relative curvature k,.; appears instead of the curva- 
ture k. 

For curves in a three-dimensional space (referred to 
rectangular coordinates z, y, z) the formula for curvature 
is as follows: 


(3) 


a oa ee 
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Curve (1) for n = 3, as forn = 2, is called a generic curve 
if k (s) = 0 for all s. For such a curve a unit vector 

t (s) 

k (8) 

is defined which is called the vector of principal normal 
to the curve. 

But now we can (assuming the space to be oriented) 
introduce a third vector, b (s), which forms together with 
t (s) and n(s) a positively oriented orthonormal basis 
t (s), n(s), b(s) (i.e. such that b(s) = t(s) < n(s)). 


n (s) = 


t 


The Frenet basis for a space curve 


This vector is called a binormal vector, and the basis 
t (s), m (s), b (s) is Frenet’s moving basis for a given generic 
curve. 

By construction (to simplify the formulas we omit the 


argument s) — 
t = kn. 
Moreover, since b = t X n, we have 
b=txn+txn=txn 


from which it follows that bt = 0. Since by Lemma 2, in 


Lecture 1, bb = 0, this proves that b is collinear with n, 
i.e. there is a number x = x (s) such that 


b = — xn. 


The number x (s) is called the torsion of a given curve at 
r (s). It is the rate of turn of a binormal vector. 


Lecture 2 41 


On differentiating nt = 0 and nb = 0 we immediately 


get nt = — nt = —k and nb = — nb = x. Since, in 
addition, nn = 0 (Lemma 2 in Lecture 1), this proves that 
n = — kt + xb. 
Thus, for any generic curve we have 
t= kn, 
(4) n= —ikt-+ xb, 
b= —xn. 


These formulas are called Frenet’s formulas for a space 
curve. 
Example 3. If acurver = r (s) is in a plane II, then the 


vectors r (s) and r (s) are parallel to that plane (for this is 


A circular heliz 


the case for increments r(s + As) —r(s) and r (s ++ 


As) — r (s) of the vectors r (s) and r (s)). Therefore t (s), 
n (s) || IT and hence b (s) 1 I. This proves that b (s) = 
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const and therefore x (s) = 0 for all s. Conversely, let 
x (s) =Ofor all sand hence b(s) = b, = const. Then 
(r (s) bo)’ = r (s) bh = t (s) bb = O for all s and there 
fore r (s) b) = const. This means that the curve r = r (s) 
is in the plane rb) = const. Thus a curve in space is a 
Plane curve if and only if its torsion is identically zero. 

Example 4. A circular helix is the path described by 
a point moving with constant velocity around a generator 
of a right circular cylinder rotating uniformly about its 
axis. The parametric equations of the circular helix are 
of the form 


xz=acost, y=asint, z= bt. 
Since x’ = —asint, y’ = acost, z’ = b we have 
f= V@FF UP TOF =VFTe 
and hence s = ct, where c = Va? + 5*. Therefore 


s . § b 
Z=acos—, y=asin—, z=—s. 
c Cc c 


But then 
: a. 8 : a 8 . b 
r= —— sin—, =—cos—, zZ=—, 
c Cc Cc c c 
ee a 8 ee a . $s e 
a a rT y= Tg he ee z=0 
and hence 
ee ee ee a 
k= V 24+ pte =r = const. 
Besides, 
a. 8 a $s b 
t=( —— sin— , —cos—, =} ; 
c c c Cc c 
8 e S 
n=(—cos+, —sin-, 0} 
c c 
and 


b.. 
b=txn=(—sin—, 2! 665. <). 
Cc c c c 


Therefore 
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and consequently 
b 
x= = = const. 
c 


Thus the curvature and torsion of a circular helix are 
constant. 

Accprding to the general Theorem 1 to be proved below, 
and conversely, every curve whose curvature and torsion are 
constant is a circular heliz (or its arc). 

Remark 2. Note the difference in the treatment of the 
concept of a generic curve in the plane and in space. To 
achieve unity, for curves in the plane we must consider 
relative rather than absolute curvature. Cf. Remark 1. 


To investigate the behaviour of an arbitrary space curve 
r =r(s) near. one of its points we choose the ori- 
gin O at that point, take the moving basis ty, no, by 
at O as the coordinate basis i; j, k and count off the na- 
tural parameter s from 0. Then 


r(0) =0, r(0)=t, =i, r(0) = kong = foi, 
r (0) = kong + kong = —k7i + ko) + oxok, 
where ko, ko and x, are the values of the functions k, 
k and x for s=0. Hence, using the Taylor formula, 
r(s) =r (0) +sr (0) +5 40) +5 (0+... 
=(s+...)it (st...) i+ (“St s+ eed) 


This means that near O our curve is, given by the para- 
metric equations 


L=S+... 

k 
y= S?4+-... 
za ae 8 


If ky ~ 0, x, + 0, then the projection of the curve onto 
the plane Oij = Ot on, (the plane is called the osculating 
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plane of a space curve at O) approximately coincides 
with the parabola 


ke 
r=, y= > 8, 


its projection onto the plane Ojk = On,b, (called the norm- 
al plane to a space curve at Q) coincides with the semi- 
cubical parabola 

keXo 


y = 2 8, z= s*, 


and, finally, its projection onto the plane Oik = Ot,b, 


Projection onto an osculating Projection onto a normal plane 
plane 


(called a rectifying plane of a space curve at O) coincides 
with the cubical parabola 


r=S, z= Ao 63, 
This gives a fairly clear idea of how a space curve is 


constructed near any of its points (at which curvature 
and torsion are nonzero). 


Let us now consider the general case ofa Euclidean 
space of an arbitrary dimension n> 2. 
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A curve r = r (s) (referred to the natural parameter) 
in an n-dimensional oriented Euclidean space is called 
a generic curve if for any s the 
vectors 


° (n-1) 
(9) r(s),..., Fr (s) 


are linearly independent. 

By applying to vectors (5) the 
Gram-Schmidt orthogonalization 
process we obtain an ortho- 
normal family of vectors t, (s), 
.. +, ty-, (s). Let t, (s) be a 
vector (uniformly defined) extend- 
ing that family to a positively Projection onto a reeti- 
oriented orthonormal basis fying plane 


(6) t,(s), ..-5 tr-s(s), tn (8). 

Definition 2. Basis (6) is called Frenet’s moving basis 
of a generic curve at a point r (s). 

Let 


n 
t;= >) ayysty, i= 1, ose 
iat 


(we omit the argument s to simplify the eee Since 


by construction the vector t;,, i = 1, ...,n—1, is ex- 
@ 

pressed linearly in terms of the vectors r, ee the vec- 

tor t, is expressed: linearly in terms of the vectors r, = 


(i+1) 
r . Since the latter vectors can be expressed lin- 


early in terms of t,, ..., t,4;, this proves that a; =0 
provided that j >i + 1. 
On the other hand, since t,t, = 5,,;, we have t,t; + 
t,t; = Q, 1.6 
Qij + ay, = 0. 
Therefore a,; = 0 and a,;; = O for j<i—1. 


Thus only the coefficients a; ;4; = — @;4;,; can be 
nonzero. Setting 


k, — Qias ky = es, eo @ 09 Kage — An-1.n 
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we therefore see that the following formulas hold 
- = k,t,, 
= — kyt, + hots, 
(7) 
ti=— kn atn-2 = kn-str, 


t= —hy-stn-s- 


These formulas are called Frenet’s formulas for a curve in 
an n-dimensional space, 

The functions k, =k, (s), ..., Kn-, = kn-; (s) are 
called the curvatures of a curve. They are defined only for 
a generic curve. 

In the formulas | 


; (i) 
(8) t=Birt+...4-Bir, t=1,...,n—1, 


resulting from applying the Gram-Schmidt orthogonal- 
ization process, the coefficients 6;; are positive. Therefore 
in the reverse formulas 


(4) 
(9) r= yul, +... + yuils 
the coefficients y,;,; = Bij are also positive. Differentiating 
formulas (8) we get 
(i+4) 


t; = Bia + (Biot Bis) Piss . + (Bir +B, i- Jett ’ 
i=1,...,n—1. 
On replacing here (for i < n — 1) the vectors r, aes 
(i+1) 


r by expressions (9) we must get formulas (7). This 
shows that 
ki = Biiteviten t= 1,-....2- 2. 


It follows, in particular, that for any curve of the general 
type the curvatures 


| re Pee 


are positive. The curvature k,,_, (the analogue of torsion), 
on the other hand, may have any sign. 
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Now we show that any n — 1 functions 
(10) k, (s) > 0, .--, An-2(s) > 9, Kn-, (5) 


(given on some interval (a, b) of the axis R) may serve 
as curvatures for a curve (regular but generally not 
simple) and that these curvatures uniquely (up to con- 
gruence) define the curve. 

Let for definiteness a < 0 < Db. 

Theorem 1. Let n — 1 ry, functions (10), all positive 
except possibly the last, be given on an arbitrary interval 
(a, 6). Then for any initial point O € & and for any posit- 
ively oriented orthonormal basis i,, . . ., i, there exists one 
and only one generic curve r =r(s), a<cs<b of the 
general type having the following two properties: 

1° the given functions (10) are the curvatures of the curve, 

2° for s = 0 we have 


r(0) =0, t, = 0) =i, ..., tp.) = in. 


Proof. We carry out the proof in four stages. 

Stage 1. At this stage we use the unique existence 
theorem for solutions (UES) of linear ordinary differential 
equations. 

Theorem (UES). Let m? smooth junctions A,,;(s), i, j = 

. ., m be given on an interval (a, b) and let x‘), .. ., 
zit) be arbitrary numbers. Then there is one and only. one fam- 
ily of smooth functions z, (Ss), ..., Im (s), axcs<b, 
having the following two properties: 

1° identically in terms of s, a<cs<b, the relations 


zy = AyZ, +... + AimZm, 
ee re eee 
Lm =A ily 6 it Agta 
hold, 
2° for s = 0 we have 
£0) = 20 >. 32 oj Zp 0) SH ae 


We shall apply this theorem to relations (7) which for 
the given functions k,, . . ., k,_, are equations of the form 
(11) form = n* coordinate vectors t,, sey GY. Thus, ac- 
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cording tothe UES theorem, there isone and only one 
family of vector-valued functions ¢t, (s), ..., tn- (s), 
a<s< ), on (a, b) such that 

1° for any s relations (7) are satisfied, 

2° for s =O equations 


(12) t, (0) = i,, ..., tn (0) = i, 


hold. 
Stage 2. We consider scalar products t,t,, i, j= 1, 
n. According to relations (7), for these products we have 


(t,t,)" = tity + tit, 
= ( — heya gtig + hitizs) ty 
ty (— Keyagtyg + Ae jtyes) 


{we assume that t, = 0 and t,,,, = 0), i.e. the equations 


(13) (t,¢,)° = ki (€; -t)) zi ky (t, tity) 
—k; -1 (t,t, _,) af k; (t,t, +1) 


which may be regarded as equations of the form (11) for 
= Mars functions t,t; By the UES theorem there- 


fore there is one and only one set of these functions having 
the property that for s = 0 they are equal to 6,; = iji; 
{i.e. to zero if i  j and to unity if i = j). 

On the other hand, a direct verification shows that the 
functions ¢,t, identically equal to 6,,; satisfy equations (13). 
(Indeed, when i * j — 1, j + 1 all the terms of the sum 
— Keb, y+ Ki8i41, 9 — y-a61, jr tkPiji1 are ze- 
ro and when i = j — 1, j + 1 the sum has only two terms 
which are nonzero but cancel in pairs.) Hence, for all s 
there are, by virtue of the UES theorem, equations 
t,t; = 6,;, i, 7 =1,..., n, implying that for any s,a< 
<s<b, the vectors t,,...., t, form an orthonormal 
basis. | 

Since for s = 0 that basis coincides with a positively 
oriented basis i,, ..., in, the basis t,,..., t, is posit- 
ively oriented for any s, a<( s< ), too. 
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Stage 3. We compose consecutive derivatives for the 
vector ¢t, | 


e ee (n—1) 
(14) bj ts fhe ce eee E 


and apply the Gram-Schmidt orthogonalization process to 
them. Since t, is a unit vector, we need not do anything 
in the first step of the process. Since by Lemma 2 in 


Lecture 1 t, is orthogonal to t,, in the second step we must 
only normalize it. However, since we have proved t, to 
be a unit vectorand under the hypothesis k, > 0, accord- 
ing to the first of the relations (7) | t, | = k,. In the 
second step therefore we obtain the vector 


In the third step we should consider the vector 


t= (k,t)° = kyty + Ket, oe kit, a Kets + kykets, 


subtract from it the linear combination of vectors t, and t, 
so as to obtain a vector orthogonal to those vectors and 
then normalize the vector. But since according to what 
has been proved the vectors t,, t,, t, form an orthonormal 
family and under the hypothesis k,k, > 0, the procedure 
will obviously yield the vector t,. 

It is clear that this reasoning is of a general character 
so that at each step of the orthogonalization process we 
obtain the corresponding vector t;,, i =1,..., n —1. 
This proves that the family of vectors t,, t,, ..., t,_, is 
uniquely characterized as an orthonormal family of vec- 
tors obtained from family (14) by applying Gram-Schmidt 
orthogonalization. 

Stage 4. Let 


(15) r(s)= | ty (s) ds, a<s<b. 


0 


Then r (0) = 0 and r (s) = t, (s), i.e. for s = 0 the curve 
r =r (s), a<¢s< b passes through the point O and for 
any s the vector t, (s) is tangent to it. But for every curve 
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the first n — 1 vectors of the moving basis are vectors ob- 
tained from the first nm — 1 derivatives of the tangent 
vector by the Gram-Schmidt orthogonalization process. 
According to the foregoing therefore those vectors coin- 
cide with t,, ...,- t,_,. 

As to the last vector of the moving basis, it is uniquely 
characterized as a unit vector which together with the 
first n — 1 vectors forms a positively oriented basis. Since 
the basis t,, . . ., t,, as we have seen, is positively orient- 
ed, the vector t, should be the required vector. 

Thus, we have proved that for any s the vectors t, (s), ..., 
t,, (s) form the moving basis of the curver=r (s). Since 
for these vectors the Frenet formulas (7) are valid, the 
functions k, (s), i=1, ..., n—1 appearing in the for- 
mulas must be the curvatures of r = r (s). 

This completes the proof of the existence of a curve 
r = r(s) having Properties 1° and 2°. 

The uniqueness of the curve follows from the fact that 
according to the UES theorem, the moving basis t, (s),..., 
t,, (s) is uniquely defined by equations (7) and the initial 
conditions (12) and the radius vector r (s) is uniquely 


defined (by formula (15)) by the relation r (s) = t, (s) 
and the initial condition r (0) = 0. O 
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Elementary surfaces and their parametrizations - Examples 
of surfaces - Tangent plane and tangent subspace - Smooth 
mappings of surfaces and their differentials - Diffeomor- 
phisms of surfaces - The first quadratic form of a surface - Iso- 
metries - Beltrami’s first differential parameter - Examples of 
computation of first quadratic forms - Developable surfaces 


An intuitive idea of a surface is explicated by analogy 
with that of a line, but the explication is more difficult 
that that for a line. We shall restrict our discussion to the 
analogue of an idea of an open simple regular arc (though 
considering more general surfaces when discussing parti- 
cular examples). 

To introduce this analogue we begin with an arbitrary 
continuous mapping of the form 


(1) y: U-&#, 


where #& is some Euclidean (or only affine) space of dimen- 
sion n>3 and U is a convex (i.e. containing every 
straight segment whose ends are in the set) open subset 
of a Euclidean plane R? (a two-dimensional analogue of 
the interval J = (a, b)). Once the reference point O has 
been chosen in 4, mapping (1) is given by a continu- 
ous vector function 


(2) r=r(u, v), (uvyeU 


which assumes values in the associated vector space #” 
and when, in addition, a basis e,, . . ., e, is chosen in 7, 
(1) is given by n continuous numerical functions 


(3) zg=-a2zi(u, v),..., 2" =2"(u, v), 
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the coordinates in the basis e,, ..., e, of the vector 
r (u, v). 

Mapping (or map) (1) issaid to be a C’-mapping, where 
rissome natural number or a symbol oo, if every functi- 
on (3) or equivalently vector function (2) has continuous 
partial derivatives of all orders < r (recall that when r =0co 
this implies the existence of partial derivatives of all 
orders). In what follows we shall assume the number r to 
be once and for ever fixed and sufficiently large. [In this 
lecture any number r> 1 will suit, but in, say, Lecture 5 
we shall have to require that r> 3.] 

In particular, forthe smooth mapping (1) partial 
derivatives 
(4) re ous . eee sat v) 
of the vector function (2) are defined. Smooth mapping (1) 
is said to be regular if at every point (u, v) € U partial 
derivatives (4) are linearly independent. 

Definition 1. Mapping (1) is said to-be a parametriza- 
tion if it is: 

1° smooth, 

2° regular, and 

3° moneomorphic (injective and has the property that 
if a sequence of points y (Un, Vn), (Un, Un) E U, of A con- 
verges to a point of the form y (a, b), where (a, b) € U, 
then the sequence of points (u,, v,) € U also converges 
(to the point (a, 6), by virtue of continuity). 

Problem 1. Prove that if mapping (4) is smooth and regular, 
then for er! point (uo, vo) € U there is its neighbourhood Vc U 
on which this mapping is moneomorphic (is a parametrization). 

Definition 2. A subset 2 of a space & is said to be an 
elementary surface if there is a parametrization y: U— # 
(called in this case a parametrization of the surface VY) 
such that y (U) = 2%. It is also said that 2 is the support 
of a parametrization y. 

Elementary surfaces are the two-dimensional analogues 
of simple regular arcs (and parametrizations arg the ana- 
logues of simple regular curves). 

Remark 1. In another terminological scheme, which we 
shall also use now and again, sometimes without stating 
this explicitly, parametrizations (1) themselves are called 
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the elementary surfaces. For lines we have avoided such 
homonyms by distinguishing between curves and lines. 
Unfortunately, there is no such pair of generally accept- 
ed terms for the two-dimensional case. 

Since, as a rule, we consider only elementary surfaces 
in what follows we shall call elementary surfaces simply 
surfaces. 

Since the parametrization y: U—» 4 of an arbitrary 
elementary surface 2 is an injective mapping, for any 
point p € @ there are unique numbers u and v having the 
property that (u, v) € U and y (u, v) = p. These numbers 
are called the coordinates of p in the given parametrization. 
Traditionally additional terms are used for these coordin- 
ates, they are called curvilinear or local, although no other 
coordinates on the surface are usually considered, and 
therefore these terms are not necessary. 

Speaking loosely, numbers u and v are often called the 
coordinates on a surface (1); this is a manifestation of 
a general tendency to confuse in usage surfaces and their 
parametrizations. 

Every curve in U with parametric equations 


(9) u=u(t), v=v(t), tél, 
is mapped by parametrization (1) of a surface 7 to a curve 
(6) r=r(u(t), v(t), t€/, 


of a space #. Curve (6) is said to lie on 2 and equations (5) 
to be its parametric equations in coordinates u and v. 
In particular, curves u = const and v = const (which 
are the images of coordinate lines in U) are called the 
coordinate lines on the surface Y and their totality is the 
coordinate network. 
For any open subsets U, U* CR? every mapping 


(7) gq: U*+U 

is given by a pair of functions 

(8) u=u (u*, v*), v =v (u*, v*), (u*, v*) € U* 
having the property that for any point (u*, v*) € U* the 


point (u,v) = (u (u*, v*), v (u*, v*)) isin U. Mapping (7) 
is said to be a C’-mapping, whererisa natural number or 
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a symbol oo, if for r = oo functions (8) have continuous 
partial derivatives of all orders < r. Smooth mapping (7) 
is said to be a diffeomorphism if it is bijective and the 
inverse mapping 

(8) go: U-> U* 


is also smooth. 
Two parametrizations 


(9) y: U->A and y*: U*+# 


are said to be equivalent if there is a diffeomorphism (7) 
such that 
(10) y* = yo. 

Since giving a parametrization of a surface 2 is equi- 
valent to giving curvilinear coordinates on 2, diffeomor- 
phism (7) is also said to perform a change of coordinates 
on @ (or to specify a transition from coordinates u, v to 
coordinates u*, v*). 

Problem 2. Prove that relation (10) is an equivalence 
in the general algebraic sense (is reflexive, symmetric and 
transitive) and hence we should speak about classes of 
equivalent parametrizations. 

Itis clear that equivalent parametrizations have the same 
support. Conversely, we can easily show that parametriza- 
tions (9) having the same support are equivalent. This means 
that elementary surfaces are bijectively associated with 
equivalence classes of their parametrizations and there- 
fore can be identified with them. 

Problem 3. Prove the last statement. (Notice that for this 


to be true all the three conditions 4° to 3° of Definition 1 are essen- 
tial. Cf. the proof of Proposition 1 of Lecture 1.) 


In Lecture 15 we prove the general proposition of which 
this statement (as well as Proposition 1 of Lecture 1) is 
a special case. 

Examples of surfaces. 

For clarity we restrict ourselves to surfaces in a three- 
dimensional Euclidean space. The coordinates z, y, z 
will be assumed to be rectangular. 

Example 1. The equations 


(11) z=Reosu, y=Rsinu, z=v 
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give a right circular cylinder in a three-dimensional Euc- 
lidean space. This is not an elementary surface in the sense 
of Definition 2, since for — oo <u < + o each point 
of the cylinder is covered an infinite (countable) number 
of times by the points of the plane R?. To obtain an elem- 
entary surface the cylinder should be cut through along 
its element, i.e. in (11) the parameter u should satisf:: 
the inequalities 0 < u < 2x. The entire cylinder, how 
ever, is covered by two such cut cylinders. 


- 
Il 


‘5 


A circular cylinder A surface of revolution 


The coordinate network on cylinder (11) consists of 
vertical straight lines u = const and horizontal circles 
vu = const. 

Example 2. Let z = z (v), z = z (v) be a simple regular 
curve in the plane Ozz not intersecting the Oz-axis. The 
surface with parametrization 


(12) z=2z(v)cosu, y=2z(v)sinu, z =z (v) 
is called a surface of revolution and the curve xz = z (v), 


Z = 2 (v) is its profile. Graphically, surface (12) is obtain- 
ed by rotating its profile about the Oz-axis. 
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The regularity of parametrization (12), i.e. linear 
independence of vectors 


r, = (— z (v) sin u, xz (v) cosu, 0), 

r, = (z’ (v) cosu, 2’ (v) sin u, 2’ (v)) 
is ensured by the regularity of the profile (i.e. by the 
condition z’ (v)* + 2’ (v)? = 1) and by the fact that the 
profile does not intersect the Oz-rotation axis (i.e. by 
xz (v) ~ 0). 


The coordinate netwark on surface (12) consists of plane 
curves which are rotations of the profile about the Oz-axis 


A sphere 


(they are called meridians) and circles perpendicular to 
them (parallels). To make surface (12) elementary, it 
should be cut through along a meridian. 

A cylinder is a surface of revolution whose profile is 
a straight line z = R, z = v. 

A sphere 


z= Rceosvcosu, y= RAeosvsinu, z2=—Rsinv 


of radius R with centre at O is a surface of revolution of 
a circle with profile z = R cos v, z = R sin v. The coor- 
dinates u and v on thesphere are the well-known “geo- 
graphical coordinates”, longitude and latitude, and the co- 
ordinate curves are geographical meridians and parallels. 

Strictly speaking, the profile of a sphere is only its 
semicircle — 1 << v << + x (which excludes the poles). 
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To obtain an elementary surface it is necessary to exclude 
one meridian (the “line of change of dates”). 

Example 3. A surface r = r (u, v) is said to be a ruled 
surface if 


(13) r(u, v) = p (u) + va (u), 


where p (u) and a (u) are vector-valued functions having 
the property (ensuring regularity) that the vectors 


A ruled surface 


p’(u) + va’ (u) and a(u) are linearly independent for all u 
and v under consideration (so that, in particular, a(u) 
O for all u). A straight line with a direction vector a (u,), 
which passes through the point with radius vector p (u,) 
is a coordinate curve u = uy, = const. Thus, graphically, 
a ruled surface is generated by various positions of a 
moving straight line. Cf. Definition 1, Lecture 1.23. 

It is clear that we may assume without loss of gener- 
ality the vector a(u) to be a unit vector: 


|a (u) | = 1 for all u. 
Tf p’ (u) =0 for all u, i.e. p (u) = const, then, after 


translation of the origin, we obtain instead of (13) an 
equation of the form 


(14) r = va (u). 
It-is a cone whose directrix is a regular space curve r = 


a(u). [In (14) it must be assumed that v > 0 orv < 0 
(for v = 0 is a singular point of the cone which divides 
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it into two nappes). But if the generators of the cone 
intersect its directrix at several points, additional con- 
straints have to be introduced on v.] 

If a’ (u) = O for all u, i.e. a (u) = const, then surface 
(44) is a cylinder with directrix p = p(u) (generally 
a space one). — 


A cylinder 


If the vector p’ is not identically zero, then, going over 
if necessary toa smaller domain in R?, we may assume 
that p’ (u) #0 for all u. Then p = p(u) is a regular 
curve in space and we may assume that u is the natural 
parameter (arc length) on that curve. Cone (14) may also 
be specified by an equation of form (13) with p’ (u) = 0. 
To do this it is sufficient to put p (u) =a (u) in (13) 
(if a’ (u) ~ 0). 
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If a (u) is a tangent vector t (uw) of a curve p = p (u), 
then surface (13) is called a surface of tangents. A surface 
of principal normals and a surface of binormals are defined 
similarly. 

Notice that for a surface of tangents all points of the 
curve p = p (u) are singular points of the surface at which 
the regularity condition fails. (They form the so-called 
edge of regression of the surface of tangents.) 


A tangent plane 


Again let 2 be an arbitrary (elementary) surface in an 
n-dimensional affine space #4 with parametrization r = 
r (u, v) and let py be an arbitrary point of VY andr, = 
r (Uj, Uo) be its radius vector. By the regularity condi- 
tion the values 


or or 
lue=-5, (Up, Uo), To = 5p (Uo Uo) 


of partial derivatives of the vector function r = r (u, v) 
at the point (uy, vp) are linearly independent, i.e. the 
bivector r,,/\ r,, is nonzero. A two-dimensional plane, 
which has a direction bivector r,,/\r,, and passes 
through the point p, is therefore defined in 4. The vector 
parametric equation of that plane has the form 


(15) r=fr, + ar,, + Or,,, 


where a and b are parameters. 

Definition 3. Plane (15) is called the tangent plane of 
a surface 2 (or to a surface Y) at po. The corresponding 
subspace of the associated vector space Y (consisting 
of vectors of the form ar,, + br,,) is called a tangent 
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subspace and is denoted by T,,2% and its vectors are 
tangent vectors of ® at po. To stress its two-dimensional 
character, the tangent subspace is often called a tangent 
plane. 

This terminology is justified by the fact that for any 
curve (5) on 2 passing (say, for ¢ = to) through py its 
tangent vector 


(16) r’ (to) =u’ (to)Pu, + UV’ (to) Fog 


is in T,,.%, and conversely any vector ar, + br, in 
Tp,.2% can be represented in form (16) (it suffices to con- 
sider a curve with parametric equations u = Uy + at, 
v =v, + bt, t EJ, where J is an-interval of a t-axis such 
that (uy + at, vg ef bt) € U for any t € J). Tangent vectors 
of a surface are thus vectors tangent to the curves on that 
surface. 

Relation (10) which defines a change of coordinates on Z 
can be written in radius vectors as a formula 


r® (u*, v*) =r (u (u%, v*), v (u*, v*)) 


differentiation of which gives the relations 
Ou v 
Fue = Se Put ue Fo 


(17) 


u Vv 
Foe = Zpe Fut gps Fo 


It follows from relations (17) that the vectors rie and rte 
are linearly equivalent to r, and r, and hence generate 
the same subspace. This proves that for any point p € & 
the vector space Tp is defined correctly (is independent 
of the choice of parametrization r =r (u, v)). When 
changing the parametrization in T,2 only the basis 
ru, F, is changed, by formulas (17). 

The vectors of space T,2 are usually denoted by dr 
and their coordinates (in the basis r,, r,) by du and dv 
(these coordinates being written to the right of the vec- 
tors r, and r,). Thus, in the notation 


(18) dr = r,,du + r,dv 
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for any vector dr of T,.%. It follows directly from (17) 
that the coordinates du, dv are connected with du*, dv* 
in the basis r%., r$e by the relations 


Ou 
du = 3 


(19) P P 
dv = = du* +>; dv* 
which formally coincide with the formulas for differen- 


tials known from calculus (which is the basic argument 
for notation (18)). 


Now let us consider together with the surface 2 
its parametrization y: U-# given by the vector 
function r=r(u, v), (u, _v) < U, another elementary 


surface Z with parametrization v U— &# given by the 
vector function r=r (u, v), (u, v) E U. 
Since y and y are injective mappings, every mapping f: 


C+ uniquely defines the mapping f: U—> U which 
sastisfies the relation 


(20) fop=yof 


and uniquely defines the mapping f. Graphically rela- 
tion (20) means that in the diagram 


(21) | 13 
ee f 


going from the bottom left-hand corner to the top right- 
hand corner along with the two possible paths leads to 
the same result. [Such diagrams are called commutative.] 


The mapping fis said to represent a mapping f in para- 
metrizations, y and y and the functions 


(22) u=u(u,v), v=v(u, v), (u, VEU 


which specify f are said to give f in coordinates u, v and 
u*, v*, 
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A mapping fis said to besmoothif so is f, i.e. if so are 
functions (22). This definition is correct (if f is smooth 


for one choice of parametrizations y and Y, then it will be 
so for any other). 


We associate every smooth mapping f: L-+> HX and 
any point p € 2 with a linear mapping 


(23) T.V>T.L, p =f (p) 


of tangent spaces carrying vector (18) of the space T,7 
into the vector 


dr =r. du + r.dv 
of the space T.£ , where in full accord with the differ- 
ential calculus formulas 


ai = au 4 4 ae “_ du, 
(24) 
Pa ree aa — dv. 


Mapping (23) is defined for rv given parametrizations 


y; * of surfaces 7, & and therefore the question arises as 
to whether it is correct, i.e. independent of the choice 
of these parametrizations. 

Suppose, for example, we have replaced the paramet- 
rization y by another parametrization y*: U*— 4 of 2. 
By definition y* = yoq, where g: U*-»>U is some 
diffeomorphism given by the functions 

u =u (u*, v*), v=v(u*, v*). 
For the corresponding bases r,, r, and rye, r,* of Tp 


formulas (17) hold and for the corresponding coordinates 
du, dv and du*, dv* of the tangent vectors formulas (19) 


do. In coordinates u*, v*, and u, v the mapping f is 
obviously specified by the functions 
u* (u*, v*) = u (u (u*, v*), v (u*, v*)), 
v* (u*, vt) =v (u (u*, v*), v (us, v*)) 
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and hence the vector dr of T,%, which has coordinates 
du*, dv* in the basis ry, r,«, will carry mapping (23) 


constructed using the parametrizations y*, y into the 
a A 
vector dr* of T.2 which has coordinates 
rs 


a, ave 
* 
du* = du* 
in the basis r. : r.. On the other hand, on substituting in 
u x 


formulas (24) for the coordinates du, dv of vector dr 
expressions (19) for the coordinates du, dv in’ terms of 
du*, dv* and taking into account the fact that according 
to the rules for differentiating composite functions 
known from calculus the equations 


du du, du av _ aut éu du ou ou du av. u* 
“Ou ae “@v du*  du® ’ du av® dv. Ov®  @av*® ’ 
év du 7 dv av au® av du y ov _ ov* 
Ou Ou* Gv Ou*® @du* ”’ Ou as a = “Ov* 


hold, we immediately see that du = du* and dv = dv*, 


i.e. that dr = dr*. This shows that dr is independent of 
the choice of parametrization y. Similarly it can be shown 
(do it!) that the vector is also independent of the choice 


of parametrization y. Consequently, mapping (23) is 
defined correctly. 

Definition 4. Mapping (23) is called the differential of 
a mapping f at a point p (or the principal linear part of f) 


and is denoted by (df), (or T>/). 
Problem 4. An arbitrary curve (5) on Z is carried by f 


into a curve 


(25) u=u(u(t), v(t), v=vu(t), vi), tel 
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on 2. Let for ¢ = f, the curve (5) pass through Po of Z. 
Show that the differential (df) p, of f carries the tangent 
vector to the curve (5) at p, into the tangent vector to the 
curve (25) at f (po): 


A mapping f: 77> Lis called a diffeomorphism if so is 
the mapping f. (This definition is correct.) Functions (22) 
which specify a diffeomorphism have, as is known from 
calculus, the property that their Jacobian 


ou Ou 
Ou Ov 
dv av 
Ou Ov 


is nonzero. This means (see formulas (24)) that the differ- 
ential (df) p of the diffeomorphism f at every point p € @ is 
an isomorphism of a vector space T,2% onto T.% : 
For U = U, the formulas u = u,v=D obviously de- 
fine a diffeomorphism. This diffeomorphism is a mapping 
which preserves the coordinates of vectors in another system 


of coordinates. 
It is interesting to note that for any diffeomorphism 


| A & and any parametrization y: U—> #4 of ® there 


is a parametrization y*: U + Aof Xx such that in y and y* 
the diffeomorphism f is a mapping which preserves the 
coordinates of vectors in another. system of coordinates. 


Indeed, let y: U—+ # be an arbitrary parametrization 
of & and let the mapping f be represented by the diffeo- 
morphism f: U-> U in y and y. Consider a composite 
mapping y* = yo of. Since f is a diffeomorphism, this 
mapping is a _ parametrization of x equivalent to y. 


Since f o oy= ye Beta oid, where id is the identity 
mapping, in y and y* the deffeomorphism fis represented 
by id and hence preserves the coordinates of vectors in 
another system of coordinates. 
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As we shall see later, this property of diffeomorphisms 
often significantly facilitates their study. 


Now we shall assume a space # containing a given sur- 
face 2 to be Euclidean. Then a Euclidean structure 
arises in every tangent subspace Tp2, the square of the 
length of an arbitrary vector (18) of that subspace being 
expressed as follows: 


(26) dr? = EF du? + 2F du dv + G dv’, 


where 
— p2 —— a 
E=t,. fF =r, Gr 


are metric coefficients of the basis r,, r,. 

Definition 5. A quadratic form (26) of variables du 
and dv is called the first quadratic form of a surface 2. It 
is usually denoted by I or I (dr). Thus by definition 


I = dr’. 


Note that the coefficients FE, F, and G of the first quadra- 
tic form depend on p € Z and in the coordinates u and v 
are the smooth functions 


E=E lu, vy), F=F(u, v) G=Gilu, v) 


of u and v. 

Remark 2. The expression E du* + 2F du dv + G dv’ 
is usually understood as a quadratic form. From the mod- 
ern point of view it should be treated as a quadratic 
functional on a space T,2% whose value on vector (18) 
is E du* + 2F du dv + G dv’. 

The length |r’ (t) | of the tangent vector r’ (t) of curve 
(6) on 2 can be expressed in view of (16) as follows: 


Ir’ (I= Vir (2 = Vw (a) +e" (t) 80)? 
= V Eu’ (t)?+2F u(t)’ (t) + Gv'(t)?, 
where, of course, E, F, and G are regarded as functions of t: 
E=Eu(t), v(t), F = F(u(é), v (d), 
G=GuUu(t), v (t)). 


3 3ax. 516 
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For the length s of curve (6) this yields the formula 
b 
(27) s= \ V Eu'(t?+2F u (v(t) + Gv ty at 


which can be rewritten in the following handy mnemonic 
form: 


$= \ V E du2-+ 2F du dv + G dv?, 
L 


where L designates curve (6). 
The formula 


(28) ds? = E du? + 2F du dv + G dv’? 


is of a still more conventional form (in shorter notation 
ds* = I (dr) or ds? = dr*) which means that the first quad- 
ratic form I specifies the square ds* of the element of length. 

[It should be remembered that both the formulation 
and formula (28) are conventional in character, they 
serve only as shortened expressions of formula (27).] 

By the general rules of linear algebra, for the angle 6 be- 
tween two tangent vectors 


dr =r,du-+r,dv and 6r =r,6u + r,dv 
we have 


cos 0 = — a or __ 
~ {dr | | dr] ’ 
1.€. 
(29) cos6= E du u-+ F (du 6v + du dv) +G dv bv 


V E du8+ 2F du dv-+G dv? Y E bu + 2F bu 6v+G 6v? 


which can be arbitrarily written in the following mne- 
monic form: 
I(d, 8) 
VI(d) VI) 
The angle between two tangent vectors 
r’ (to) = u' (to) Fu, + 0’ (to)F,, and 
Fy (to) = Uy (to)Fiu, + V4 (to) Fire 


cos § = 
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at py is called the angle between two curves 
r=r(u(t), v(t)) and r, =r, (u, (é), v, (t)) 
on 2, which for t = f, pass through the same point pg. 
We have 
_ r’ (to) Fs (te) 
cosO= TMT Gell” 


where 
r’ (to) r, (to) 
= Eyu’ (ty) uy (to) + Fo (u’ (to) Vy (to) + Uy (te) VU’ (to) 
+ Gy" (ty) v; (to), 
Ir’ (ty)| = V Equ’ (tp)? + 2F ou’ (to) ¥’ (to) + Gr” (to)?, 
In; (ty) | = V Eott; (to)? + 2F ott (to) 2; (fp) + Gy¥; (ty)? 
and 
Ey = E (uo, Vo) = E (u (bo), Vv (to)), 
F, = F (uo, Vo) = F (u (te), Vv (to)), 
Go = G (Up, Vo) = G (u (to), UV (to)) 
are the values of the coef{cients of the first quadratic form 
at Do. 


In particular, for the cosine of the angle between two 
coordinate lines u = const and v = const, we get 


cos § = oe cae 

VEVG 

from which it follows that the coordinate lines u = const 
and v = const are orthogonal if and only if F = 0. 

Thus we can compute the lengths of curves on a surface and 
the angles between them knowing only the first quadratic 
form of that surface, i.e. the Euclidean structures on al] 
tangent planes. 

Known in calculus is the concept of area of an arbit- 
rary part D of a surface Z as the limit of areas that 
approximate that part of polyhedral surfaces. This limit 
(if any) is expressed by the integral 


. \ VT r,, F,) du dv, 
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where 
EF 
FG 


is the Gram determinant or Gramian of vectors r,, and r,. 
An intuitive idea of this formula is that the area of an 
infinitesimal curvilinear parallelogram of a coordinate 
network with vertex at a point (u, v) and sides du and dv 
is approximately equal to that of a parallelogram in 


ri. ¥,F> 


P(ry, r,) = 


[= EG—F 


2 
Fut, Fo 


Ol 
Pees + LO, ha 
EE 


i 
Rd 
a 
wv.” 


urdu 


a tangent plane with sides r,du and r,dv (see the figure). 
On the other hand, it is easy to prove (see Lemma 1 of 
Lecture II.26) that this area is equal to YT (ry, r,) du dv. 
In calculus it is said that an element of a surface area 
is equal to V EG — F? du av. 

Thus the first quadratic form allows us to compute 
areas on Z. 


For brevity a linear isomorphism of Euclidean vector 
spaces is called an isometry. By definition (see Defini- 
tion 7 of Lecture II.14) the linear isomorphism 9: VY >, 
is an isometry if 


(30) xy = Xx: @y 


for any vectors x, y€Y. For condition (30) to hold it 
suffices that x = y, i.e. a linear mapping 9:V—>V, 
having the property that 


(31) x? = (px)? for any vector x€V 


is an isometry. (To prove this it suffices to apply rela- 
tion (31) to the vector x + y.) 
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In coordinates the mapping q is written by the following 
linear formulas 
y' = aja 


and the scalar squares x*?, x € 7, and y’, y€V%,, by the 
quadratic forms 


x? = Bi jziz’, y= hijyiy?. 


For this notation equation (31) implies that substituting 


expressions yi = asx! in the form h,jy‘y’ yields g,,z‘x’, 
i.e. that there are 


Bij = hy asa. 

In particular, for Euclidean two-dimensional spaces 
Tf, T.¢ and the differential (df)p: Tp%—> T.2, 
p= f(p), of the diffeomorphism /: 7% + & the fact 
that conditions (31) hold at all points p € 2% implies 
that substituting in the first quadratic form E du? 2% 
2F du dv + G dv® of x ex pressions (24) for du and dv 


(and in its coefficients E, F, G. ex pressions (22) for u and v) 
yields the first quadratic form E du® + 2F dudv + 
G dv? of 2, which is identical in u and v to 


E (u, v) 


— E(u, v) ( ae OF (u, jy BU, v) (> EY, 
F (u, v) 


= E(u u, v) % (i, d) ee a =} 


Gu Ov du 
av 
+6 (u, v) 2 a ok 
(32) 
G (u, v) 


du 


= F (u, v) (= +) 4 oP Cu, ¥) ® eu, by (22), 
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Thus for a diffeomorphism f: ® —> & linear mappings 
(df)p: Tr +T.2, p =f (p) 


are isometries for all points p€ @ if and only if equa- 
tions (32) hold identically in u and v. 


For the diffeomorphism /: % — L preserving the coor- 
dinates of vectors in another system of coordinates this 
condition implies that in the coordinates under consid- 


eration the first quadratic forms of Y and & coincide (or 
to be exact, they differ only in the notation of variables). 


Definition 6. A diffeomorphism /: % — & is said to be 


an isometric mapping of a surface 2 onto x (or simply 
an isometry) if for any curve 


(33) u=u(t), v=vi(t), axct<b, 
on 2 its image 
=u(t) v=v(t), a<t<b 
for 2, where u (t) = u (u (t), v (t)) and v (t) = v (u (t), 
v (t)), has the same length, i.e. if 


VE()w ()?+2F (wu (tv ()+G (hu (hedt 


b ee eee 
=| V & (aya! (2 +2F (tw (to () +6 (yv’ (Nae, 


where 
E(t) =E(u(t), v(t), F(t) =F (u(t), v(t), 
G (t) = G (u(t), v (2) 
and similarly 
E(t) =E(u(t), v(t), F(t) =F (u(o, v (0), 
G (t) = G (u(t), v(t). 
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Surfaces for which there is at. least one isometric mapping 
X—~ Tf are called isometric. 


Proposition 1. A diffeomorphism f: T —> & is an isomet- 
ry if and only if for any point p € 2 so is its differential 


(4f)p: TY +T.2, p =f (P). 


Proof. According to the above remarks we may assume 
without loss of generality that the diffeomorphism f acts 
as a function defined by equating coordinates. Then for 


any curve (33) on 2 its image on 2 under the diffeo- 
morphism f has the same parametric equations (33) and 
the statement that the differential (df), of f is an isometry 
at every point p € 2 will mean that the first quadratic 
forms of Z and & differ only in the notation of variables. 
Formulas (27) will therefore be identical for both curves 
and hence the lengths of these curves will be identical. 
Consequently, the diffeomorphism f will be an isometry. 
Conversely, let a diffeomorphism /: 2 — 2% preserving 

the coordinates of vectors in another system of coordi- 
nates be an isometry. This means that for any smooth 
functions u=u (t), v=v(t), a<t<b with the prop- 
erty that (u (z), v(t), €U, ax t<b, we have 

b 

\ VE (tu (t)?+2F (tu (hv ()+G (tv (bdt 


a 


b a a ae 
=| V E(t) w' (t)2 + 2F (t) uw’ (t) v' (t) 4G (tv (2) dt. 


a 


Differentiating this identity with respect to b (and replac- 
ing 6 by t) we obtain, after squaring, the identity 


E (t) u’ (t)*? + 2F (t) wu’ (t) v’ (t) + G (t) v’ (2)? 
= E (t)u’ (t)? + 2E (t) uw’ (t) v’ (t) + G (8) v’ (8). 


In particular, this identity must hold for linear functions 
of the form 


u(t) =u,+at, v(it)=vu+ Bt, |tl<e, 
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where (uw,, v,) is an arbitrary point of a domain U, a and B 
are arbitrary numbers, and e > 0 is a sufficiently small 
positive number. But in this case, after substituting 
t = 0 it becomes 


E,a? + 2F,aB + G,p? = E,a? + 2F eB + G,p?, 


where E,,. . -, G, are the values of the functions £,.. ., G 
at (Uy, Vo), and is therefore possible, in view of a and BB 


being arbitrary numbers, if and only if E, = Es Fi, = Fy 


and G, = Gp, i.e. if E = E, F = F and G=G everywhere 
in U. Hence linear mappings (df)p are isometries. 1 

Corollary 1. On isometric surfaces the corresponding curves 
intersect at the same angles, and the corresponding domains 
have the same areas. (J 

Corollary 2. Two surfaces are isometric if and only if 
local coordinates can be chosen on them in which the first 
quadratic forms of those surfaces coincide. D 

Of course, this criterion for isometry is extremely 
ineffective (how can we guess if there are local coordi- 
nates it provides for?). Our final goal (to be achieved in 
Lecture 5) is to make this criterion effective, but to do 
this we shall have to go quite a long way. 

Assuming a surface to be made from a flexible but un- 
stretchable material and bending it arbitrarily we shall 
not change the lengths of curves on the surface and hence 
get an isometric surface. Based on this graphical repre- 
sentation the founders of the theory of surfaces in the 19th 
century called isometries the bendings. This terminology 
has partly survived till the present day, but nowadays 
bendings are usually understood in a narrower sense, aS 
isometries that can be connected with the identity trans- 
formation by a continuous family of isometries. All 
mathematicians were sure for a long time that in a local 
situation, i.e. in a sufficiently small neighbourhood of 
an arbitrary point, any isometry is a bending in this 
sense. Relatively recently, however, N. V. Efimov has 
shown that this is wrong by constructing an appropriate 
counterexample. 

Suppose a surface is inhabited by intelligent creatures 
that can measure lengths, areas, and angles, but cannot 
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reach out of the space. Then with any bending of the 
surface all their geometry will remain the same and they 
will simply fail to notice this bending. For this reason 
isometric surfaces are said to have the same intrinsic 
geometry. 


Here is one important example of an intrinsic and geo- 
metric construction. 

According to the general results of linear algebra (see 
Lecture IJ.14) for any Euclidean space 7” with metric 
tensor g,;; the conjugate space 7'* is a Euclidean space 
with metric tensor gi? whose components form a matrix 
lg ‘J || inverse to the matrix || g;; || of the components of 


: For any covector — = (%,, ...-, &,) in /* its length 
i ¢ | is thus defined whose square is expressed as follows: 
LE | = e8.). 


In our case, for a two-dimensional Euclidean space 
T,p2% the matrix || g,; || is of the form 


Ir ol 
FG 
and hence || g‘ || is of the form 
; G —F 
Fo—F* ||_F E 


For the length | § | of an arbitrary covector § on Tp? we 
have 


1& |2 = GE? — 2FEn + En? 
EG—F?’ 


where &, 7 are the coordinates of that covector. 
An example of the covector § is the gradient (3 ; = ) 


of an arbitrary smooth function p = @ (u, v) on @. The 
square of the length of that covector is called Beltrami's 
differential operator of the first kind of the function @ 
and is denoted by A,q. Thus by definition 


Goi —2F PuP. + EQ? 


a a EG—F? 
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This construction is invariant, i.e. independent of the 


choice of parametrization, and for any isometry {f: 2 —> z 
we have 


(34) A, (po f) = Aig of 


(check it!). In this sense it belongs to the intrinsic geomet- 
ry of the surface 2. 


Consider in conclusion some examples of computing the 
first quadratic form of surfaces in a three-dimensional 
Euclidean space. In these examples the surfaces are not 
elementary as a rule. But they are easily reduced to 
elementary’ ones by cuttings and restrictions of the 
domains of definition of parametrizations. 

Example 4. The plane Ozy has the parametric equa- 
tion r=ui-+ vj in coordinates u = x and v = y. There- 
fore r, =i, r, =j and hence E=1, F=0, G=t, 
i.e. for a plane, 


(35). I = du? + dv’. 


(The result is easy to foresee without any computations.) 
An open subset of a plane (considered as a surface in 
space) also has the same quadratic form. 
Example 5. For a circular cylinder 


r= Reosu-i+ Rsinu-j + v-k 


we have r, = —A sin u-i+ Acosu-j and r, = k. 
Therefore 


Ear= fh, Ff =r,r,=—0,. Gr? =—1, 


i.e. for a cylinder 
I = R? du? + dv’. 


Introducing a new coordinate u, = Ru (and denoting u, 
by u) we transform this to form (35). 

Thus, there are coordinates in which the first quadratic 
form of a plane and that of a cylinder coincide! This does 
not mean yet that the plane and the cylinder (of course, 
cut in; see Example 1 above) are isometric, since for 
a cylinder the coordinates range over only some region 
in R* and so the cut-in cylinder is only isometric to 
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a part of the plane. We express this by saying that the 
cylinder and the plane are locally isometric. 
An isometric mapping of a cut-in cylinder onto a flat 
region is produced graphically by gradually unbending it. 
Example 6. For a surface of revolution 


r = 2 (v) cosu-i + z (v) sinu-j + z (v)-k 
we have 
r, = — 2 (v) sinu-i + z (v) cos u-j, 
r, = 2'(v) cosu-i + 2’ (v) sin u-j + 2’ (v) k. 
Hence 
E =z (v)* sin*u + zx (v)? cos*u = z (v)’, 
F = — z(v) sinu-2z’(v) cosu + z(v)cosu-z'(v) sinu =0, 
G=2'(v)? costu + #'(v)? sin?u+2’(v)*=2' (v)?+2' (v)?, 
so that for the surface of revolution 
I = x (v)*du? + (2’ (v)? + 2’ (v)®) dv®. 


It is graphically obvious that the meridians and paral- 
lels of any surface of revolution are orthogonal. The equa- 
tion F =O could therefore be foreseen without any 
computations as well. 

When the profile x = z (v), z = z (v) of a surface of 
revolution is referred to the natural parameter v = s 
(and therefore x’ (v)? + 2’ (v)? = 1) the form I is parti- 
cularly simple: 

= x (v)*du? + dv*. 


In particular, we see that the first quadratic form of 
a sphere of radius 1 is of the form 


(36) I = cos*v du? + dv’. 


Cartographic experience shows that no portion of a sphere 
however small can be bent into a plane. This means 
that no transformation of coordinatescan convert form (36) 
into form (35). But how is this to be proved?- The answer 
will be given in Lecture 5. 

Example 7. The curve formed by a chain of uniform 
density hanging freely from two fixed points not in the 
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same vertical line is called a catenary and a surface of 
revolution whose profile is a catenary is called a catenoid. 

In mechanics (statics) a catenary is the graph of a hy- 
perbolic cosine. Thus for a catenoid z (v) = cosh uv, 
z (v) = v and hence 


z (v)? =cosh?v and z’ (v)* +2’ (v)? = sinh? v+ 1 =cosh? v. 
Thus for the catenoid 


(37) I = cosh*v (du? 4+ dv’). 


Example 8. Let a straight line perpendicular to the 
axis Oz rotate uniformly near it remaining perpendicular 


A catenoid A helicoid 


to it in rotation and simultaneously ascending in helical 
motion (to a height proportional to the angle of rotation). 
The ruled surface generated by a moving straight line is 
called a helicoid. It has the form of a helical ramp for 
cars to drive up. 

If v is the parameter on the straight line and u is the 
angle of rotation, then the helicoid will have the equation 


r=vcosu-i-+ usin u-j + u-k. 
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Therefore 

r, = —vsinu-i + vcosu-j + k, 

r, = cos u-i + sinu-j 
and hence 

E=i¢+vu’?, F=0, G=1. 
Thus for a helicoid 

= (1 + v?) du? + dv’. 
Let us transform this form by introducing new coordi- 

nates u,, v, related to the coordinates u, v as follows: 


u=U,, v= Sinh yy. 
Then bye 
1+ v? =1 + sinh*v, = cosh?v,, 

du = du,, dv = cosh v,dv, 

and therefore (we drop the indices in the new coordinates) 
I = cosh’v (du? + dv*), 
which coincides with form (37). 

This proves that the catenoid and the helicoid are locally 
isometric (more exactly, the catenoid cut-in along a merid- 
ian is isometric to a part 0 <u < 2n of the helicoid), 
there being an isometry which sends meridians of the 
catenoid into rectilinear generators of the helicoid. 

Example 9. For an arbitrary ruled surface 


(38) r =p (u) + va (u), 


where (see Example 3) p = p (u) is a regular curve referred 
to the natural parameter and a (u) is a vector function 
such that | a (u) | = 1 for all u, denoting differentiation 


with respect to u by a dot, we have 
r, =p-+va, r, = &. 
Since p? = 1, and a? = 1 and aa = 0, we have 
E =1 + 2vpa+v’a?, F=pa, G=1. 
If, in particular, a = p (a surface of tangents), then 
pa =a? =1 (i.e. F =1) and pa =O and a? = k?, 
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where & is the curvature of the curve p = p (u) (i.e. E = 
1 + k*v?). Thus for a surface of tangents 


(39) I= (1 + kv’) du? + 2dudv + dv’. 
But if a (u) is the binormal vector of the curve p = 


pe (u), then pa = 0, pa — 0 and a? = x?, where x is the 
eraiga of the curve p = p (u). Hence for a surface of 
binormals 

I= (4 + x*v*) du? + dv’. 

We thus see that the first quadratic form of a surface of 
tangents depends only on the curvature of a given curve 
and that the first quadratic form of a surface of binormals 
depends only on the torsion of the surface. 


For surfaces of tangents this implies that every surface 
of tangents is locally isometric to a plane. Indeed, consider 
a plane curve with the same curvature k = k (u) (such 
a curve exists by virtue of Theorem 1 of Lecture 2). The 
first quadratic form of the surface of tangents for that 
curve is of form (39). But, on the other hand, it is clear 
that a surface of tangents of a plane curve is, outside 
its singular points, a domain in the plane. There exists 
therefore a change of coordinates transforming the first 
quadratic form dz? + dy’ of the plane into form (39). 
(This change of coordinates has the form 


r=a2r(uy+2' (uv, y=y(tu)t+y (u)»v, 
where zx (u) and y (u) are functions such that 2’ (u)? + 
y’ (u)? = 1 and x"(u)? + y” (uj. =k (u)*.) O 

This’ isometry can be carried out by continuous 
bending, gradually deforming the curve p = p (u) into a 
plane curve. 

For this reason surfaces of tangents are called develop- 
able surfaces (or developables) (development into a plane 
is meant). 

If a (u) = p (u), then surface (38) is a cone with vertex 
at the origin (and the curve p = p (u) is the intersection 
of the cone and the unit sphere | p | = 1). In this case 
we have 
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from which for the first quadratic form we get 
I = (1 + v)*du? + dv’. 


Here the change of coordinates (u, v) —» (u, 1 + v) 
suggests itself, which converts the last form into a 
slightly simpler form 


(40) I = v*du? + dv’. 
Now let us introduce new coordinates 


xz=vcosu, y= uvsiDuU. 
Then 

dz = — vsin u du + cosu dv, 

dy = vcosu du + sin u dv 


and hence 
dz* + dy? = vidu? + dv’. 


This proves that the cone is also locally isometric to 
a plane (more exactly, each nappe of a cone cut-through 
along a generator is isometric to some plane sector; 
the fact is intuitively ‘obvious). For this reason cones 
are also reckoned among developables. 

Notice that form (10) is nothing but the first quadratic 
form of a plane referred to polar coordinates r =v 
and @ = wu. 

Finally, if the vector a (u) is constant (and therefore 


a= 0), then surface (38) is a cylinder. We may assume 
without loss of generality that the directrix p = p (u) 
of the cylinder is a plane curve whose plane is orthogonal 


to the vector a (and hence pa = 0 and pa = Q). Therefore, 
as for a circular cylinder (Example 3), 

I = du? + dv’. 
For this reason all cylinders are also reckoned among 
developables. 

In Lecture 4 we shall show that among ruled surfaces 
only developables (i.e. cylinders, cones, and surfaces of 
tangents) are locally isometric to a plane, and in Lecture 5 
it will be shown that developables exhaust all the surfaces 
of a three-dimensional space which are locally isometric 
to a plane. 
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Normal vector. Surface as the graph of a function. Normal 
sections. The second quadratic form of a surface. The Dupin 
indicatriz- Principal, total and mean curvatures- The 
second quadratic form of a graph- Ruled surfaces of zero 
curvature. Surfaces of revolution 


In this lecture we shall take a closer look at surfaces in 
a three-dimensional oriented Euclidean space. As a rule 
we shall study syrfaces only locally, i.e. in sufficiently 
small neighbourhoods of their points. We may therefore 
assume, without loss of generality, all surfaces to be 
elementary. 


So let 2 be an arbitrary elementary surface in a three- 
dimensional oriented Euclidean space # and let r = 
r (u,v) be its arbitrary parametrization. Then at every 
point p € @ there is a single vector n of unit length 
which is perpendicular to the tangent plane and forms 
together with vectors r, and r, a positively oriented 
basis for the space. This vector is given as follows: 


ry Xt 


a= 
lfu X Pp! 


and is called the normal vector to 2 at p (and the basis 
r,, Fy, n is called the moving basis of the surface). See the 
figure on page 68. 

By definition the square of the length |r, x r, |* of 
a vector product is equal to the area of the parallelogram 
constructed on r, and r,, i.e. (see Lecture 3) to the 
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Gramian I (r,, r,) = EG — F* of r, and r,. Hence 
ee Pu XPo 
 YVEG—F* ° 


It is this formula that is usually used to compute n. 


Choosing in # rectangular coordinates z, y, and z 
with the origin O at a point p and the Oz-axis directed 
along the vector n, consider a Jacobian -matrix 


Zu Yu 2u 
Zo Yo 20 


whose rows are the coordinates of r,, and r,. The condition 
imposed on Oz implies, in particular, that 


Zu Yu =e 
Zy Yo 


Therefore according to the inverse mapping theorem known 
from calculus, in some neighbourhood of the point 
(0, 0) the coordinates z and y can be expressed in terms of 
the coordinates u and v. Substituting these expressions 
in the vector function r = r (u, v) we obtain a parametri- 
zation of the surface 2 (or more precisely some part of 
the surface, which contains the point p) of the form 


LZ, 
y=Yy, 
Z=2(2, y). 


By definition this means that locally (in a neighbourhood 
of p) the surface @ is the graph of the function z = z (z, y). 


Every plane II passing through the QOz-axis of the 
coordinate system involved is called the normal plane 
of 2 at p and its intersection II () Y with the surface Z is 
the normal section of 2 at p. The direction bivector of 
every normal plane II is of the form t/\ n, where t is 
some nonzero tangent vector of 2, defined up to propor- 
tionality, at p (a vector of the space T,.?). The vector t 
uniquely defines the normal plane II and we shall denote 
the plane by II. 
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If z, y, z are chosen so that t is directed along Oz, then 
II, is the coordinate plane Ozz and the normal section 
L£,=T11 1 & has the equation z = z (z, 0) (in coordi- 
nates z, zin the plane Ozz). This proves that (in some neigh- 
bourhood of p) every normal section is locally a graph 
and hence a simple singular arc. 

A tangent to the graph z = z (z, 0) is, of course, in the 
tangent plane to the surface z = z(z, y) and is at the 


Normal section 


same time in the normal plane. It is therefore directed 
alongt,i.e. the tangent vector to the normal section at p 
is proportional to t. 

Since t is only defined by the normal section only up to 
proportionality, without loss of generality we may 
assume it to be a unit vector. Referring the normal sec- 
tion to the natural parameter we may therefore consider 
the unit vector t as the tangent vector to the normal 
section at p. 

Thinking of the normal section as a curve on II; we 
may speak of the relative curvature k,,, of the curve at p 
with respect to the orientation of II; given by the bivector 
tA n. Denoting this curvature by k (t) we thus define 
some function t-»k(t) on unit vectors of the tangent 
space T,2%. We find the expression for that function in 
terms of the coordinates of t. 
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Let 
(1) u=u(s), v=v(s), |s|<58p, 
be the parametric equation of the normal section £; on 7 
where s is the natural parameter counted off from p. As 


a curve in space the section £, has the vector parametric 
equation r = r (u(s), v (s)) and hence the tangent vector 


of the curve, r, is expressed as follows: 

(2) r=r,u + rv, 

where as ever u and v are the derivatives of functions (1) 
with respect to s. 


The derivative r of vector (2) is orthogonal to it, and 
parallel to the plane II; for s = 0. For s = 0 therefore it 
is proportional to n. The corresponding proportionality 


factor (equal to the scalar product r ‘n) is (see the defini- 
tion of relative curvature in Lecture 2) nothing but relative 
curvature & (t). Thus 


(3) k (t) = rn. 
Since | 
r=rutrutr trv 
= (r jul + rv) u + (r,, pl +- pV) v + ru + rv 
= rj yl? + Qr piv + rv? + rju-+ rv 
andr,n = 0,r,n = 0, this proves that. 
k(t) = Lu? + 2Muv + Nv’, 
where 
(4) L=ryyn, M=r,.n, N =r, >n. 


Thus function t-»k (t) can be easily extended to all 
possible tangent vectors dr 34 0 assuming by definition 
that 


k (dt) =k (-). 
Since | dr |? = dr? = ds?, where | 
ds* = EF du*® + 2F dudv + Gdv? 
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(see formula (28), Lecture 3) and the coordinates u and v 


dr dr du dv. 
of the vector lar] = as are equal to ae and z,) we have 
__ Ldu?-+2M du dv-+N dv? 
(9) k (dt) = at POF du do} G av? 
[Notice that the equations u=S and v = = formally 


coincide with the equations, known from calculus, for 

derivatives as the ratios of the differentials. However, 

they have another intentional meaning in our case since 

du and dv are the coordinates of the tangent vector dr 

rather than differentials and ds is the length of the vector.] 
Definition 1. The quadratic form 


LT du* + 2M du dv + N dv* 


is called the second quadratic form of a surface 2 and is 
denoted by II. 
In this notation formula (5) can be written as follows: 
II 
(6) k= T° 
For the coefficients of form II, besides formulas (4) 
there are also formulas 


(7) L=-—r,n,, M = —ryn, = —T,nu, N = —r,N,. 
Indeed, since r,n = 0, we have r,,n+1r,n, = 0 and 
ryan + r,n, = 0, ie. L=—r,yn, and M = —ry,n,. 
Similarly, since r,n = 0 we have r,,n + r,n, = 0 and 
r,pyn + rn, = 0, i.e. M = —r,n, and N = —r,n,. O 
Introducing the vector 
(8) dn = n,du + n,lv 
we can write form II (by virtue of (7)) as 
II = —dr dn, 


in a way Similar to I = dr* for form I. 

Remark 1. By analogy the third quadratic form III = 
dn? could also be introduced. But, as is to be shown 
below, it can be linearly expressed in terms of forms I 
and. II and therefore gives nothing new. The coefficients 
L, M, N of form II are also denoted by D, D’, D”. 
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To represent the function t-»k (t) graphically the 
French mathematician Dupin suggested considering on 
a tangent plane the curve (now called the Dupin indi- 
catrixz) that results when for any unit tangent vector t 
a segment of length | & (t) |~'/? is laid off from the point 
of tangency p (taken as the origin O on the tangent plane) 
in the direction of that vector. Denote by z and y the 
coordinates (in the coordinate system Or,r,) of the end 
point of the segment; then its length is expressed as 
follows: 


[rry + YFy| = VI (z, y). 


Since the curvature k (t) is expressed by formula (6), 
which in the present notation has the form 


k (t) = II (z, y) 


T(z, y) ? 
we obtain for the Dupin indicatrix the equation 
7 Per I (z, y) 
VI(z, y)= Tey ’ 


i.e. the equation 
| H(z, y) | = 1. 


This proves that the Dupin indicatriz is a curve with equa- 
tion 
| Lx? + 2Mazy + Ny? | = 1. 


When LN — M?>0 the curve (more precisely, the 
set of its real points) is an ellipse with equation 


(9) Lz? + 2Mzy + Ny? = e, 


where e = +1 if L>0 and e = —1 if ZL < 0. Accord- 
ingly a point of the surface at which LN — M?> 0 is 
called elliptic. 

At an elliptic point all curvatures / (t) have the same 
sign (coinciding with that of L). Among them, there is 
one maximum k, and one minimum k, curvatures (unless 
they all coincide, i.e. unless the Dupin indicatrix is 
a circle) corresponding to the directions of the minor 
and major axes of ellipse (9). 
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When LN — M? <0 the Dupin indicatrix consists of 
two hyperbolas 


(10) [22+ 2Mzy + Ny = +1 


with common asymptotes and therefore a point of the 
surface at which LN — M? < 0 is called hyperbolic. In 
the direction of the real axis of one of the hyperbolas (10) 


The Dupin indicatriz 

(1) At an elliptic point 
(2) At a hyperbolic point 
(3) At a parabolic point 


the curvature k (t) attains its maximum value k, > 0. 
As the vector t is rotated the curvature first decreases to 
zero when the vector t assumes the asymptotic direction, 
and then while continuing to decrease attains its mini- 
mum value k, < 0 when the direction of t coincides with 
that of the real axis of the other hyperbola (i.e. with the 
direction of the imaginary axis of the first hyperbola). 

When LN — M? = 0 a point of the surface is called 
parabolic. At such a point the Dupin indicatrix has the 
equation 


(41) (ViILZicz+ VIN y)? =1 


and therefore is a pair of parallel lines (provided L = 0 
or N = 0). In the direction of these lines the curvature 
k (t) is equal to zero, in the perpendicular direction it 
reaches its maximum value (in magnitude) while main- 
taining throughout the same sign. But if L-=0, N=0 
(and therefore M = 0), the curvature k (t) is identically 
as a function of t equal to zero (and the Dupin indicat- 
rix is not defined). 
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Notice that at elliptic and parabolic points the Dupin 
indicatrix is a second degree curve, and at hyperbolic 
points it is a quartic curve. 

In each of the three cases the function k (t) attains 
twice its maximum k, and minimum k, (unless it is iden- 
tically zero). 


Problem 1. Prove that 
k(t) = k, cos* @ + k, sin’ 9, 


where @ is the angle made by the vector t and the direction in 
which the curvature is equal to k,. This formula is known as the 
‘Euler formula. 


Definition 2. Numbers k, and k, are called the principal 
curvatures of the surface at the point under consideration. 
Their product 


K — kik, 


is called the ¢otal (or Gaussian) curvature and their half- 
sum 


_ kythks 
H=—+— 


is called mean curvature. 

According to the foregoing, K >O at an elliptical 
point, K < 0 at a hyperbolic point, and K = 0 at a pa- 
rabolic point. 

We stress that H and K depend on the point p € 2, 
i.e. are functions on 2. As functions of local coordinates 
these functions are smooth. 

To find principal curvatures one could seek for the prin- 
cipal directions of the second degree curves (9) and (10) 
(there is no problem with curve (11)) and then find their 
canonical equations. This method, however, involves 
lengthy computations because the coordinates x and y 
are not rectangular. Therefore we shall proceed in 
a different way, directly applying the basic formula (6). 

According to this formula curvature k, is the smallest 
value of the function 


II(z, y) _ Lx*+2Mzy+ Ny 
I(z, y) Ex*+2Fzy+ Gy? 
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of two variables z and y, with (z, y) 3 (0, 0). Hence 


II (z, y) 

lie, 9) >" 
for all (z, y) (0, 0), the equality holding at least at one 
point (z, y). Since I (z, y) >0O when (z, y) (0, 0), this 
inequality is equivalent to the inequality 


II (z, y) — kal (z, y) > 0 
which means that the quadratic form II] —k,I with 
L—k,E M—k,F 


matrix 
| M—k,F N—k,G 


is nonnegative at all points (z, y) = (0, 0) and zero at 
least at one of them. 

Similarly, the number k, is characterized by the fact 
that the quadratic form II — k,I is everywhere positive 
and zero at least at one point (z, y) + (0, 0). 

But it is easy to see (directly or on the basis of the 
general theory of quadratic forms over the field R; see 
Lecture II.12) that a quadratic form in two variables is 
everywhere nonpositive or nonnegative and zero at least 
at one point (z, y) = (0, 0) if and only if its rank is less 
than two, i.e. if the determinant of its matriz is zero. 

This proves that the principal curvatures k,, k, are the 
roots of the equation 


L—kE M—kF _¢ 
M—kF N—kG| °’ 

i.e. of the equation 

(EG — F*)k? — (EN + GL — 2FM) k + (LN—M?)=0. 


In particular, it follows (by virtue of Viéte’s formulas) 
that 


LN—M:3 Ha—+ EN+GL—2FM 
EG—F* ° 2 EG— F? 


The first of these formulas will find an important ap- 
plication in our next lecture. 


Kk = 
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Suppose that the coordinates z, y, and z in a space # 
have been chosen so that the surface under consideration 
is the graph of a function z = 2 (z, y), with z (0, 0) = 0 
and the normal vector at the point (0, 0) being the unit 
vector k of the Oz -axis (see above). 

Then z and y are, in a neighbourhood of the point (0, 0), 
the coordinates u and v on the surface, with 


r, = (1, 0, 2), rp = (0, 1, 2,). 


Since at (0, 0) the vectors r,, and r, are parallel by the con~- 
dition for the coordinate plane Ozy, it follows that 


(2.)o = 9 and (Zy)o = 0 


(with- the subscript 0 we write the values of partial deriv- 
atives at (0, 0)) and hence the expansion of the function 
z (z, y) into a Taylor series begins with quadratic terms 


z= (rz? + Qsxy-+ ty?) +..., 
where 
r= (2xx)0, 5 = (Z,.,)o. i= (2,4)o 
(surface, of Monge). 
On the other hand, since 
Fuu = (0, 0, zy3), Fuo = (0, 9, Z2y)) Foo = (0, 0, 2,,), 
at (0, 0) we have 
L=r, M=s, N=t. 
Thus, in this case, the second quadratic form of a surface 
differs only by a constant factor of = from the sum 2, (z, y) 


Af the quadratic terms in the Taylor series of the function 
z(z, y). 

Since near the point (0, 0) a surface z = z (z, y) differs 
but little from a surface z = z, (z, y) and since for rt — 
s?*> 0 the latter surface is an elliptic paraboloid and 
for rt — s? < 0 it is a hyperbolic paraboloid, this proves 
that an arbitrary surface differs but little from an elliptic 
paraboloid near the elliptic point and from a hyperbolic 
paraboloid near the hyperbolic point. 
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This gives quite a satisfactory idea of the behaviour 
of a surface near nonparabolic points. 

When rt — s? = 0 but either r 0 or s 0, the sur- 
face z ==z,(z, y) is a parabolic cyliuder. About a parabolic 
point for which either L + O or N => Othe surface therefore 
differs but little from the parabolic cylinder. 

As to the behaviour of a surface near a parabolic point 
at which L = 0 and N = 0 (and hence M = QO) nothing 
definite can be said; it may generally be quite complex. 

The computations also show that at (0, 0) we have 
E =1, F = 0 and G = 0 for the surface under consid- 
eration, from which it follows that at this point 


K=rt—s? and H=— 


t 
2 e 

Moreover, immediate calculations (which can be done 
mentally if we notice that for functions f and g having 
the property that f (0) = 0 and g (0) = 1 the derivative 


(fg)’ of their product fg assumes at zero the value 
f' (0)) shows that at (0, 0) 


n, = (—r, —s, 0), n, =(—s, —t, 0) 
and hence 
ni=r’+s, nyn, =s(r+2), nf = s? + 2. 
It follows that 
ni=2HL—KE, nyn,=2HM—KF, ni=2HN—KG, 


i.e. that 
Ill = 2AII — KI, 


where IIT is the third quadratic form of a surface introd- 
uced in Remark 1. Thus form III is indeed linearly exp- 
ressed in terms of forms I and II. 

For the ruled surface 


(12) = p(u) + va (u), 


as we already know, 


E=1+ 2vpa + via?, F=pa, G=1 
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(we assume as usual that the parameter u on the curve 
e = p (u) is natural and the vector a (uw) is a unit vector). 
Further 


r, =p + va, ro = 4a, 
r,Xr,=pXatov(a Xa), 


pxa+v(axa) 


a 
1 =p va, iG = r,, = 90, 
L= ra aa ua—-—aa _0 
VY EG—F* : V EG—F? ’ : 
LN — M? = — 008) 
G—F? ’ 
and therefore 
K = ——0)_ <0. 


Thus the total curvature of an arbitrary ruled surface is 
nonpositive at any of its points, i.e. a ruled surface has no 
elliptic points. 

When the surface is a cylinder (a = 0), a cone (a = p 
and therefore a = p) or a surface of tangents (a = p), 
the formula obtained yields K =O. Thus the total 
curvature of every developable is zero (at any point). 


Conversely, if K = 0, then paa = 0, i.e. the vectors 


0, a, a are coplanar. If the vector a (u) is not identically 
zero, i.e. if surface (12) is not a cylinder, then, going over 
if necessary, to a smaller neighbourhood, we may assume 


that a (u) = 0 for all u. The vectors a and a are therefore 
linearly independent (they are nonzero and orthogonal) 


and hence the vector p is expressed linearly in terms of 
a and a: 

p = ha + pa, 
where 1 =A(u), » =p (u) are some functions of u. 


Let 
UU, =u, Yy=v+ wp (U). 
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Since the Jacobian of this transformation is equal to 1, 
the numbers u, and v, are also, after changing to a smaller 
neighbourhood, the coordinates on surface (12). In these 
coordinates the equation of the surface is of the form 


r = p, (u) + va (u) 
(we omit the subscripts in u, and v,), where 


P; (u) = p (u) — p (u) a (uw), 
and so, 


P= p—pa—pa=(A—p)a. 


If 0: is identically zero (i.e, A = 1), then the equation 
of the surface is of the form - 


r = const + va (u) 
and therefore the surface is a cone. Otherwise we may 
assume, diminishing if necessary the neighbourhood, that 


0: (u) = 0 for all u. Changing to the natural parameter 
(and changing if necessary the sign of v) we see that 


Q, = a, i.e. that the surface under consideration is a sur- 
face of tangents. 
Thus we have proved the following proposition. 
Proposition 1. A ruled surface has zero total curvature 
at every point, 


kK = 0, 
if and only if it is a developable. 0 


We have also established that developables are charac- 
terized by the condition 


paa = 0 
which is, as is easily seen, equivalent to the collinearity 


of the vectors p X a and a Xa. But the collinearity of 
these vectors implies that the vector 


r, Xr, =p Xa+ov(a.x a) 
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is, up to proportionality, independent of v, i.e. the corre- 
sponding unit vector n is independent of v. This proves 
that developables can be distinguished among all the ruled 


A developable of tangents 


surfaces by the property that at all the points of each recti- 
linear generator such a surface has the same tangent plane. 
For an arbitrary surface of revolution 

r= 2 (v) cosu-i + z (v) sin u-j + 2 (v)-k 

we have 
ry, = — z(v) sin u-i + z (v) cosu-j, 

r, =2' (v) cosu-i + 2’ (v) sinu-j + 2’ (v) k 
and hence E = z (v)’, F = 0, G =1 (we assume that 
x’ (v)? + 2’ (v)? = 1; see Lecture 3). Therefore 

rr, X fp =z (Vv) 2’ (v) cosu-i+ 2 (v) 2’ (Vv) sinu-j 


—z(v) z' (v) k, 
n= 2’ (v) cosu-i-+ 2’ (v) sinu-j—z’ (v) k, 
Pyu = —2z(v) cosu-i—z (Vv) sinu:j, 
Pyo = —2z' (v) sinu-i+z2’ (v) cosu-j, 


rpp = 2" (Vv) cosu-i+2” (v) sinu-j-+2” (v) k, 
L=r,,n= — z (v) z’(v), M=r,n=0, 
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x’ (v). 2’ (v) 
xz” (v) 2” (v) 
LN—M? _ 2'(v) [z' (v) 2’ (v) 

EG—F* —~ x(v) | 2x*(v) 2” (v) 

This proves that for a surface of revolution 
_ 2'(v) | 2" (¥) 2’ (V) 

~ 2(v) | x” (v) 2” (v) 


Example 1. For a sphere of radius R we have 


N ==r,,n= 2" (v) z’ (v) — 2" (v) 2’ (vl) = — , 


z(v) =Rcos—, z(v) = Rsin — 
and therefore 
x’ (v) = —sin= , z’ (v) = cos—-, 
x" = — cos 5, 2" (v= —— sin =, 
_ ew) {[z) 2 @){_ 4 
~ £(%) |x*(v) 2” (v)| RP 


Thus the total curvature of a sphere of radius R is constant 
and equal to 1/R?. 
The result is intuitively obvious. | 
The following example is more interesting. 
Example 2. A surface of revolution with profile 


z(v)=Rsin(v), z(v)=R (In tan = +cosv}, 


0<v<> 


(it is the so-called tractrixz) is termed a pseudosphere 
(R is a pseudoradius). For this surface 


R ; cos? vp 
— —Rsinv=R— 
8lIDn Vv sin v 


x’ (v)= Reosv, 2’ (v) = 
and hence 
x’ (v)? + 2’ (v)*? = R? cot? v. 


Since zx’ (v)? + 2’ (v)? 1, the above general formula 
cannot be immediately applied. First it is necessary to go 
over to the natural parameter of the profile. 
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We have 


s= —R \ cotudv= —Rlnsinv 
ll 
2 


and hence 
wee V = pe 
sinv=e F®, cosv= 1—e Rs 
5 a ag ne 
a soa — 
ale Wald V ®t. 


Thus in terms of the natural parameter (which is again de- 


A pseudosphere 


noted by v) the tractrix will be given by the functions 


x(v)=Re F, 


z(v)=Rl1n (*_ y om _1) +R Vie? ®, 
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We calculate: 


z'(v)= —e F, 2’ (Vv)=— V 1-e Rr 
ee 
1 -= - i 
x" (v) =_R ° Ry, 2’ (v= — = 3 
R Vic Rk 
z'(v) 2’ (v) Ff 
x"(v) 2" (v)|— 
Woe 
z’(v) [2 (v) z’(v) {4 
z(v) |a"(v) 2"(v)| = 
Thus 
| 
tion AN 
so that the total curvature of a pseudosphere is constant and 
equal to — Fs. 


We see that in regard to total curvature the pseudo- 
sphere differs from a sphere only in the sense of curva- 
ture. This accounts for the term “pseudosphere”. 

Example 3. For the catenoid 


z(v) = coshv, z(v) =v, 
x’ (v) = sinhv, z (v) = 1, 
x’ (v)? + 2’ (v)? = cosh? v, 


and therefore we must again pass to the natural pa- 


rameter 
v 


$= cosh v dv = sinhv. 


0 


again denoting this parameter by v we obtain the func- 
tions 


z(v)= YWi+v2, z(v)=Inv+ VY1+0v%). 
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Therefore 
’ , 1 
7 0) =F 7) TTR 
" 1 P 
TOT “= — Tape 
z(v) 2'(v)|_ 
x"(v) 2"(v)| A+? 
and hence 
1 
A= —qypoH 


It is interesting to compare the curvature of the cate- 
noid with that of the isometric helicoid. 
For the helicoid we have equation (12) with 


p (u) = u-k and a (u) = cos u-i + sin u-j. 


Therefore 
9 =k, a = —sin u-i + cos u-j, 
E =1 + 2vpa + va? = 1 4+ 3?, 
F=pa=0, G=1, 
EG—-F?=14 0’, 
-_ 0 0 1 
paa = cosu. sinu 1j]=1, 
—sinu cosu 0 
and hence 


1 
A= —TpoRF 
We have obtained the same result as that for the cate- 
noid! This means that when the catenoid is bent into the 
helicoid the total curvatures at the corresponding points 
coincide. 
What happens to the mean curvature? 


4 3ax. 516 
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For the catenoid £E =1-+ uv’, F=0, G=1. In 
addition 
L=—z(v)2z' (v)= —1, M=0, 


— fz) 2z@i|_ 4 
a x“(v) 2”(v)| 1+ ? 


and therefore 
EN + GL — 2FM = 0, 
H = 0. 


Thus the mean curvature of the catenoid is equal to zero. 
For the helicoid 


be 
op xX a= sinu-i—cosu-j, axXa= —k, 


1.e. 


p =0, a = —cosu-i — sin u-i, 


(p + va) (9 x a+v(ax a)) =0 
and, in addition, as we have already seen, 
E=i+v’, F=0, G=1, 


EG — F*=1+ 0%, paa = 0. 


Therefore 
| 
L=0, M= Vin » N=0, 
and hence 
EN + LG — 2FM = 0, 
i.e. 
H = 0. 


Thus the mean curvature of the helicoid is also zero. 

The example of catenoid and: helicoid suggests that 
total and mean curvatures are preserved under bending 
(isometry). It turns out that the hypothesis is true for 
the total curvature (we shall show this in our next lecture) 
whereas for the mean curvature it is false. Indeed, fora plane 
the mean curvature is zero while for a circular cylinder of 
radius R developable into a plane it is obviously equal 
to 1/2R. 

As to the reasons why the catenoid and helicoid have 
equal mean curvatures, we are deprived of the pos- 
sibility of discussing them in this book. 
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Weingarten formulas- Coefficients of connection. The Gauss 
theorem- Explicit formula for Gaussian curvature- The 
necessary and sufficient conditions of isometry. Surfaces of 
constant curvature 


For the moving basis r,, 1r,, mn of an arbitrary surface 

(1) r=r(u, v) 

formulas can be written, similar to Frenet’s formulas for 

curves, that yield an expansion of the derivatives 
Fuus Fuor Foo: Mu, My 


of the vectors of the moving basis with respect to that 
same basis. 

Since n? = 1 and hence nn, = 0 and nn, = 0, the 
vectors n, and n, are only expanded with respect to the 
vectors r, and r,, so that 


n, = ar, + Br,, 
n, = ary, + Bir,. 


Multiplying the first of these formulas by r, and r, we 
obtain two relations: 


—L=r,n, =ari+ br r,=cE£+6F, 
—M=r,n,=ar,r,+ Br} =aF + BG, 
from which it follows that 


FM —GL FL—EM 
’ B= 


C= —G_ Fa =—kG_F? ° 


4* 
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The coefficients of the second formula are calculated in 
the same way: 


a, = NGM p, — -M—EN 
1 EG—F® 9 Fi EGFP 
Further, since by definition 
run =—L, ryn=M, r,n=—N 
and since under the hypothesis r,n = 0, r,n = 0, the 
coefficients of n in the decomposition of vectors r,4, Fup; 
rp,» in terms of the basis r,, r,, n are equal to L, M, N 
respectively. 
We thus have 


Fun = Thru + Vir, + Za, 
Fuo = Piru + Pit o + Mn, 


roo =VTyru t+ ir, + Na, 
(2) FM—GL FL—EM 


Ny —aG_ mp Tu te Fo 
_ FN—GM FM -+'EN 
no = —EG—rt_ "ut Eg—Fa To 


where we i, j, k = 1, 2, are some functions of u and v. 
Formerly these functions were denoted by 


1] 
k 
and called the Christoffel symbols. But now they are usual- 


ly called connection coefficients. 
Formulas (2) are called Weingarten formulas. 


To compute connection coefficients I'}; we first find the 

six products of vectors r,,4, Puy: Pop by vectors r, and r,. 

Since r3, = E, we have 2r,,r, = E, and 2r,,r, = E,, 
1.@. 

1 1 

Puulu= > E,, and uulu=> E.. 


Similarly, since r3 = G we have 


1 


1 
it, = + Gy and ry,f, = = G. 
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Besides, since r,r, = F, we have ryuyl, tryluy = Fy 
and r.i¥%,+r9°r ae = Fy from which it follows that 


ruutp = Fy — 5 E, and roku = Fy — 5 Gy. 


Now multiplying the first three of the formulas (2) by 
r, and r, we obtain six relations: 


ET!,+ FT) => E,, 
ET!,+ 61, =F,— + Ep, 


ET', + FT,= Ep, 

” = +6T,=+G,, 
ET, +FT3, = F,—> Gu, 
a +693, => G,, 


-from which it is easy to find the coefficients I'j;. (Theequa- 
tions are uniquely solvable since the determinant EG — F? 
of each pair of equations is nonzero.) 

We see that the connection coefficients Tj; can be expressed 
in terms of the coefficients of the first quadratic form and of 
their derivatives. Hence they remain unaltered under 
bendings (isometries) of a surface. 

We shall not need explicit expressions for the coeffic- 
ients I}; in terms of the coefficients of the first quadratic 
form, and so we shall not give them here. 


The coefficients of derived equations are connected by 
three relations resulting from calculating partial deriv- 
atives ruup Fuvy, and n,, in two different ways by using 
these formulas. One of these relations was found by Gauss 
and the other two by Peterson, Mainardi, and Codazzi. 
We shall consider only Gauss’ relation which we shall 
obtain by calculating the coefficient of r, in the expan- 
sion of the partial derivativer,,,,, in terms of the vectors 
r., Fp, and n. 
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In this calculation we shall only follow the coefficient 
of r, and only those of its terms which depend on the 
coefficients of the second quadratic form. All the other 
terms will be replaced by dots. 

We have 


Puyo = (Tuu)o= (Tiitu = heel + Ln), 
=...4¢7) uot -- tlio t...-+ Ln, 
= esa ees) aes +t (..-) 

FM—EN 
+++-+L(++-+Ge=Fr Fe) 


=(L cnr at. Jr... 


Similarly 
Fiu— (faa Ut r, +3.» + Mn), 
FL— a 
=(M eet +) tot... 
Hence 
FM—EN FL—EM 
Loop = era T° 


where dots denote terms dependent only on the coefficients 
of the first quadratic form. But 
FL—EM FM—EN LN —M* 
M gor — 9) gar = Eagar = EX. 


Since E 0 (form I is positive definite), this proves 
that the total curvature K of a surface is expressed in terms. 
of the coefficients of the first quadratic form (and of their 
derivatives). It follows that the curvature K remains 
unchanged under bendings. More precisely, if f is an 
isometry of a surface 2 onto a surface ¥, then 


(4) K yf = Kr, 


where Kg and Ky are the total curvatures on % and y 
respectively. (Indeed, if f preserves the coordinates of 
vectors in another system of coordinates, then both sides 
in (4) differ only in the notation of the coordinates.) 
This result deserves to be distinguished as a theorem. 
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Theorem 1 (Gauss’ theorem). The total (Gaussian) curva- 
ture of a surface remains unchanged under bendings (iso- 
metries), i.e. isometric surfaces have the same curvature at 


corresponding points. O 

Gauss was so delighted with the theorem that he called 
it the theorema egregium, which means a “brilliant theorem 
in Latin. 

From Theorem 1 it follows in particular that no arbitra- 
rily small part of a sphere can be bent into a plane. There- 
fore no map gives an accurate representation of the 

Earth’s surface. 


“An explicit expression of curvature A in terms of the 
coefficients E, F, and G of the first quadratic form is 


EE, E, 
FF, F, 
GG. 6G. 


1 


(9) A= — tagore 


= st ae : Ey—Fu Fy—Gy 
2 Y EG--F3 {( V EG— Vita), — (Van EG— aa). j 
The other two relations resulting from differentiating the 


derived equations (and usually called the Peterson-Codazzi 
formulas) are of the form 


2 (EG — F*) (L,—M,)_ 


EE, L 
—(EN +GL—2FM)(E,—F,)+|F Fy M|=0, 
GG, N 
(6) 2(EG — F) (M,—N,) 
EE, L 
— (EN +GL—2FM)(F,—G,y)+|F F, M 
GG, N 
=0. 


To prove these formulas all one needs is patience and 
care. 

We shall prove only formula (5) and only for the case 
where E = 1 and F = 0, i.e. where the first quadratic 
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form ofj a surface is expressed as 
(7) I = du’ + G dv’. 


In this case equations (3) for I'jj are of the form 


ri, =9, r},=9, l',=—+G,, 


GI,=0, GI,=G,, G6T,=+6,, 


from which it follows that 
r=), r,=9, rr? =0, 


1 -4 G 1G 
P= —>z Su | Mag — T?. — ae 


~ 2G 2 2G 
Henee 
ryu,=Ln and Fue = ato + Mn 
Since in the case at hand 
n, = —Lr—2- and n= —Mry—7 Fy, 


it follows that 


Fuuv = (Ln), =Lyn+L(—Mr, _+ ro) 


= —LMr,— = 1+ Lon 


= —iMn +3 (4) +7(4) —7]s 


_and hence 
anand Gu | 1 Gy ee 
G 2\G 4\ G G’ 
Ly=+-4 M +My. 


The second equation is now of no interest to us (it is the 
first of equations (6) for E=1 and F =O) and the first 


(since in the case at hand K =(LN—M?)) gives 


ae ie eae Bk 


i.e., ag an obvious computation shows, 


(V G)uu 
(8) K ve 
which coincides with the result of substituting the values 
of E=1 and F=0 in formula (5). 
Thus we have proved that the total curvature of a surface 
with the first quadratic form (7) is expressed by formula (8). 
Let, for example, 


(9) I = du?-+ cos? u dv?. 


Then YG =cos u and (VG),,, = —cosu. Hence K =1, 
which agrees quite well with the result of Example 1 of 
Lecture 4 (for (9) is the first quadratic form of a sphere 
of radius R= 1; see formula (36) of Lecture 3, in which u 
and v are interchanged). 

Similarly, it can be shown that a surface with the first 
quadratic form 


I= du?+ cosh? u dv? 


has the curvature K = —1 (cf. Example 2 of Lecture 4). 
Remark 1. We stress that all these results hold for sur- 
faces in a three-dimensional Euclidean space. For surfaces 
in a larger, three-dimensional space, however, (95) (or 
its special form (8) may be taken to be a definition of 
curvature K 
Remark 2. For six functions 


(10) E, F, G. L, M, N 
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given in an open convex set Uc R? to be the coefficients 
of the first and the second quadratic form of some surface 
r =r (u, v) it is necessary that for these functions, in 
addition to conditions 


(11) E>0, EK6E—-F>0 
of positive definiteness, relations (5) and (6) hold (it is 
meant that we have substituted A = ito in rela- 


tion (5)). It turns out that these relations are also sufficient 
(for the existence of a regular, but not generally elemen- 
tary, surface with the given forms I and II). Moreover, 
functions (10) (satisfying relations (5), (6), and (11)) 
define a surface up to movement of space. These state- 
ments are the two-dimensional analogue of the corre- 
sponding statements for curves (see Theorem 1 of Lecture 2) 
and can be proved by a similar method (but instead of 
the unique existence theorem for solutions of linear 
ordinary differential equations we use the corresponding 
theorem for the system of linear partial differential 
equations). 


The Gauss theorem states that for the two surfaces to be 
isometric it is necessary that the total curvatures be equal. 
Although this condition is by no means sufficient, it is 
so strong that making use of it sufficient conditions can 
be easily obtained. We shall not expound this question 
and only consider the most important special case of 
the corresponding theorem. 

Let 


EK? —2FKyKy+GK? 
EG— F?3 
be Beltrami’s first differential parameter of the function K. 


If the two functions K and A, of u and v are functionally 
independent, i.e. if their Jacobian 


AK = 


OK 9K 
Ou Ov 
0A,K o0A,K 


Ou Ov 
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is everywhere nonzero, then they may be taken as new 
local coordinates on the surface. We call them Gaussian 
coordinates. From the property that the operator A, is 
invariant (formula (34) of Lecture 3) and formula (4) 
it follows directly that for any isometry f: 2 — % the 
equality i 


(12) A\Kyof = A.Kay 


holds. Taken together, formulas (4) and (12) imply that 
every isometry is a mapping which preserves the coordinates 
of vectors in another system of coordinates. The following 
theorem is therefure true. 

Theorem 2. Two elementary surfaces on which Gaussian 
coordinates are defined are isometric if and only if the first 
quadratic forms in these coordinates coincide. 0 

Thus, to determine whether or not two surfaces are iso- 
metric it is necessary to introduce (if possible) Gaussian 
coordinates and calculate in these coordinates the first 
quadratic forms of the surfaces. If the forms coincide, the 
surfaces are isometric, but if they differ, the surfaces 
are not isometric. 


Theorem 2 gives no answer when A and A,K are func- 
tionally dependent, for example, when A,K = 0 (which 
occurs, aS can be easily figured out, if and ony if K = 
const). In this case, however, the condition of Theo- 
rem 1 proves to be sufficient, i.e. two elementary surfaces 
of constant total curvature are isometric if and only if 
they have the same curvature. In other Words, any surface 
of constant total curvature K is locally isometric to a sphere 
of radius R =o9 if K > 0, to a plane if K = 0, and to 
a pseudosphere of pseudoradius R = er if K< 0. 

To prove this we shall need a lemma which is to be 
proved in the next semester: 

Lemma (Gauss). On any surface there are local coordi- 
nates u, v inwhich the first quadratic form of that surface is of 
form (7), the function G = G (u, v) having the property that 


(13) G(O, v) = 1 and G, (0, v) = 0 for all v. 


108 Semester II! 


By virtue of this lemma we may assume without loss 
of generality that the first quadratic form of a given sur- 
face of constant total curvature X is of form (7) and hence 
formula (8) holds for K. This formula‘may be thought of 
as a differential equation of second degree with constant 


coefficients relative to the function YG. It is known from 

*the theory of differential equations that the general 

solution of that equation is of the form 
Acosa(u+8B) if K=a?>0, 
Acosha(u+B) if K= —a?<0, 


where A and B are arbitrary functions of v. But in view. 
of the first of the conditions (13) we must have 


AcosaB=1 for K>0, 
B=1 for K =—0, 
AcoshaB=1 for K<0Q, 


and in view of the second of the conditions (13), by virtue 
of the identities 


Gu 


(V6), =5 “aa A if K =0, 


Aasinha(u+8B) if K<0 


| —Aasina(u+B) if A>0O, 


we must have 
AasinaB=0O for K>0, 
A=0 for K= Q, 
Aa sinhaB=0 for K <0. 
Hence 


1 if K=0, 


cosau if K=a?>0, 
ye~{ 
coshau if K = —az2<Q. 


In the first case we obtain the first quadratic form 
du? + cos* au dv? 
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for a sphere of radius 1/a, in the second case we obtain the 
first quadratic form 
du? + dv* 


for a plane, and in the third the first quadratic form 
du* + cosh? au dv* 


for a pseudosphere of pseudoradius 1/a. 0 

Here we interrupt the exposition of the theory of sur- 
faces and turn to the main subject of this course, the theory 
of smooth manifolds. 
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Introductory remarks: Open subsets of the space R” and their 
diffeomorphisms. Charts and atlases» Mazimal atlases. 
Smooth manifolds- Examples of smooth manifolds 


The concept of a smooth manifold is one of the basic 
concepts of modern mathematics. It arises as a result of 
explicating and generalizing simultaneously to greater 
dimensions an intuitive idea of a surface considered irre- 
spective of its position in space. Basic principles of 
explicating the idea are taken from cartography. 

Individual regions of the Earth’s surface can be adequ- 
ately described by means of maps or charts which allow 
a region to be represented in a plane. Every point of the 
Earth can be represented on a map or achart but one map 
is insufficient to cover the entire Earth; an atlas is 
required to do this, i.e. one needs a system of maps or 
charts. Any chart allows us to map rectilinear coordinates 
in the plane into an appropriate region on the surface 
and thus to obtain local coordinates in it. (On the contrary, 
in practical mathematical cartography geographical co- 
ordinates on the Earth’s surface are mapped into a cur- 
vilinear coordinate network in the plane, but this differ- 
ence is of no fundamental importance.) The local coor- 
dinates corresponding to two different charts are con- 
nected by transition functions which allow one to express 
some coordinates (in the common part of the two charts) 
in terms of the others. 

In the corresponding general definitions we replace the 
plane by a standard Euclidean space R”, where n is some 
integer which is assumed to be chosen and fixed. The 
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degenerate case of n = 0 is not excluded for the time 
being. 


First of all recall from calculus some facts and defini- 
tions concerning the space R” (which we have already used 
partly in the preceding lectures). 


A point x of a subset U c R® is said to be an interior point 
of the subset if there is an e > 0 such that a ball of radius e with 
centre at x is contained entirely in U. The set U is said to be open 
(in R") if all its points are interior points. 

An arbitrary mapping g: U -> V of subsets of R” is given by 
n functions 


(1) yt = g' (z}, ..., 2”), 2. «, y™ = OM(2?, ..., 2%) 


of n variables which express, in terms of coordinates zr', ..., x” 
of an arbitrary point x € U, the coordinates y}, ..., y” of a point 
y = @ (x). When U is an open set, it makes sense to speak of the 
derivatives of arbitrary order of functions (1) with respect to 
zi, ..., 2" at any point of U. 

A mapping g of an open set U is said to be a C’-mapping, where r 
is some natural number ora symbol oo, if at every point of U 
functions (1) have continuous partial derivatives of all orders 
<r for r= co and continuous derivatives of all orders for r = oo. 
But when at any point of U functions (1) are real analytic (are 
expanded into power series with a nonzero radius of convergence), 
the mapping t is said to be a C®-mapping. 

In ‘what follows we shall assume some C’-smoothness, where 
r< oo or r = @, to be fixed, and mappings of this class will be 
simply called smooth mappings. As a rule, any r> 2 and often 
even r = 1 will suit us, but in order not to have to watch whether 
derivatives of too high orders appéar we shall assume, unless 
otherwise stated, that r = oo or r = w. We shall sometimes con- 
sider also the particular case r = 0, however. In this case smooth 
mappings are simply continuous mappings. 

The case of r = co will be assumed to be the main, and all 
situations where it differs from r = will be stated especially. 
, Every smooth mapping q: U — V defines on U a smooth 

unction 


ha 


a to ee Cee re |: 
Ox) 


Dq= det 


called the Jacobian (or Jacobian determinant) (and also is denoted 
by J,). As shown in calculus, for any smooth mappings 9: U > V 
and y: V — W, where U, V, and W are open subsets of R”, the 
composite mapping poq: U— W (acting according to the formula 
(pog) (x) = ¥ (@ (x)), x € U) is also smooth, and 


(2) D (po) (x) = (DY) (y)- (De) &), y= F(x), 
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for any point x € U (formula (2) is usually called the chain rule, 
and the mapping _ @ is the composition of mappings @ and y). 

A mapping g: U-—V of open sets of a space RK” is called a 
diffeomorphic mapping (or diffeomorphism) if it is smooth, bijective, 
and the inverse mapping g-!: V-+U is also smooth. (When r=0, 
a bijective continuous mapping whose inverse mapping is also 
continuous is called a homeomorphism). 

It follows directly from (2) that the Jacobian Dq of an arbitrary 
diffeomorphism ©: U—-V_ is nonzero at all points of U (with 
(Dg-') (y)=(Dq) (x)~' for any point y=@ (x) of V). 

The inverse mapping theorem states that if the Jacobian Dq of 
@ smooth mapping 9: U->V is nonzero at the point z) € U, then 
there is an open set U' < U which contains the point Xe such that 
the restriction |, of @ to U' is a diffeomorphism of U" onto some 
open set V’ — V that contains a point yg = @ (Xp). 

It follows, in particular, that a smooth bijective mapping q: 
U) —+ V whose Jacobian is everywhere nonzero is a diffeomorphism. 

Remark 1. There are smooth nonbijective mappings g: U — V 
with the Jacobian other than zero everywhere. The mapping 9 
of a plane ring 1 < z* + y3< 2 onto itself, given by @ (z, y) = 
(x2 — y3, 2zy) may serve as an example. 


Now we are in a position to give basic definitions of 
“abstract cartography”. 
Let 2’ be an arbitrary set. 


Definition 1. A chart in 2 isa pair (U, h), where U is 
a subset in 2 and hk is a mapping of the set U into R” 
bijectively representing U on some open set of R”. The 
set U is called the domain of definition (or support) of 
the chart (U, h) and h is the chart mapping. For any 
point p€U a point h(p)E€R” is of the form (z'(p),..., 
z"(p)), where z! (p),.... 2”(p) € R. This gives n 
numerical functions: 


(3) zi: pre zt (p),..., 2": p> x" (p), p EU, 
on U which are called the local coordinates of a chart (U, h). 
Since coordinates (3) uniquely define the mapping h, 
we usually write (U, z'!,..., x") rather than (U, h) and 
h is called a coordinate mapping. 
Remark on notation. 
By » (z!,..., 2"), where @ is some function on h (UV), 
we shall denote the function 


poh: p> p(x! (p),..., 2" (p)) on U, 
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which is in full agreement with the traditional notation 
of a composite function. Thus 


Y= 0 (e >. « cay-2) 
implies that y is just another way of denoting the function. 
q (z', ...,2"). To reduce the number of letters used the 
function g will sometimes be also denoted by y, and hence 
we shall write 


US (Lo. 4-ce 2"). 


Notice that in this formula the letter y designates different 
functions on the right and on the left. On the left, it is 
a function on U, and on the right it is a function on h (U) 
ss serves to ex press functions on U in terms of functions 

. ., ". When these functions should be distinguished, 
is first of them will be denoted by yoh. 

We stress that we shall never, contrary to the common 
practice, use g (z',.. ., 2") (ory (z!, . . ., 2”)) to denote 
the function g (the function y) on h (U) (and only some- 
times we will denote by the symbol the value of this func- 
tion at the point (z!, ..., 2") Eh (U)). 

Two charts (U, h) and (V, k) are said to be overlapping 
if Ut) V ~O. (This terminology reflects the general 
tendency, we are going to follow sometimes, not to dis- 
tinguish pedantically between (U, k) and U.) 

Let (U, k) and (V, h) be two overlapping charts, and let 
W = U7 V. Then defined in R” are the two sets h (W) 
and k (W) and the mapping 


(4) (k lw) (h | w)*: h (W)> k (W) 


of the first set onto the second. Speaking loosely, we shall 
denote mapping (4) by koh". 

Definition 2. Two charts (U, h) and (V, k) in 2% are 
said to be a echaaa if they either do not overlap 
(UN V = ®), 

6) both sets h ‘(W) and k (W), where W = U( V, 
are open in fk”, 

(b) mapping (4) is a diffemorphism (a homeomor- 
phism when r = 0 

If g!, , @” are functions defining diffeomorphism 
(4), then ‘for the restrictions z!|w,..., 2" |w and 
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y} y" | w of the local coordinates of charts 
i h) and (V, k) on W the formulas 
(9) y ‘w= ' (z'lw, coe T "lw): 


Y"lw= OP" (Zlws ee 2 Pl) 


will hold. Due to this, g', . . ., p" are called the functions 
of transition (on W) from the coordinates z!, ..., x” to 
y}, ..., y", and formulas (5) are called transition for- 


wt, 
Q. @ 


Graphically the sets h(U) and k(V) do not intersect though generally 
this may not be the case. The sets h(U), h (W) and k (V) may 
be not connected either 


mulas. The diffeomorphism k o h~ is called the transi- 
tion mapping. As a rule, the subscript W in formulas (5) 
is omitted and they are written as 


(6) yi =@q'(z',..., 2), .- 6 y® = @*(z, .. . 2") 


(sometimes adding “on W”). 
We shall write formulas (5) in a shorter (“vector”) 
form 


(7) y = @ (x) (or y = (Koh) x). 
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We should understand that formulas (7) are just a short 
way of writing formulas (6) or (5). 

Although formulas (7) have the form of relations be- 
tween the points of some subsets of it”, in fact they connect 
not the, points of R” but functions given on a subset 
of Y (and in this sense they are relations in 2). 

Definition 3. A set of charts {(U,, h,,)} is said to be 
an atlas on & if 

(a) any twocharts of that set are compatible, 

(b) an equation 


U U4 = 2 
holds (charts (U,, h,) cover the whole of 2). 


For any atlas A we denote by A,,,, the set of all charts 
compatible with each chart of A. 

Proposition 1. The set A,,,x is an atlas. 

Proof. Let (U, h) and (V, k) be two overlapping charts 
in Ajax, and let x be an arbitrary point of a set h(W), 
where as before W = U [) V. 

Consider a point p = h™ (x) € W. Since the set A = 
{(U,, he)} is an atlas, there is a chart (U,, h,) in A such 
that p € U,. Since under the hypothesis (U, h) and 
(V, k) are compatible with (U,,h,), the setsh, (U. | U) 
and h, (U, f\ V) are open in R”. Therefore their inter- 
section 


he (Ua f) U) 1) ha (Ua V) = ha (GO. N W) 


is open in R” (and hence inh, (U, {| U)). Moreover, the 
seth (U, {| U) is also open in R" and the mapping 


hohg': hg Val) UY) >h (UN U) 


is a diffeomorphism (and therefore, being in particular 
a homeomorphism, carries open sets into open sets). 
Therefore the set 


(ho ha') (ta (Ua W)) =h (UaN W) 


is open (in h(U,{) U) and hence in R”). Since x € 
h (U.f\ W)ch (W), this proves that x is an interior 
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point of the set h(W), and since x was an arbitrary point 
in h (W) this proves that the set h (W) is open. 
Interchanging the roles played by h and k, we shall 
similarly prove that k (W) is also open. 
Further, since 


(8) koh = (ko hq’) o (ha oh’) 


and both mappings koh,’ and h,ch are diffeomor- 
phisms, the mapping koh“ is also a diffeomorphism (as 
a composition of diffeomorphisms). Hence (U, h) and 
(V, k) are compatible charts. 

In fact the conclusion that koh-! is a diffeomor- 
phism is somewhat hasty, since strictly speaking 
formula (8) is meaningless. Indeed, the mapping 
h, oh (and more precisely the mapping (h, lu,nu) ° 
(h |u.nv)") is a mapping from h(U,f\ U) onto 
h,(U, (| U) and k-h;' (more precisely, (k | U,nv) ° 
(ha |u,nv)"*) is a mapping from ha (U.f| V) onto 
k (U,V), and so we have no right to consider the 
composition of these mappings. To get the right, we must 
restrict all mappings h, k, and h, to U, (| W, i.e. write 
formula (8) in the following, now unimpeachable, form: 


(Alu.nw) ° (hu nw) 

=I[(klu nw) ° (Ralu,nw)‘}° (alu nw) ° (hu. nw) 'I- 
But then we can only state that a diffeomorphism is the 
mapping 
(9) (klunw)° (lu,nw)* =[lw) ° (lw) law aw 
and to go over to the entire mapping 
(10) koh* = (kl w)o(h| w)” 


additional considerations are necessary. These considera- 
tions are trivial enough, however. Namely, since map- 
ping (9) is a diffeomorphism, its Jacobian at x is nonzero 
(we assume that r> 0). But it is clear that atx the 
Jacobians of mappings (9) and (10) take on the same _ val- 
ues (for in the neighbourhood h (U, (| W) of x these 
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mappings coincide). Thus the Jacobian of mapping (10) 
at an arbitrary point x of an open set h (W) is nonzero. 
Hence, since the mapping is smooth and bijective, this 
mapping is a diffeomorphism. (When r = 0, instead of 
referring to a Jacobian, it is necessary to make use of the 
fact that a mapping is continuous if and only if it is 
continuous at every point.) In what follows this sort 
of refinements will be left to the reader. 

So we have proved that any two charts in A,,,x are com- 
patible, i.e. that this set satisfies condition (a) of Defini- 
tion 3. Since condition (b) of Definition 3 obviously holds 
for A;ax (it holds even for A Cc A,,a;), this completes 
the proof of Proposition 1. 0 

Clearly if A and A* are atlases and Ac A*, then 
Amax— Amax- Therefore, in particular (Aj,,ax)max | 
Amax, and hence (Anant = Anc Thus if Amax © 
then Atmax < (Amax)max = Amax and therefore A* < Amax- 
This means that the atlas A,,ax is maximal (in the atlase 
set partially ordered with respect to inclusion). In ad- 
dition, if A is an arbitrary maximal atlas containing 
the atlas A, then AC Amax@ Amax, and hence A= 
Amax: This proves 

Corollary 1. Every atlas A is contained in a unique 
mazimal atlas Ama. O 


Now we are in a position to give our main definition. 

Definition 4. Maximal atlases on 2 are also called 
smooth structures (or simply smoothnesses). A set 2 with 
a smooth structure A,,,, given on it is called a smooth 
manifold. (Thus smooth manifolds are, strictly speaking, 
pairs of the form (2, A,;ax), but to simplify this nota- 
tion we shall use it in full when this cannot be done 
without.) Charts of an atlas A,,,, are called charts of the 
manifold ZY or even, for greater expressiveness, smooth 
charts of the atlas. 

By definition two manifolds (7, A,,,,) and (¥, Amax) 
are the same if and only if 2 = Y and A,,,, = Amax: 

Two atlases are said to be equivalent if they are con- 
tained in the same maximal atlas. Atlases A and A* are 
equivalent if and only if their union A [J A® is an atlas 
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(i.e. each chart of any of these atlases is compatible 
with each chart of the other). 

To specify a smoothness A,,,, 0n & it suffices to give 
an arbitrary atlas AC Amax. Thus pairs of the form 
(2, A), where A is an arbitrary atlas on 2, may be 
assumed to be smooth manifolds. Manifolds (2%, A) 
and (¥, A*) will be the same if and only if 2 = ¥ and 
A and A* are equivalent (i.e. if their union A | A* 
is an atlas). 

It should be stressed that our definition of a smooth 
manifold contains the number n, the dimension of the 
space R” which contains the images h (U) of the supports 
of charts. 

Definition 5. This number is called the dimension of 
a smooth manifold 2% and is denoted by dim 7%. 


The definition of a smooth manifold 2% also contains 
a number r > 0 (or symbols oo or w), the smoothness class 
of transition mappings k » h-!. This number is called the 
smoothness class of a manifold Z (it is also said that 2 is 
a C’-manifold). C®-manifolds are also known as real- 
analytic manifolds. 

Whenr = Othe term “smooth manifold” is not used and 
is replaced by the term topological manifold. 

Of course, every C’-manifold may be regarded directly 
as aC’’-manifold for any r’ <r (and in particular as a 
topological manifold). 

In accordance with the foregoing all manifolds being 


considered will be assumed to belong to the C™-class. 


Examples of smooth manifolds. 

Example 1. On a space R” a pair (R”, id), where id: 
R” — R” is an identity mapping x —» x, is a chart, and 
a one-element set of charts consisting of this chart is an 
atlas. The corresponding smooth structure on R” (the 
C°®-class) is called standard. In what follows we shall 
always consider R” to be a smooth manifold with a stan- 
dard smooth structure. Notice that in this structure 
dim R” =n. 

Problem 1. Prove that charts of a standard smooth 
structure on R” are pairs (U, h), where U is an arbitrary 


Lecture 6 119 


open set in R” and hk is an arbitrary diffeomorphism of U 
onto some open set h (U)c R”. 

Example 2. More generally, for any open set O of R’ 
a pair (O, id) is a chart and a one-element set of charts 
that consists of that chart is an atlas. The smooth struc- 
ture on O defined by that atlas is said to be induced 
by the standard smooth structure on R”. Its charts are 
clearly the charts (U, h) of the latter structure for which 
Uc O. In what follows all open sets Oc R” will be 
assumed to be smooth manifolds with that smooth struc- 
ture. 
* Example 3. There are also nonstandard smooth struc- 
tures on a space R. Consider, for example, on R! = 
a chart (R, h,), whereh, is a mapping R— R given by 
h, (t) = t?, t€ R. This chart also forms a one-element 
atlas, but (for r > 0) the corresponding smooth structure 
is nonstandard since the charts (R, id) and (R, h,) are 
not compatible (the transition mapping h, o (id)-! = Ap is 
smooth and bijective, but the inverse mapping h;': 
t —» t'/® is not differentiable when t = 0). 

Example 4. For every parametrization y: [+> 4, ] = 
(a, 6), of an open simple regular arc & the pair (Z, y>'), 
where y-!: £—/ is the inverse of the mapping y (con- 
sidered as a mapping /— 2) is a chart on Z, any two 
such charts being compatible according to Proposition 1 
of Lecture 1. This means that any open regular simple arc 
is naturally a one-dimensional manifold. 

Example 5. Similarly, any elementary surface 7% is 
a two-dimensional smooth manifold with charts of the 
wae (2, y~'), where y is an arbitrary parametrization 
of Z. 

Example 6. The simplest manifold which cannot be 
covered by one chart is a circle 


S*: 2 sy? = 1, 
Let p, and g, be its points (—1, 0) and (1,0), andlet U = 
S'\ {po} and V = S'\{q.}. For any point pe€ U 
(any point g € V), we denote by h (p) (by k (p)) the angle 


on (—x, 2) formed by the radius vector of that point and 
the positive (negative) direction of the abscissa axis. It 
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is clear that the resulting mappings 

h: U->(—n, x), kk: V>(—a, 2) 
are bijective, i.e. pairs (U, h) and (V k) are charts on S? 
(with n = 1). We have Uf) V = S'\ {py, ae} the sets 
h(Uf\ V) = (—a, 0) U(0O,a) and k (Uf) V) = (—«, 
0) U.(0, x) (turning out to be equal) aré open in R, and 
the mapping 

koh: h(U() V)+k(UQ V) 


is given by 
; i+n if t€(—a, 90), 
(Koh) (t)=) yon at t€(0, x), 


and is therefore a diffeomorphism. 

Conseyuently, charts (U, h) and (V, k) are compatible, 
and since U (J) V = §!, they make up an atlas and hence 
define some (C®-) smoothness on S' 

Example 7. Similarly, it can be proved that an arbit- 
rary closed (with no end points) simple regular arc in an 
affine space #4 is.a one-dimensional manifold that can 
be covered by two charts. 

Example 8. Let U‘*), U‘\-), V‘*), V‘-) be the subsets 
of a circle §' (open semicircles) consisting of points p = 
(xz, y), for which y >0,y < 0,2 >0,2 < 0 respectively. 
Also let h‘*), ht), k(*, k(-) be mappings of these sets 
in R that act by formulas (z, y)-—»7z, (x, y)—> 2, (t, y) > y, 
(z, y)—» y (which are restrictions of projections onto co- 
ordinate axes). Eachof the mappings represents bijectively 
the corresponding set on an open interval (—1, 1) of 
the axis R, and hence the pairs 

(UM, AM), (UO, hO), (VO, kM), (VO, kO) 
are the charts in S' (z being a local coordinate on charts 
U‘*) and y on charts V‘*). These charts are easily seen 
to be compatible (any two of them either do not over- 
lap or their intersection is a quarter of a circle projected 
onto open intervals (0, 1) or (—1, 0) of the axis R, 
the corresponding transition mappings being given by 


formulas of the form y = + V 1 — 2* and hence regarded 
as diffeomorphisms) and cover the entire circle S', 
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i.e. make up an atlas on 5S}. This atlas is equivalent to 
the atlas of Example 6 (and therefore defines the same 
smoothness on S'). Indeed, say, for charts (U, h) and 
U\*), hi) the intersection Uf) U‘*) coincides with 
U\*), with h (U\)) = (0, m), hi) (U(™) = (—1, 1) 
and the mapping 

hi*)o h7: (0, 1)—> (—1, 1) 


being given by z = cost, 0 < ¢t <x and hence acting as 
a diffeomorphism (for the remaining pairs of charts the 
situation is similar). 

Example 9 (extension of Example 8 to an arbitrary di- 
mengion). Similarly,-on a unit n-dimensional (n> 1) 
sphere 


a£. 


S": gtait...+2= 


of a space R"*! the pairs (U{*’, h{*’) and (US, h‘”), 
j=0, 1, ..., n, where U*) and US” are hemispheres 
defined by xz; >O and zx; <0, respectively, and h‘*> 
and hk‘ are restrictions to these hemispheres projected 
onto the i-th coordinate plane zx; = 0, are charts, and 
any twe of these charts are compatible. For example, 
the mapping h‘*’, which is the mapping of a hemisphere 


U‘*) onto a ball B’: t+... + t,<1 of R"* (with 


coordinates ¢t,, ..., t,), is given as follows: 
{ Zo, if ai, 
= . . a=ti,...,n 
if a> i, 
(so that the numbers ?,,. . ., tn, i.e. the numbers z,,.. ., 
Li-yy Tigi. +++» Ln, are local coordinates of the chart 


(US, h)), and the inverse mapping (h}*’)-}: B" 
U‘:) is given as follows: 


tot if b<i, 

n= Vi-# if b=i, b=0, 1, ..., 2, 
ty if b> i, 

where t? = ?t? a . + 4. For i<j therefore the map- 

ping hi} o (hi- jy will be defined on a hemisphere 

Bro = {te B"; t; > 0} and, mapping the hemi- 
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sphere onto the half-ball Br, = {t€ B": t,; > 0}, 
will be given as follows: ) 


t, if a<ii, 
Vi—t if a=1, 

(11) = bes if i<a <j, a=, coe, 
ta if a>/j. 


Since these formulas obviously specify a diffeomorphism, 
the charts (U{*,, h{,) and (US$, h‘*) are consequently 
compatible. For the other pairs of charts in (11) subscripts 
may be shifted and a minus sign may appear before the 
radical, which exerts no influence, of course, on the final 
conclusion that we have a diffeomorphism. 

Since the charts constructed obviously cover the entire 
sphere 5", they make up an atlas and hence define some 
smoothness on S”. 

Example 10. The atlas constructed in Example 9 con- 
sists of 2n + 2 charts. It turns out that the same smooth- 
mess can be given on §” by an atlas consisting of but two 


A stereographic projection 


charts (cf. Example 6). To this end, for any point p = 
(Zo, 21, -- +, Zn) Of §” other than the point py = 
(1, 0, ..., 0) (the north pole of §") we consider a 
Straight line pop in the space R”*!. The canonical equa- 
tions of that straight line are of the form 


X,—1 aan Xi = (= Xn 


Zy—1 re In 


and hence the straight line intersects the hyperplane 
Xo = 0 (the equatorial hyperplane of S") at a point with 
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coordinates 


(12) i= = ’ oo by — =n 


1— Zp 1— 2, 


(the coordinates on the equatorial hyperplane will be 
denoted by ¢,, ..., tn). Point (12) is called a stereograph- 
ic projection of a point p €S"\{p,} (cf. Lecture 1.28). 
Denoting this point by h (p) we obtain a mapping h 
(obviously bijective) of aset U = S” ~ {Po} onto a space 
R”, i.e. some chart (U, h) (with h (U) = R”). 

: Similarly, proceeding from the south pole q, = (—1, 


0, ..., 0) of S”, we can construct a stereographic proj- 
ection k: VR", where V = §"\ {qo}, carrying an 
arbitrary point p = (Zo, 2, .--, Zn) of §” other than 


the point q, into a point of the equatorial plane with coor- 
dinates 
r ry r In 
(13) Fier ars : so n= TT , 
and hence obtain a chart (V, k). 

For the charts constructed the intersectionW = U(\ V 
is of the form S"\{po, go}, and each mapping h or k 
represents this intersection on an open set RF = R"~ {0} 
of a space R”. The corresponding transition mapping 


(14) koh: RR +> R? 
will be given by the formulas obtained by eliminating 
Zo, Xj, .-+, Zp, from (12) and (13). But according to 


formulas (12) i = = — Z,) t;, and hence 
mtat... $a 
pti 4 —2)*(@ +... + #2) 
= 2+ (1 — 2)? t?, 
1.e. 
(1 + t?) 22 — 2x, + t? —1 =0. 
This equation has a root xz, = 1, which is of no use for us 


(it corresponds to the eliminated point p,), and for the 
second root of the equation 


_ tt 
70 Tt 
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we have 
2 2t? 
1—Xy= 77 1+2,=— 1+ ‘ 


For any i=1,..., n therefore 


2ti 
z;=(1 — %)b =r 


and hence 
a ad ean Le 
1 4+2, °° 3 
This proves that mapping (14) can be written as 
jt ee: 
c= 9 e289 th = 


and is therefore a diffeomorphism. 
Consequently, charts (U, h) and (V, k) are compatible 
and so make up an atlas. 


Problem 2, Prove that this atlas is equivalent to the atlas 
of | Example 9 and hence defines on the same smoothness a sphere 


Example 11. Recall that by an: n-dimensional space 
RP”.is meant the set of all classes (7%) : 27, : ... : Xn) of 
proportional vectors (t, 2, ..., Zn) O90 or which is 
the same the set of all straight lines of the space R”*! 
through :the point 0. ee U;, i=0, 1, ..., n, be the 


set of all points p = (% :2,:... : tn) ‘of a space RP” 
for which z, 0, and = hi bea mapping U, — R” carry- 
ing a point p = (zy: .. 22,) of U; into a point 
(big-as a5 bq) OF R” for which 

“2-1 if a<i, 
(15) i a=1,..., 7. 

ra if a>i, 


It is clear that the mapping h, is bijective, so that the 
pair (U;, h,;), i=0, 1, ..., m, is a chart in RP”. 

For any subscripts i and j ae i the intersection (U; () 
U;) consists of points p = (x): 2, : ... : 2,) for which 
zx; 0 and z, 0, and the ets h, (Ui0 U;) and 
h; (Ui) U;) consist (for j > i) of pointst=(t,, ..., tn) 
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of R" for which t; “0 and ¢;+, 0 respectively. It is 
clear that these sets are open. 

Since a mapping h; acts by formulas (15), and h, by 
similar formulas obtained by replacing i and j, the tran- 
sition mapping h, oh;' carries an arbitrary point (t,,.. ., 
tr) Eh, (Ui f\ Uj) into a point (t, ..., th) Ey (Ui N 
U,;) for which 


fo if a<i or a>j, 


tj 
i= 7 if a=i+1, a=i,..., n, 
— ifiti<acj 


and is thus a diffeomorphism. 

This proves that any two of the charts (U;, h;) and 
(U;, hj) are compatible, and hence these charts define 
a smooth structure on RP”. 

Notice that in all the Examples (except, naturally, for 
Examples 4, 5, 7) real analytic (C®-) manifolds resulted. 
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Topology of a smooth manifold. Open submanifolds. Neigh- 
bourhoods and interior points- Homeomorphisms- The first 
axiom of countability and the property of being locally 
flat- The second axiom of countability- Non-Hausdorff man- 
ifolds- Smoothnesses of a topological space. Topological 
manifolds. Zero-dimensional manifolds. The category TOP. 
The category DIFF- Pullback of smoothness 


Let 2 be an arbitrary smooth (or topological) manifold. 

Definition 1. A subset O c J is said to be open (in 2) 
if for any chart (U, h) of @ the set h (Of) U) CR” is 
open (in R”). 

It is easy to see that for 2 = R” this definition gives 
ordinary open sets in RK”. 

Open sets inthe space 2 = R” (as well as in any metric 
space 2) are known from calculus to have the following 
properties: 

1° an open set © and the entire space 2% are open, 

2° the union of an arbitrary family of open sets is open, 

3° the intersection of an arbitrary finite family of open 
sets 1S open. 

Since 


Yr Onn W=h (Yo) Y 
and 


Ba U=B ((9 06) ¥) 


for any chart (U, h) and any family {0,} of subsets of 27, 
open sets have the same properties in 72. 
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. Definition 2. A set J of subsets of the set 2% is said 
to be a topology (or a topological structure) on 2 and the 
sets of T open sets if these sets have Properties 1° to 3°. 
The set 2%, together with topology T (i.e., strictly speak- 
ing, a pair (2, T)) specified on it, is called a topological 
space. 

We can thus say that Definition 1 introduces some to- 
_pology into every manifold or, to put it otherwise, that by 
virtue of this definition every manifold is a topological 
space. In this regard the topology on 2 is a structure de- 
rived from the smoothness on .Z. 

This situation is quite similar to that for metric spaces 
whose topology is a structure derived from a metric. 


In what follows, when speaking of a topology on a 
smooth (or topological) manifold we shall always have 
in mind the topology introduced by Definition 1. 


According to Definition 1, in order to see whether or 
not a given subset O c JZ is open, it is necessary to con- 
‘ sider the sets h (Of) U) for all charts (U, h) of ®. 
In practice this is impossible, of course, and the question 
arises as to whether it is possible to restrict somehow the 
number of charts. It turns out that it is quite enough to 
take the charts of one arbitrary atlas, and what is more, 
only the charts covering the set O. That is, the following 
proposition is true. 

Proposition 1. Let {(Uca, a)} be a family of charts of 
the manifold VY such that 


Oc U Ug. 
@ 


Then, for O to be an open set in 2, it is sufficient that for 
any a the set h, (Of\ U,) is open in R”. 

Proof. It is necessary to prove that if the set O satisfies 
the conditions of the proposition, then for any chart 
(U, h) of the manifold 2 the set h (Of| U) is open in 
R", i.e., if the set is nonempty, any point x of the set 
is an interior point. With this in mind, consider a point 
p =h-" (x) in @. | 

Since x €h (Of) U), there is p € O.-) U and, in partic- 
ular, p € O. There is a therefore such that p € U,. 
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The charts (U,, h,) and (U, h) being compatible, the 
setsh, (U, (| U) andh (U, f) U) are open in R”. More- 


UNO, h (UNO) FEEEEEH onc. nu, ny(ony nv) a(0n4n0) 
SS TET F acto, hee) en 


over, under the hypothesis the set h, (Of) U,) is also 
open. Hence so is the set 
he (ON Ua) U) a he (0 1 Ua) he (U, MN UO). 
On the other hand, the homeomorphism 
hohg': ha (Uz) U) +h (Uaf\ U) 
carries this set into a seth (Of) U,(\ U) which is, con-. 
sequently, also open. Since 
xEh(ON U.N U)ChON YD), 
this proves that the point x is an interior point of the set 
h(On VU). O 
Corollary 1. For any chart (U, h) of the manifold @ the 
subset V < U is open in &@ if and only if the set h (V) is 
open in-R". 
In particular, the set U is itself open in Z. O 


For any open subset O of an arbitrary (C’-) manifold 7 
all charts (U, h) for which U c O obviously make up 
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an atlas on O (see Example 2 of the preceding lecture). 
The atlas is maximal, i.e. it is a smoothness on O (of 
the same class C’). This smoothness is said to be induced 
by the smoothness of the manifold 2% and the set O having 
this smoothness is called an open submanifold of @. By 
definition dim O = dim Z. 

In what follows every open set O of an arbitrary mani- 
fold 2 will always be considered to be a manifold with 
induced smoothness. 

Notice that every atlas A = {(U,, h,)} of 2 defines 
an atlas Of) A of O consisting of charts (Of) U,, 
ha lonu,). Thus, to obtain an induced smoothness on O 
there is no need to consider all the charts on 2, it suffices 
to consider just the charts of one atlas. 


It follows directly from Property 2° of open sets that 
for any subset A of a topological space 2 there is a max- 
imal open set (possibly empty) contained in A (it is the 
union of all open sets contained in A). That open set is 


called the interior of A and is denoted by Int A (or A). 
Its points are called interior points of A. 

Clearly, the set A is open if and only if Int A = A, i.e. 
if all its points are interior. 

For any point (or, more generally, for any subset) of 
a topological space Y every open set containing this point 
(this subset) is called a neighbourhood of this point (this 
subset). By definition a point is an interior point of a sub- 
set A if and only if some neighbourhood of that point is 
contained in A. 

Thus for 2 = R" this concept of an interior point 
coincides with that known from calculus. 

For any chart (U, h) of an arbitrary manifold @% the 
set U (the support of the chart) is a neighbourhood of 
every point p € U. For this reason the supports of the 
charts of 2 are also called coordinate neighbourhoods. 

It is clear that any neighbourhood V of a point p € U 
contained in a coordinate neighbourhood U is also a coor- 
dinate- neighbourhood (with coordinate mapping h ly) 
Hence any neighbourhood O of p contains some coordinat. 
neighbourhood (such a neighbourhood is, for example, 
the intersection O (| U). 


5 Sax. 516 
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The family of the neighbourhoods ofa point p of a top- 
ological space @% is called the base for the neighbourhood 
system of the point if any neighbourhood of p contains 
a neighbourhood from this family. (Intuitively speaking, 
a base must contain arbitrarily small neighbourhoods.) 

In these terms the statement we have proved means 
that the coordinate neighbourhoods of every point of an 
arbitrary manifold form a base for its neighbourhoods. 


A mapping f: 2 —¥Y of topological spaces is said to be a 
homeomorphism if it is bijective, and a set 0c Z is 
open in 2 if and only if the set fO < Y is open in ¥. 
Thus a homeomorphism is a bijective mapping which 
establishes a one-to-one correspondence between topol- 
ogies. 

Spaces 2 and ¥ are said to be homeomorphic if there 
is at least one homeomorphism 2% — ¥Y. Clearly, topo- 
logical properties of homeomorphic spaces are the same 
(i.e. properties stated exclusively in terms of open sets). 
They are thus topologically indistinguishable. 


An example of a topological property is that a topolog- 
ical space 2 has a countable base for the neighbourhood 
system of its points p. Such spaces are said to satisfy the 
first axiom of countability (or to be the first countable 
(topological) spaces). 

It is easy to see that any metric space Y satisfies the 
first axiom of countability (for any point of the space open 
balls with centre at that point whose radii are rational 
numbers form a countable base for the neighbourhood 
system of that point). In particular, the space R” satisfies 
the first axiom of countability. 

Every subset A of a topological space % has a topology 
(called an induced topology), whose open sets are the 
intersections O {| A of open sets O of 2 with A. A_ sub- 
set A provided with that topology is called a subspace 
of @. 

Clearly, any subspace of a space that satisfies the first 
axiom of countability also satisfies that axiom. Hence, 
in particular, any subspace of space RR" satisfies the first 
axiom of countability. 
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A family {U,} of open sets of a topological space 2 
is said to be its open covering if any point of that space is 
at least in one element of the family, i.e. if 


YU, = x. 
a 


For example, the supports U, of charts (U,, h,) of an 
arbitrary atlas of the manifold 2 make up an open cov- 
ering of the manifold. 

A space 2 is called locally Euclidean if it has an open 
covering {U,} each element U, of which is homeomorphic 
to some open set of R” (and hence satisfies the first axiom 
of countability). 

But clearly if a topological space 2 has an open cover- 
ing {U.,} all of whose elements U, satisfy (in induced 
topology) the first axiom of countability, then the space 7 
itself also satisfies the axiom. (This fact is expressed by 
saying that the property of satisfying the first axiom of 
countability is a local property.) Hence every locally 
Euclidean space satisfies the first axiom of countability. 

On the other hand, it follows directly from Corollary 1 
that for any chart (U, h) of an arbitrary manifold V the 
mapping h: U->+h(U) is a homeomorphism (the set 
h (U) being open in fk"): 

[For this reason coordinate mappings h considered as 
mappings onto h (U) are usually called coordinate homeo- 
morphisms. | 

Consequently, since coordinate neighbourhoods make 
up an open covering of a manifold 2 (this property is 
enjoyed even by coordinate neighbourhoods which are the 
domains of definition of the charts of some atlas), any 
manifold is a locally Euclidean space, and hence satisfies 
the first axiom of countability. 


A set @ of open sets of a topological space is said to be 
its base (or, more explicitly, a base of open sets) if every 
open set of that space is a union of sets of ‘@. Spaces 
having a countable base (i.e. a base containing a count- 
able number of open sets) are said to satisfy the second 
axiom of countability (to be completely separable spaces or 
spaces satisfying the second axiom of countability). 


5* 
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Clearly, any space that satisfies the second axiom of 
countability satisfies the first axiom of countability, but 
the converse is generally wrong. 

In these terms Lemma 2 of Lecture 1 states (as applied 
to the space R”) that all open rational balls of R”, i.e. 
balls whose radii are rational and whose centres have 
rational coordinates form a base for this space. Thus 
the space R” satisfies the second axiom of countability. 

Nevertheless there are manifolds that do not satisfy 
the second axiom of countability (so that in this respect 
the second axiom of countability is in sharp contrast to 
the first). The simplest example is a disjoint union of a 
noncountable family of spaces R”. (A more interesting 
example will be given in Lecture 11.) 

When introducing a topology into the set 2, we often 
only indicate some base for it. It is thus obvious that a 
set @ of subsets of XY may serve as a base of open sets for 
some topology on 2 if and only if the intersection of any 
two sets of ®@ is a union of sets of #. 

In particular, any set of subsets closed under inter- 
sections may serve as a base for some topology. 


A topological space 2 is said to be Hausdorff (or sep- 
arable space) if any two of its points p and q have nonin- 
tersecting neighbourhoods. 

Clearly, any metric space is Hausdorff, and hence, in 
particular, so is R”. Nevertheless there are smooth non- 
Hausdorff manifolds. 

Example 1. Let 2 = (R\ {0}) U {po, do}, where Do, Qo 
are some elements (which are not in R\ {0}), and let 


U = XN {qo} = (RN {9}) U {po}, 
V = B\ {Po} = (RN {0}) U {90}- 
We define bijective mappings 
h: O—+-R, k: V>R 
as follows: 
p if p € RN {0}, 
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for any pC€U and 


gq if gE RN {0}, 
Kia) =| 0 if g= ™ 
I= 
for any g € V. 

Clearly, the charts (U, h) and (V, k) form an atlas and 
hence define on % the structure of a smooth (C®-) mani- 
fold. In the topology of this manifold any two neigh- 
bourhoods of py and qg, intersect, and hence the topology 
is non-Hausdorff. 

The constructed smooth manifold 2 is called a straight 
line bifurcated at zero (or non-Hausdorff straight line with 
singular point 0 of multiplicity 2). 

A non-Hausdorff straight line with singular point 0 of 
multiplicity n, where n is an arbitrary integer >2 is 
defined similarly. 


Very often one has to introduce a smooth manifold 
structure on a set 2 on which there is already a topology, 
i.e. which is a topological space. 

In this case it is always tacitly assumed that the struc- 
ture must define on 2 the given topology, i.e., as it is 
usual to say, it must be compatible with that topology. 

To do this it is necessary that the atlas which specifies 
on 2 a smooth structure having that property should 
consist of charts (U, h) whose supports U are open and 
the mappings h: U +h (U) are homeomorphisms. This 
condition appears to be sufficient. 

Proposition 2. Let A = {(U,, ha)} be an atlas on a 
topological space 2 such that for any a the set U, is open 
in 2 and the mapping ha: U,—~h, (U,) is a homeo- 
morphism. Then the smoothness defined by A is compatible 
with the topology of Y. 

Proof. According to Proposition 1 a set Oc @ is 
open in the topology T, given by the smoothness defined 
by A if and only if for any a the seth, (O(| U,) is open 
(in RR", and hence also in h, (U,)), i.e. since mappings 
h, are homeomorphisms when the set O () U,, is open (in 
U,, and, therefore, by virtue of U, being open in 2%, also 
open in 2). 
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On the other hand, if the set O Cc &@ is open in 2, then, 
since U, is open in %, the set O (| U, is also open in 2, 
and if all the sets O() U, are open in 7, then in view of 
the equation 


(1) = U@N Ua) 


the set O is open in 2%. Consequently, sets open in the 
topology T, are precisely the sets open in the topology 
of @. O 

Remark 1. To clarify the proof it is worth noting that 
in fact it reduces to two trivial remarks. First, the topol- 
ogy of every set U, is defined solely by the given map- 
ping h, (the set O c U, is open in U, if and only if the 
set h, (O) is open in R"); second, for any topological 
space 2?’ and any its open covering {U,} the topology 
of .v is uniquely defined (by means of (1)) by the topol- 
ogies of elements U, of that covering. 

Remark 2. By virtue of Proposition 2 a smooth mani- 
fold may be defined as a topological space 2 on which 
an atlas is specified, the supports U, of whose charts 
(U., h,) are open, and the coordinate mappings h, are 
homeomorphisms. The requirement that for any a and £ 
the sets h, (U, (| Ug) and hg (U, (| Ug) should be open 
in R will immediately hold. It is this definition that is 
usually found in the literature (sometimes in a somewhat 
different wording) in spite of its obvious methodological 
deficiency (a similar definition of metric spaces, in which 
this deficiency is most obvious, would state that a metric 
space is a topological space 2% for which a continuous 
function p: 2 xX ®Y — R satisfying the common axioms 
of a metric space is given). 

It is in the sets (R", S", and RP”) that are already 
topological (and even metric) spaces that we have introd- 
uced smoothnesses in the examples of the preceding 
lecture. [The distance between the points of §” is the 
angle between the radius vectors and the distance between 
the points of RP”, the angle between them as between 
Straight lines in the space R"*. In both cases (check it!) 
the axioms of metric spaces hold.] 
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Problem 1. Prove that the smoothnesses on the spaces R®, 
" and RP” introduced in-Examples 1 to 8 of Lecture 6 are com- 


patible with the topologies of these spaces. 


Remark 3. Example 3 of Lecture 6 shows that different 
(C“-) smoothnesses on a topological space compatible 
with its topology are possible. 


When r = 0, i.e. for topological manifolds, the situ- 
ation is quite different. 

Let Y be a topological manifold of dimension n, and 
let (U, h) be a chart in 2%. This means by definition that 
©U — & and h is a bijective mapping of the form U — 
h (U), whereh (U) is an open set in R”. As was repeatedly 
noted, if (U,h) is a chart of 2%, then U is open in & 
and h: U-h(U) is a homeomorphism. It turns out 
that when r = 0 the converse is also true. 

Proposition 3. A chart (U, h) in a topological manifola 
& for which U is open in & and the mappingh: U —h (U) 
is a homeomorphism is a chart of ® (is in its maximal atlas 
Amax): 

To prove this proposition we use the following lemma. 

Lemma 1. /f for two charts (U,h) and (V, k) in a top- 
ological space 2 the sets U and V are open in DY and 
h: U +h (U) andk: V ~ k (V) are homeomorphisms, then 
these charts are compatible (in the C°-class). 

Proposition 3 is an immediate consequence of Lemma 1, 
Since according to the lemma the chart (U, h) of Propo- 
sition 3 is compatible with each.chart (V, k) of the maxi- 
mal atlas A,,ax of % and hence is contained in it. Thus 
we must only prove Lemma 1. 

Proof of Lemma 1. The intersection U (| V is open in 
© (and hence also in U). Consequently, since mappings 
h and k are homeomorphisms, the sets kh (U (| V) and 
k (U( V) are open in h (U) and k (V) respectively (and 
hence also in R”"). 

In addition, since mappings 


h lunqv: UN V>ohr(UN V) and 
kluqgvi Uf. V>k(UQ V) 
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are obviously homeomorphisms, their composition 
hok': kU | V)+hU 7) V) 


is also a homeomorphism. The charts (U, h) and (V, k) 
are thus compatible. D 

Proposition 3 implies that for r = 0 the charts of X 
are- characterized purely topologically, i.e. that the 
structure of a topological manifold on a topological space Y 
(when it exists) is uniquely defined. In other words, the 
structure of a topological manifold on a topological space 
2 brings nothing new into this space, and the class of 
topological manifolds is nothing else but a subclass of 
the class of all topological spaces. 

To find out if a given topological space ZV is an n-di- 
mensional manifold, it is necessary to consider all pos- 
sible open subsets U < ® homeomorphic to open subsets 
of R". A space 2% is a manifold if and only if charts of 
the form (U, h), where h: U—h(U) is some homeo- 
morphism (and h (U) is an open set in R"), make up 
an atlas, i.e., since according to Lemma 1 two such charts 
are compatible, when the sets U are an open covering 
of 2. This proves that topological manifolds are precisely 
locally Euclidean spaces. 

Remark 4. There are locally Euclidean spaces (= topo- 
logical manifolds) into which it is impossible to introduce 
a smooth (C’- with r>0) manifold structure. (Such 
manifolds are called nonsmoothable. manifolds.) The con- 
ditions necessary and sufficient for a smoothness com- 
patible with its topology to exist on a topological mani- 
fold are known but quite complicated. 

In what follows, unless otherwise stated, topological 
manifolds are omitted from the consideration. 


As already stated in Lecture 6, the case n = 0 is not 
in general excluded. But in fact it is of little interest. 

Indeed, when n = 0 the space R” consists of only one 
point 0, and hence in a zero-dimensional manifold 7 
every point has only one coordinate neighbourhood con- 
sisting of that point. Thus in a zero-dimensional mani- 
fold 2 every point (and hence any subset of it) is an 
open set. A topological space having this property is 
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called discrete. Since any discrete space has obviously a 
unique structure of a zero-dimensional manifold (in 
which each point is the support of a chart), we therefore see 
that zero-dimensional manifolds are precisely discrete spaces. 

Notice that charts of a zero-dimensional manifold do 
not overlap. We have therefore the right to ascribe to 
such a manifold an arbitrary class C’. 

Every zero-dimensional manifold (= discrete space) 
2 is metrizable by a metric in which the distance between 
any two distinct points is equal to unity. This justifies 
a visualization of 2% as a set scattered into individual 
isolated points. In what follows the casen = O will asa 
rule be excluded from consideration. 


A mapping f: 2 — ¥ of topological spaces is said to be 
continuous at a point p € @ if for any neighbourhood V 
of a point f (p) in Y there is a neighbourhood U of a 
point p in 2 such that f (U) c V (cf. the (e, 5)-definition 
of a continuous function). 

A mapping f: .?:— ¥ continuous at every point p € 2 
is called continuous on %. 

It is easy to see that a mapping f: VY — ¥Y is continuous 
on & if and only if for every open setO — ¥ its complete 
inverse image f'O = {p € @; f (p) € O} is open in LW. 
Indeed, if a mapping f is continuous, then for any point 
p €f-'0O there is, O being a neighbourhood of the point 
f (p), its neighbourhood U in 2 such that fU Cc O. But 
then U c f-'0 and hence the point p is an interior point 
of the set f-'!O0. Consequently, the set f-!O is open. Con- 
versely, if for any open set Oc ¥ the set f'Oc 2 is 
open, then, in particular, for any point p € 2? and any 
neighbourhood V of a point f (p) in ¥ the set U = f-1V 
(containing the point p) is open (i.e. it is a neighbourhood 
of the point p). Since fU c V, the mapping f is, con- 
sequently, continuous at the point p. 0 

It follows that homeomorphisms f: 2 —¥Y are pre- 
cisely continuous bijective mappings for which the inverse 
mapping f-!: ¥ + W is also continuous. 

An injective continuous mapping f: 2% — ¥Y which is 
a homeomorphism onto a subspace {2% < ¥ is called 
a moneomorphism (cf. Lecture 1). 
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Notice that if a set O c @ is open in @ and a mapping 
{: 2 + Y is continuous, then the set fO may not gener- 
ally be open in ¥. For example, this will trivially be 
the case if the subset {2 of Y has not_a single interior 
point. (A particular example: 2 = R, Y = R® and f 
is an embedding z -> (z, 0).) 

Continuous mappings /: 2 ~¥Y having the property 
that for any set O open in 2% theset fO c ¥ is open in ¥ 
are called open. 

Problem 2. Show that: 

(a) For every topological space 2 the identity mapping 
id: @ — 2, p.-> p, is continuous. 

(b) For any two continuous mappings of the form 
f: @>Y and g: ¥ >Z their composition 


gof: V+Z%, peg (f (p)) 


is also a continuous mapping. 

Properties (a) and (b) imply that the collection of all 
topological spaces and all their continuous mappings 
makes up a category of topological spaces denoted by 
TOP. 


If 2 and ¥ are smooth manifolds (of dimensions xn 
and m, respectively), then for any point p, € 2, any con- 
tinuous mapping /: 2 —~¥Y, and any coordinate neigh- 
bourhood V of a point f (p) in Y, the neighbourhood U 
of p, in Z for which fU <c V may also be considered coor- 
dinate. Hence if 


h: U-h(U) CR" and k: V+k(V) Cc R”™ 
are the coordinate. mappings, then 
f=ke(fly)ehs 
will define some mapping 
(2) j: h (U) > k (V) 


of an open set h (U) of R” into an open set k (V) of R™. 
This mapping is given by m functions 


(3) PHP Qc 2p J =H ly 4 oom, 
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of n variables which express the coordinates y', ..., y™ 
of a point y = f (x) €k (V) C R™ in terms of the coor- 
dinates z', ..., 2” of a point x €h (U) C R” (i.e., in 


other words, the local coordinates of a point g = f (p) EC V 

in terms of the local coordinates of a point p € U). We 

shall say that functions (3) express (or specify) a map- 

ping f incharts (U, h)and (V,k) (in local coordinates 
..., 2" and y', y™). 

” Probiem 3. Prove that if (U', h’) and (V’, k’) are other 
charts having the property that po € U’ and fU'cV', 
then functions f’/ expressing the function f in the charts 
(U', h’) and (V’, k’) are smooth at a point h’ (p,) if and 
only if functions (3) are smooth at h (p,). 

In this sense the smoothness property of functions (3) 
is independent of the choice of charts (U, h).and (V, k). 

Definition 3. A continuous mapping f: 2 > ¥Y is called 
smooth at a point p, € V if in some (and hence in all) 
charts (U, h) and (V, k) having the property: that p, € U 
and fU c V, functions (3) expressing the mapping / are 
smooth functions (of a given class C’) at h (p,). 

A mapping f: 2 ~¥Y smooth at all points p € 2 is 
called smooth. 

Problem 4. Prove that: 

(a) For every smooth manifold 2 the identity mapping 
id: 27 + ®Y is smooth. 

(b) For any two smooth mappings of the form f: 2 — 
¥Y and g: Y¥—+% their composition 


gof: +S, pgs (p)) 


is a smooth mapping. 

This means by definition that the collection of all smooth 
differentiable manifolds and all their smooth differentiable 
mappings is a category of differentiable manifolds denoted 
by DIFF. 

Definition 4. A mapping f: % —¥Y of smooth mani- 
folds is said to be a diffeomorphism if 

1° it is bijective, 

2° smooth, 

3° the inverse mapping f-!: ¥ > @ is smooth (and 
hence is also a diffeomorphism). 
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An obvious example of a diffeomorphism is an arbit- 
rary coordinate mapping h: U —h (U). (Question: what 
kind of functions (3) are given by this mapping?) 

Conversely, it can easily be seen that for any open set 
U of a smooth manifold & and its diffeomorphism h: U — 
h (U) onto ‘an open set h (U) < R"a pair (U, h) is a chart 
of ® (it is in its maximal atlas). Indeed, the statement 
that (U, h) is in a maximal atlas implies that for any 
chart (V, k) of that atlas a chart (U, h) is compatible 
with the chart (V, k), i.e. the setsh (U (| V) andk(U () V) 
are open in R” (or equivalently in hk (U) and k (V)) and 
the mapping koh?: h(U (.\V)—~k(U (| V) isa diffeo- 
morphism. But the first property follows from the fact 
that the set U () V is open in V and in U, and the map- 
pings h and k are homeomorphisnis, and the second from 
the fact that both of these mappings (or more exactly 
their restrictions to U (|) V) are diffeomorphisms (cf. 
the proof of Proposition 3 and of Lemma 1). 0 

Manifolds 2 and ¥ are said to be diffeomorphisms if 
there is at least one diffeomorphism .2? — ¥Y. Such mani- 
folds have the same differential properties (properties 
expressed in terms of smoothnesses) and are in this sense 
the-same. In particular, dim @ = dim ¥Y. 


Problem 5. Prove that smooth manifolds obtained from a 
straight line R by introducing the standard smoothness and the 
smoothness of Example 3, Lecture 6, are diffeomorphic. 


Remark 5. It can be shown (try to do it!) that any one- 
dimensional noncompact smooth manifold which satis- 
fies the second axiom of countability is diffeomorphic 
to the straight line R in the standard smoothness (and 
a compact one to the circle §'). It is interesting that for 
n = 4 (and only for n = 4) there are smoothnesses (very 
complicated to construct) on R” compatible with the 
topology on R”, relative to which it” is not diffeomorphic 
to R” in the standard smoothness. 


Let 2% be some set, Y some smooth manifold, and 
f: & —+¥Y a bijective mapping. Then there is a unique 
smoothness on 2 with respect ta which f is a diffeomorphism. 
All possible pairs of the form (f-'U, ho f) are charts of 
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this smoothness where (U, h) is an arbitrary chart of ¥. 
This smoothness is said to be pulled back from ¥ to & 
by means of f. 

Clearly, smoothnesses pulled back from ¥ to 2 by means 
of bijective mappings f: Y +> ¥Y and g: ®Y —¥Y coincide 
if and only if the mapping goof: ¥—>¥Y is a diffeomor- 
phism. | 
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Topological invariance of the dimension of a manifold- The 
dimension and coverings: Compact spaces: Lebesgue lemma: 
The upper estimate of the dimension of compact subsets 
of a space R"- The monotonicity property of the dimen- 
sion- Closed sets. The monotonicity of the dimension and 
closed sets. Direct product of topological spaces. The com- 
pactness of the direct product of compact spaces 


The conclusion made in the preceding lecture that a top- 
ological manifold structure on a topological space 2 
does not bring anything new into the space was in fact 
somewhat hasty, since a priori it cannot be excluded 
that the same space 2 may have open coverings {U,} 
and {V,} such that every set U, is homeomorphic to some 


open set U, of 2", and every set Vg to some open set Vp 
of R™, where n-=£™m, and hence there will exist two 
different structures of topological manifold on 2% in one 
of which 2 is an n-dimensional, and in the other an 
m-dimensional manifold. The question as to whether 
or not this may be the case is obviously equivalent to the 
question as to whether the dimension is a topological invar- 
iant, i.e. whether homeomorphic manifolds must nec- 
essarily have the.same dimension. 

Suppose such coverings {U,} and {Vg} exist. Choosing 
two sets U,, and V,, having the property that the set 
W = U,, 1 Va, is not empty (clearly, this can always 
be done) consider in &” a set O, which is the image of 


W under the homeomorphism U,, —> U a, and in R™ 
a set O, which is the image of W under the homeomorph- 
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ism Vy, —> V, . The sets O, and O, are open (in R” and 
R™ respectively) and homeomorphic. Conversely, if 
such sets exist, then they exemplify homeomorphic man- 
ifolds of different dimensions. 

Thus our question reduces to whether it is possible for 
open sets in R” and K™ with n + m to be homeomorphic. 
We show that the answer to this question is negative, and 
hence the following theorem on the topological invariance 
of the dimension of manifolds removing all doubts is true. 

Theorem 1. Homeomorphic manifolds have the same di- 
mension. 

To prove Theorem 1 we define an integer dim 2 called 
the dimension for any topological space %. By definition 
this number is topologically invariant, i.e. the same for 
any homeomorphic spaces. In addition, we prove that 
for any closed bounded (compact, see below) set F Cc R” 
an inequality 


(1) dimF <= 

holds, in the case where F is a ie I” of R” consisting 
of points t= (t', ..., t") for which | t‘| <1 for all 
os Cra | o the equation becoming 

(2) dim I" = n. 


This is now sufficient to prove Theorem 1. 

Indeed, let O, and O, be homeomorphic open sets of 
R” and R™ respectively. Since O, is an open set, it 
contains a closed and bounded subset F, homeomorphic 
to the cube I". Let F, be the image of F, under the homeo- 
morphism 0, —~ O,. The subset F, of R™ is also closed 
and bounded (prove it!). By (1) therefore dim F, < m. 
On the other hand, since the function dim is topologically 
invariant, we have dim F, = dim F, = dim I" = n. 
Hence n < m. Since in this reasoning ‘the sets O, and 
O, play symmetric roles, by interchanging them we simil- 
arly get m<n. Hence n = m, which completes the 
proof of Theorem 1. 0 

Remark 1. We should bear in mind that for a manifold 
® (even smooth) the number dim 2% may differ from its 
dimension in the sense of Definition 5 of Lecture 6 (see 
Example 4 below). We shall temporarily (only in the 
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present lecture!) denote the dimension of ZV in the sense 
of Definition 5, Lecture 6, by dim’ 2. Later (see Re- 
mark 3) we shall give this number a topological charac- 
terization (and thus prove Theorem 1 once again). 


We introduce the function dim by a series of definitions. 

Definition 1. The covering {U,} of a space @ is said 
to be a refinement of a covering {Vg} if for any @ there is 
6 such that U, c Vz. 

Definition 2. The covering {U,} of a space % is said to 
have multiplicity <n +1 if the intersection of any 
(n + 2)-element subfamily of the covering {U,} is empty. 
If the covering {U,} has multiplicity <n + 1 but has 
no multiplicity <n (i.e. there isin it an (n + 1)-element 
subfamily with nonempty intersection), then the covering 
{U,,} is said to have multiplicity n + 1. 

Definition 3. It is said that dim 2 < n if a finite open 
covering of multiplicity <n + 1 can be a refinement of 
any finite open covering of a space V%. If dim Tan 
but dim 2 < n-+1 is false, then it is said that dim V7 =n. 

Example 1. A discrete space is obviously zero-dimen- 
sional. 

Example 2. The set of all rational numbers (in the top- 
ology induced by the topology of the real line) is also 
zero-dimensional (a finite covering consisting of noninter- 
secting intervals and having therefore multiplicity 1 can 
be a refinement of any finite open covering of the set). 

Example 3. The set of all irrational numbers is zero- 
dimensional for similar reasons.: 

Example 4. Let 2 be a non-Hausdorff straight line 
with singular point O of multiplicity n +1, and let 
{U,} be a finite open covering of 2% such that all n + 1 
points into which the point O has split are contained in 
distinct elements of the covering. Then the multiplicity 
of that covering, as well as that of any open covering 
which is a refinement of the covering {U,}, will be 
>n-+1. This shows that dim VY > n (whereas dim‘ 2% =1). 

For non-Hausdorff manifolds the invariant dim thus 
fails to reflect adequately the intuitive idea of dimension. 

Remark 2. It is not known if dim 2 = dim’ @% holds 
for all Hausdorff manifolds. It can be shown that dim 2 = 
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dim’ 2 if 2 is paracompact (paracompact manifolds 
will be defined in Lecture 23). 

Example 5. It is obvious that a covering consisting of 
intervals with but slightly overlapping ends (and, con- 
sequently, having multiplicity 2) may be a refinement 
of any finite open covering of the interval I = [—41, 1]. 
Hence dim I < 1. Since the equation dim I = 0 is obvi- 
ously impossible (the interval I cannot be covered by a 
finite family of nonintersecting intervals of length <1), 
this proves that dim I = 1 (see formula (2)). 


Problem 1. Substantiate the above strict reasoning. 


Example 6. On covering a square I? = {(z, y) € R?, 
—1<2z2<1, —1<y <1} with rows of bricks so that 
the joints of bricks in each row are against the middle of 


the bricks of the neighbouring rows and on enlarging 
each brick slightly we obtain a finite open covering of the 
square of multiplicity 3. It can be shown (see below, but 
we recommend the reader prove this immediately) that 
this sort of pavement can be a refinement of any finite 
open covering of the square. Hence dim I? < 2. (As we 
shall see, the inverse inequality dim I? > 2 is substanti- 
ally more difficult to prove.) 


Our immediate goal is to generalize the construction 
of Example 6 to an n-dimensional cube 
Mm = {(ty - e+ tn) ER’, et Se ae ery 
—1< t, < 1}. 
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To do this we shall need some preliminary work. 
Definition 4. A topological space @ is said to be compact 
(it is also called bicompact in the Russian mathematical 
literature and quasi-compact by Bourbaki) if we can choose 
a finite subcovering in any of its open coverings {U,}. 
It is easy to see that any infinite subset of a compact space 
has a limiting point (each neighbourhood of which contains 
infinitely many points of the subset). Indeed, otherwise 
each point of the space has a neighbourhood that contains 
only a finite number of points of the subset. These neigh- 
bourhoods make up an open covering with the property 
that none of its finite subfamilies is a covering (since the 
total. number of points of the subset that are contained 
in the elements of that subfamily is finite). Because in 
a compact space such a covering cannot exist, it follows 
that limiting points do exist. D 
A subset A of a topological space is said to be compact 
if it is compact in the induced topology (as a subspace). 
By an open covering in a space 2 of the subspace A 
is meant a family {U,} of open sets of Y such that 


Ae 0. 
a 


Then intersections A () U, make up an open covering 
of A as of a topological space (in the induced topology), 
and any covering of A can be obtained in this (although 
not the only) way. Therefore, a subspace is compact if 
and only if a finite subcovering can be chosen in any open 
covering in 2. 

The Heine-Borel theorem known from calculus states 
that any closed bounded subspace of a space R" is compact. 
In particular, the cube I" is compact. 


Recall that the diameter of a subset K of a metric space 
2X is the number 


where p is a metric on 2. 
Lemma 1 (Lebesgue). For any open ‘covering {U,} of 
a compact metric space VY there is a positive number « > 0 
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such that any subset K of Y of diameter less than « is con- 
tained in some element of {U,}. 

Proof. If there is no such e, then for any n > 0 a subset 
K, of the diameter < 1/n can be found in 2 that is not 
contained in any element of {U,}. Choosing in K, an 
arbitrary point p,, consider the set {p,}. Since Z is com- 
pact, this set has at least one limiting point p,. Let py € 
U,,, and let d be the distance from py to Y\ Ug, (i.e. 
d = inf po (po, p), where p€E V\NU,). If n> 2/d and 
0 (Po. Pn) < al2, then 


» (Por P) <P (Por Pn) +P (Pus P) <Gt—<d 


for any point p € K,, and hence, despite the assumption, 
Ke Uses O 

The number e > 0 of the Lebesgue lemma is called the 
Lebesgue number of a covering {U,}. 

The covering {V,} of a metric space 2 is said to be a 
e-covering if d (Vg) < e for any 6. 

Corollary 1. Jf e is the Lebesgue number of a covering 
{U,}, then any finite open e-covering {V,} of a compact 
metric space ® is a refinement of {U,}. DO 

Corollary 2. For a compact metric space Y, the inequality 
dim VY < n holds if and only if for any e > 0 there is a 
finite open e-covering of X of multiplicity<n-+1. 0 


Now we are in a position to extend Example 6 to any n 
(and to any closed bounded set F c R"). 

Proposition 1. For every closed bounded set F < R" an 
inequality 

dimFain 
holds. 

Proof. Let N > 0. By induction on n construct for 
any n >1 some special covering of R” consisting of 
Sig sets and call it a pavement of rank N. Points of 
R”, n >2, will be identified with pairs (t, ¢), where 
tena and te R. 

By definition a pavement of rank N of a straight line R 
consists of the intervals [(a — 1)/N, a/N], —w <a< 
+ oo. 
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Let a pavement of rank N of a space R""!, n > 2, be 
already constructed. As a pavement of rank N of R" we 
take the covering which consists of all sets of the form 


K x (a — 1)/N, a/N} 
= {(t, t)ER", CE K, (@—1/N<t<alN}, 


where a is an arbitrary integer and K, with a odd, is an 
element of the pavement of rank N of R"~-! and, with a 
even an element of the pavement of rank N of R"-! 
shifted by a vector (1/2N, ..., 1/2N). 

By induction on n we immediately prove that: 

(a) the pavement of rank N of R" is a covering of R” 
that consists of cubes with side 1/N, 

(b) any point of R” is in no more than n + 1 cubes 
of a pavement of rank N, with a point being precisely in 
n-+ 1 cubes if and only if it is of the form 


( bt an-1 an 
2N.° °°"? 2N ' NW)? 
where a), ..., Qn-), @, -are integers. 
Since the diameter of a cube with side a in R” is obvi- 
ously equal toa V-n, we therefore see that a pavement of 


rank N is a closed (consisting of closed sets) ( V n/N)-cover- 
ing of R" of multiplicity n + 1. To obtain an open cover- 
ing we choose some number 6 > 0 and replace each cube 
of the pavement by its 6-neighbourhood (obviously having 


a diameter of 26 + (Vn/N)). With 6 sufficiently small 
(namely, 6 < 1/2N), this does not affect the multiplicity 
of the covering. Since for any e > 0 there are N and 6 


such that e > 26 + (Vn/N), we therefore see that for 
any e > 0 there is an open e-covering of R" of multiplic- 
ity n + 1. 

Any closed bounded (i.e. compact) subset F of R” inter- 
sects only a finite number of elements of that covering, 
and hence that covering cuts out on F a finite open e-cover- 
ing of multiplicity <n + 1. Therefore dim F<n. Q 

Thus, of the two formulas (1) and (2) we need for proving 
Theorem 1 we have already proved (1). To complete the 
proof of Theorem 1 we should only prove the inequality 
dim I” >n (which in fact is the most difficult part of 
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the proof). In order not to interrupt the presentation, we 
shall complete the proof in the next lecture, proceeding 
for the time being to the discussion of formula (1) in 
more detail. 


Better use of the pavement construction will show that 
(1) is true for any subset F of R” (not necessarily closed 
or bounded). 


Problem 2. Prove (1) for arbitrary subsets Fc R”. 
In particular, for F = R” we get 
(3) dim R” < n. 


Therefore (1) is a consequence of a formally more strict 
inequality 


(4) dim F < dim R"” 


(in fact, as we shall later see, there is an equality sign in 
formula (3): 


(5) dim R" = n, 


and so (1) and (4) are equivalent). 

Formula (4) states that for a topological space R”, the 
dimension of its arbitrary subspace is at most the dimen- 
sion of the space itself, which agrees well with our geo- 
metric intuition. It is natural to expect that a similar 
property of monotonicity of dimension 


(6) dim F< dim ® 


is valid also for a subspace F of an arbitrary topological 
space .v. As we shall see from an example of Lecture 10, 
however, inequality (6) is generally false, and for it to be 
true it is necessary to impose some additional conditions 
on F or on J. 


Definition 5. A subset F of a topological space 2 is said 
to be closed if its complement is open. 

For subsets of metric spaces (and, in particular, for 
subsets of R") this definition is known from calculus (and 
we have already used it for these spaces). 
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Problem 3. Prove that in any manifold @ every one-point 
set is closed (i.e., as is customary to say, points in 2 are 
closed). 

Problem 4. Prove that every closed subset of a compact 
space is compact. {Hint. Make use of the fact that adding 
an open set 2 \ F to an arbitrary open covering of a set F 
yields an open covering of the entire space 2.] 

It is clear that: 

1°. An empty set @ and the entire space 7% are closed. 

2° The intersectién of any family of closed sets is closed. 

3° The union of any finite family of closed sets is closed. 

Cf. the corresponding properties 1° to 3° of open sets in 
Lecture 7. - 

It follows directly from Property 2° of closed sets that 
for any subset A of a topological space there is the smallest 
closed set containing A (it is the intersection of all closed 
sets containing A). This closed set is called the closure 
of the set A and is denoted by Cl A in the English top- 
ological literature and by A or[A) in the Russian litera- 
ture. 

Clearly, a point p € @ isin A if and only if any neigh- 
bourhood of the point intersects with'A. This means that 
2A = Int (V\A). 

[Notice that for Int A there is a dual formula Y2&\ Int A = 
XA.) 

Problem 5. Prove that the following properties of 
f: &2—~Y are equivalent: 

(a) The mapping f is continuous. 


(b) For any closed set CC Y the set f'Cc WwW is 
closed. 


(c) For any set A c JZ an inclusion 


f (A) cf (A) 


holds. 
(d) For any set BC ¥Y an inclusion 
f-* (B) < f* (B) 
holds. 


Remark 3. We have seen that the invariant dim is not 
always adequate to an intuitive idea of dimension. We 
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may try to set the things straight by introducing a new 
invariant dim’. For any topological space 2% it will be 
assumed that dim’ 2% < n if for an arbitrary neighbour- 
hood U of every point p € @ there is such a neighbourhood 
V of the point contained in U, that for its closure V in U 
the inequality dim V < n holds. (The restriction “in U” 
is essential here since the closure of V in Y may be sub- 
stantially greater). If dim’ 2 <n but dim’ 7 <n — 1 
is false, then by definition dim’ 2 = n. Since any point 
of every open set U Cc R” has a neighbourhood whose 
closure is homeomorphic to the cube I", for any manifold 
‘@ (here we use the yet-unproved formula (2)) the number 
dim’ & coincides with the dimension of the manifold 
in the sense of Definition 5 of Lecture 6 (see Remark 1 
above). The conditions necessary and sufficient for the 
equation 
dim 2 = dim’ & 

to hold are still unknown (see Example 4 and Remark 2 
above). 


As already stated, the dimension of a subspace may be 
greater than that of the entire space. 

This is impossible for closed subspaces, however. 

Proposition 2. For any closed subspace F of an arbitrary 
topological space Y 
(7) dim F < dim Z@. 


Proof. Let {U} be an arbitrary finite open covering of 
a subspace F. The statement that U, is open in F implies 
that there are open sets U, in 2 such that U, = UZ NF 
for any a. The sets U;, together with 2@\F form a finite 
open covering of 2. Therefore there is a finite open cover- 
ing {Vs} of multiplicity <n + 1, where n = dim 2, 
which is a refinement of the covering of 2. Consider all 
nonempty sets of the form V3, (| F. These sets clearly 
form a finite open covering of F of multiplicity <n + 1, 
which is a refinement of {U,}. Thus a finite open covering 
of multiplicity <n + 1 may be a refinement of every 
finite open covering of subspace F. Hence dim F <n. 

In an example to be constructed in Lecture 10 the sub- 
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space F will be open (and the space 2 Hausdorff and com- 
pact). 


It can be shown (it is a difficult theorem ) that for 
inequality (6) to hold for any subspace F it is sufficient 
that 2 be a metrizable space and satisfy the second axiom 
of countability (generally, metrizable spaces that satisfy 
the second axiom of countability form ina certain sense 
the most natural field for constructing a dimension theory, 
outside this class of spaces almost any “natural” property 
of dimension being false). In the example of Lecture 10 
the space 2 is therefore either not metrizable or fails to 
satisfy the second axiom of countability. (In fact, as can 
easily be shown, it is both nonmetrizable and does not 
satisfy the second axiom of countability. This does not 
prevent it from being Hausdorff and compact.) 

Remark 4. From Proposition 2 it follows, in particular, 
that dim I".< dim R”. By virtue of formula (2) to be 
proved in Lecture 9 this means that n < dim R”. To- 
gether with formula (3), which has not been proved yet, 
this yields equation (5). 


Along with the approach outlined above another, more 
conceptual, approach to the proof of formula (3) is pos- 
sible. 

It rests on one simple but important topological con- 
struction, which, in special cases, has already been pre- 
sented in the course of calculus. 

Let Z@ and &Y be arbitrary topological spaces, and let 
Y x ¥ be the set of all pairs (p, g), where p € 2 and 
gq€y. If UCR and VcY¥,then UX VCD x YY, 
and it is clear that the set of all subsets of the form U x V, 
where U is open in 2 and V is open in Y, is closed under 
intersections. This set is therefore a base for some topology 
on DZ xX Y. 

Definition 6. The resulting topological space is called 
the direct (or Cartesian) product of spaces @ and ¥. It is 
denoted by the same symbol 2 x ¥. 

It is easy to see that the direct product 2 x ¥ of Haus- 
dorff spaces 2 and ¥ is Hausdorff. Indeed, let (p;, 9,) 
and (ps3, 92) be two distinct points of the space 2? x ¥%. 
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Then either p, + pg, or gq; ~ qq. Let p, # pg for definite- 
ness. Since under the hypothesis 2% is a Hausdorff space, 
the points p, and p, have nonintersecting neighbourhoods 
U, and U, in @. Then the sets U, x ¥ and U, x ¥ 
are nonintersecting neighbourhoods of the points (p,, 4) 
and (ps3, 3) in the product 27 x ¥. D 

Similarly defined is the direct product 27, x ...X Vy 
of any finite family of topological spaces. It is Hausdorff 
if so are the spaces 2,, ..., Zp. 

Problem 6. Prove that 


R"=Rx... xR. 
EE, oT 
n times 


(Hint. For any ball of a space R, there are an inscribed 
and a described cube with faces parallel to the coordinate 
planes. } 

For the sets U x V to make up the base for the space 
Y xX ¥Y there is no need for U and V to range over all 
the open sets of spaces 2 and Y, respectively. It is obvi- 
ously sufficient for U’s to range over some base for 2 
and for V’s to range over some base for ¥. Therefore, the 
direct product of spaces that satisfy the second axiom of count- 
ability also satisfies this axiom. 

Again we see, in particular, that the space ” satisfies 
the second axiom of countability. 

Consideration of the simplest examples (say cubes I") 
suggests that for any two spaces Y% and ¥ the equation 


(8) dim (2 xX ¥) = dim Y + dim y 


should hold. However, examples, which we cannot present 
here because of their complexity, show that equation (8) 
is false even for compact metric spaces. 

Rroblem 7. Prove that any compact metric space satisfies 
the second axiom of countability. 

Moreover, for arbitrary topological spaces 2% and ¥Y 
even 


(9) dim (7 X ¥) << dim 2 + dim Y 


may fail. Nevertheless, it can be shown that in the class 
of metric spaces satisfying the second axiom of countability 
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(and in the class of Hausdorff compact spaces) inequality 
(9) is true. Since, as is easy to see, dim R = 1 (cf. Exam- 
ple 5 above), this proves inequality (3) again. The proof 
of formula (9) for metric spaces satisfying the second 
axiom of countability is rather complicated and there 
is no room for presenting it here. 


The statement that formula (9) is true in the class of 
Hausdorff compact spaces implies, in particular, that the 
following proposition is true. 

Proposition 3. The direct product of compact topological 
Spaces is compact. 

Before proving the proposition we shall make some 
remarks on the projection 


(10) TxXxY>DL, (p, a —p. 


The inverse image of projection (10) of an arbitrary 
open set U c @ is an (open by definition) set U x ¥. 
Hence projection (10) is a continuous mapping. 

Moreover, since every set of the form U x V is pro- 
jected onto a set U, projection (10) maps every open set 
of the space & X ¥, which is an open mapping, onto 
an open set of the space Z. 

Similar statements are, of course, also true for the 
projection 2 x Y—->¥Y, (p, gq) —q, as well as for the 
projections V7, x ... XK &@y—> 2X, of a product of any 
number of spaces on each of the factors. 

At the same time projection (10) may transform a closed 
set into a nonclosed one (under projection R? — R, 
(x, y) —» x, for example, the hyperbola zy = 1, which 
is a closed set of the plane R?, is transformed into a non- 
closed set R\{@} of the .axis R). But if the space Y is 
compact, then projection (10) maps every closed set of space 
onto aclosed set of 2, which is a closed mapping. Sup- 
pose a point p, € @ is not in the projection pr Fc & 
of a closed set F — @ X Y, i.e. suppose {py} X YC 
(1 xX ¥)\F. Since (2 X ¥)\F is an open set and 
hence any it$ point is an interior point, it follows that 
for every point g€¥ there is a neighbourhood of that 
point V,c Y and a neighbourhood U (q) Cc Z of the 
point py such that U (qq) xX V,c(@ x ¥)\F. All 
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neighbourhoods V,, g€Y, make up an open covering 
of the space Y and therefore, Y being a compact space, 
it-is possible to choose from that covering a finite covering 
Vay +++, Vq,. Let 


U = U (4) (ieee NU (Qn). 

The set U is open, contains the point p, and has the prop- 
erty that for any point p € U all the points of the product 
X X ¥ of the form (p, 9),q €¥, are not in F (ifg €V,, 
then (p, g) € U (q;) X Vg, — (@ X Y¥)\F). This means 
that {p} x ¥ C (2 X Y)\F, i.e. that p¢ prF. This 
proves that every point p, ¢ pr F has a neighbourhood 
Uc @ such that Uc %\\pr F, i.e. the point p, is an 
interior point of the set 2@\ pr F. Hence this set is open, 
and therefore the set pr F is closed. 0 

Now we are in a position to prove Proposition 3. 

Proof of Proposition 3. Let 2 and ¥ be compact spaces, 
and let {W,,} be an arbitrary open covering of the space 
2 xX ¥. An open set Oc @ will be said (only in this 
proof!) to be distinguished if the subset O x ¥Y of the 
product 2 x ¥ is contained in the union of a finite sub- 
family of {W,}. For any point p € 2% the subspace {p} x 
Y of the product ZY x ¥ is homeomorphic (prove it!) 
to the space ¥ and hence compact. It can therefore be 
covered by a finite subfamily of {W,}. Let F be a closed 
subset of the space 2 x ¥Y which is in VY X ¥ a com- 
plement of the union G of all elements of that subfamily. 
Since under the hypothesis ¥ is compact, it follows from 
what has been proved that the projection pr F of the 
set F is closed in 2 and hence its complement O is open. 
On the other hand, by construction the set O x ¥ is con- 
tained in G. Hence the set O is distinguished. Since p € O, 
this proves that distinguished sets make up a covering 
of 2. The space @ being compact, it is possible to choose 
a finite subcovering from that covering, i.e. to find a finite 
family of distinguished sets that cover 2. But it is clear 
that the union of any finite family of distinguished sets 
is distinguished. Hence @ is distinguished, and therefore 
the covering {W,} contains a finite subcovering. 0 

The proof of inequality (9) for Hausdorff compact spaces 
is also too complicated to be presented here. 
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The drum theorem- The Brouwer fixed-point theorem- Cube 
separation theorem. Normal and completely normal spaces. 
Separation extension. The Lebesgue theorem on coverings 
of a cube- The lower estimate of the dimension of a cube 


In the preceding lecture we have proved that dim I" < n. 
The main goal of this lecture is to prove the converse and 
thus to establish that 


dim I" = n_ for any n> 0. 


To do this we must begin from quite afar. 
Definition 1. A subspace A of a topological space 2 is 
said to be a retract of @ if there is a continuous mapping 


r: TZ—>A 


(called a retraction) such that r (a) = a for any point 
actA. 
Recall that by B” we denote a unit ball of R" that 
consists of points x € R” for which |x |< 1 (where as 
ever|x|= V2i+ ... + a3, ifx = (z,,..., z,)) and 
by §”? we denote a unit sphere (a subset of B" that con- 
sists of points x € R" for which |x | = 1). 

Theorem 1. The sphere §""' is not a retract of the ball 
BR” 


For n = 2 this theorem theoretically explains why it 
is possible to pull a film over a circle, i.e. to make a drum. 
That is why Theorem 1 is usually called the drum theo- 
rem. 
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In spite of the intuitive obviousness of the theorem it is 
rather difficult to prove. Its proof requires a wealth of 
new ideas. We therefore put it off until Lecture 24. 


An obvious corollary of Theorem 1 is the following 
Brouwer theorem. 

Theorem 2. For any continuous mapping f: B" > B” 
of a ball B" into itself there is a point x € B” such that 
f (x) =x. 

Proof. If f (x) + x, then a straight line passing through 
points x and f (x) is defined. Let r (x) be that point of the 


£(X) 


two points of intersection of the straight line with the 
sphere S""! which is not separated from the point x by the 
point f (x). If f (x) x for all points x, then this con- 
struction defines (obviously a continuous) mapping Ir: 
B" + S"". If x€5"!, then the point x itself is not 
separated from the point x by the point of intersection. 
Therefore r (x) = x, i.e. ris a retraction. Since the exist- 
ence of such a mapping is contrary to Theorem 1, the in- 
ed (x) s+ x cannot be satisfied for all points x € 

nr 

- O 


Corollary 1. For any continuous mapping f: I" —~ I" 
of a cube I" into itself there is a point t, € I" such that 
f (to) = to. . 

Proof. It suffices to notice that the cube I" is homeo- 
morphic to the ball B". [The homeomorphism B" — I” 
can be given as follows 


x mA (x) x, x €B", 
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where A (0) = 0 and A (x) for x + 0 is the length of vector 
OM collinear with the vector x and such that the point Af 


is on the boundary of the cube I” (it is easy to see that the 
vector OM is uniquely defined up to a sign by this condi- 
tion).] O 

Remark {. Theorem 4 iseasy to derive from Theorem 2. 
Indeed, if the retraction r: B* 5" existed, then 
the composite mapping 


icaor: B"—>B’, 
where a: §"-' + §"~' is an antipodal mapping x - —x 


and i is an embedding §"~' — B", would be a mapping 
B" —B" without fixed points. 


Definition 2. Let A and B be disjoint subsets of a topol- 
ogical space 2%. A closed set C Cc @ is said to separate 
A and B if its complement Z\.C is a union of disjoint 
(and automatically, open) sets U and V such that A c U 
and Bc V. 

Of course, a partition C may be an empty set (this will 
be the case if the space 2 itself is a union of open noninter- 
secting sets U and V that contain sets A and B respec- 
tively). 

For any k = 1, ..., nm and any e = +1 we use the 
symbol If-' (e) to denote a face of a cube I” consisting 
of points t = (t,, ..., t,) € I" for which ¢t, = e. 

Theorem 3 (cube separation). The intersection C, (| . . 
NC, of any sets C,,...,C, separating in a cube I" 
faces [P-* (—1), ...,. In (— 1) and [i' (+1), ..., 
In' (+1) is not empty: 


CL... nce, #«@. 
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Proof. Under the hypothesis, for any k = 1,..., 7 
I"\C, = Uy (—1) U Un (+1), 


where U, (—1) and U, (+1) are nonintersecting open sets 
such that WR'(—1)c U,(—1) and [F'(41)c 
U, (+1). For every point t € I” we put 


p, (t) = inf |t—s|, kK=1,...,n. 
s€C;, 


Notice that in view of the set C, being compact the 
equation p, (t) = 0 is equivalent to the inclusion t € C;,. 


C, 


CNC, #@ 


C 


Lemma 1. The number p, (t) has the property that 
| t, — ep, (t) |< it if t = (4, . ~~, tn) € Ur (2). 
It follows from the lemma that the formula 


f (9 = (t — Ty, + 2 ey tn — Tn), 


cp,(t) if tev, (e), 
where 1 = 0 if tcc, k=1, ..., 2, 


correctly defines some (obviously continuous) mapping 
f: I" — I having the property that f (¢() = t if and only 
if p, (t) = O foranyk =1,..., n, ie. 1f CEC, N... 
(|C,. Since, however, according to Corollary 1 of Theo- 
rem 2 there isa point t, in the cube I” for which f (t,) = 
t,, this proves that C, ) ... NCya #DO. OD 

It remains to prove Lemma 1. 

Proof of Lemma 1. Let a point t € I" be in an open set 
U,, (e). Since the set C, separates faces If-'(—1) and 
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I;-' (+1), the perpendicular to these faces passing through 
t intersects C, at some point c, which is between the point 
t and its projection onto the face If-' (—e). If e = +4, 


then for the kth coordinate s, of ec, we haves, < tz, and 
ife = —1 we haves, >t,, with | s,—t, | = O,, where 
0, is the distance between the points t and c,. Hence 


S, = th — EOp. 
Since by definition 
OR < Pr (t), 
it follows that for e = +4, 
t, — ep, (t) = th — Pr (1) Bh, — On = ty — 20% 


= 5, >—!1 
and for e = —1, 
t, — ep, (t) = th + Pr (1) < th + On = ty — OO 
=s, <1. 


On the other hand, 
th — ep, (t\) =the — Pr (ORS 
for e = +1 and 
t% —ep, (0) =h +p (QO Dh >—I 
for e = —1. Thus in all cases 
lt —epr, () |< 1. O 
Remark 2. Theorem 1 can also be easily derived from 
Theorem 3. Indeed, let I" be a boundary of a cube I” 
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(that consists of points t € I" for which t, = +1 at least 
for one k = 1, ..., n), and let S,;, kK = 1, ..., n, be 


its subset consisting of points t € I" for which t, = 0. 
Clearly S, is a set in I" separating faces If-' (—1) and 


If-' (+1). For any retraction r: I"— I" the inverse 
image C, =r 'S, of the set S, separates the inverse 
images r~Ig-'(—1) and r-'If"' (+1) of faces If! (—1) 
and [f-'(+1) and hence in view of the inclusions 
Ir! (e) c r“If' (e), the faces If-' (—1) and If" (+4) 
themselves. On the other hand, since it is obvious that 
Sift... NS, = DS, it is also obvious that C,; J... 
(1 C, = S, which is impossible by virtue of Theorem 3. 


Hence for the pair (I", I"), and therefore for the homeo- 
morphic pair (B", §"~'), the retraction r cannot exist. 


Not in all spaces do partitions exist. This makes us in 
troduce the following definition. 

Definition 3. A space 2 is said to be normal if for any 
two of its disjoint closed subsets A and B there. exists a 
set, and.completely normal if there exists a set for any two 
subsets A and B having the property that the closure of 
each of them does not intersect with the other (such sets 
A and B are called separated). 

Proposition 1. A normal space Z is completely normal if 
and only if each of its subspaces is normal. 

Proof. Clearly, every subspace of a completely normal 
space is completely normal (because sets separated in a 
subspace are separated in the entire space) and hence 
normal. Conversely, let A and B be separated subsets of 
a space 2, and let 


O = £\(A 1B) = (LSA) U (LNB). 
The sets 
ANO=A\(A 1B) and BNO=B\(A 1B) 


are closed in O, and hence separated by some set C if O 
is normal. By definition O\C = U U V, where U and V 
are disjoint sets open in O such that A )OCU and 
6 Sax. 516 
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BNOc V. But since O is clearly open in 2%, so are U 
and V, and since AM) B=2M% and BfA= 2, we 
have AC A ()}O and BC BO. Hence ACU and 
Bc V. Since ) 


ONC = N(C U(A 1B), 
this proves that the set C U (A (|B) in 2 separates A 


and B. Thus a normal space all subspaces of which are 
also normal is completely normal. ( 


According to Proposition 1 completely normal spaces are 
also called hereditary normal. 

Remark 3. By definition normal (and completely nor- 
mal) spaces should have sets and be Hausdorff; but this 
is not the case here. 

Proposition 2. Any metric space is normal. 

Proof. Let A and B be nonintersecting closed subsets 
of a metric space 2. For every point p € A, the number 


Pp (p) = inf p (p, q) 
q€B 


(the distance from p to B) is obviously positive, and hence 
for that point its spherical p , (p)/2-neighbourhood 


U(p)={aEZ, p(p, a) < £29} 
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is defined. Similarly, for any point q € B its spherical 
04 (q)/2-neighbourhood 


V(q={ae, pla, <P}, 
is defined where 
Pa (gq) = inf p (p, Q) 
PEA 


is the distance from q to A. Let 
U= VU U(p), V= U VQ). 
peA q€B 


The sets U and V are open, contain the sets A and B, 
respectively, and do not intersect (if a€ U (| V, then 
there are points p € A, gq €B such that a € U (p), a€ 
V (q), and hence 


p(p, a) < LB) < PtP a) 
and 

p(a, << Pac Phd | 
but then 


p(p, 9) <p (p, a) +p (2, 9) < PD, Q), 
which is impossible). The setC = Y\U (U U V) there- 
fore separates A and B. 

Corollary. Any metric space is completely normal. 

Proof. It suffices to notice that every subspace of a 
metric space is itself a metric space (and hence normal). 1 

In particular, the cube I" is a completely normal space. 

Proposition 3. Any compact Hausdorff space % is nor- 
mal. 

Proof. Let A and B be closed disjoint subspaces of 
a space %. Since 2 is a Hausdorff space, for any point 
p€A and any point q € B there exists a neighbourhood 
U, (p) of p and a neighbourhood (4 (q) of g such that 


Uy (Pp) N Vp (9) = 


For every point qg€8 all its seraide Ua (P)s 
p€A form an open covering of the subspace A, "and 
hence, since the subspace, being a closed set of a compact 


6* 
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space, is compact, there is a finite family p,, ..., Dn 
of points of the set A such that the open set 


U, =U, (Pi) U--- UU gq (Pn) 
contains A. The set U, does not intersect with the neigh- 


bourhood 
V (a) = Vp, ) N--- NV, () 


of the point q. 

Neighbourhoods V (g), g € B, make up an open covering 
of a subspace B, and hence, for similar reasons, there is 
a finite family q,, ..-, dm of points of the set B such 
that the open set 


V=V(m) U--- UV (gm) 
contains V. The set V does not intersect with the open set 


U=U,N... NU, 


which contains A. The set C = @\(U U V) therefore 
separates A and B. O 

An example of a compact Hausdorff not completely 
normal space will be given in the next lecture. 


We shall also need the following simple proposition. 
Proposition 4 (separation extension). Let 2 be a com- 
pletely normal space, A and B disjoint closed subsets, and 


Y aclosed subspace of ®Y. Let also C’ be an arbitrary set 
in Y that separates the sets A (\¥ and B (\¥ closed 
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(in ¥). Then there exists a set C in & that separates A and 
B such thatC QNY¥CC’. 

Proof. Under the hypothesis ¥\.C’ = U’ \J V’, where 
U' and V’ are nonintersecting sets, open (in ¥), that 
contain sets A (}¥ and B () Y, respectively. Let 


A'’=AUU’ and B=BUV'. 


Since U’ and V’ are not only open, but also closed (in 
¥\C’), in @ these sets are separated. Hence the sets A’ 
and 8’ are also separated, and there is therefore a set C 
that separates A’ and B’. The same set separates A and B, 
of course. In addition, since 


YACDA YVR DV UV =9rC, 


we have ¥ NCCC’. 
Now we may return to the study of setsin the cube I”. 
Proposition 5. Let 


Q2>0,>..->Q, 


be a decreasing sequence of closed subsets of the cube I" such 
that 

Q, separates I'-' (—1) and I?" (+1) in I’, 

Qs separates re (— {) hi and V3" (+1) 1 Q, in si 


0, meparates [rt (— 4) a Ons aa ae (44) 9 On-1 in 


Qn-1- 
Then Q, is not empty. 

Proof. Applying Proposition 4 to V=I", A= 
Ir! (—1), B= I—' (41) and ¥ =Q,-,, we obtain 
in the cube I" a set C, for any k = 2, ..., n that sep- 
arates a face If-' (—1) and a face If-' (+1) and such that 


Cr 1 Qr-1 — Qn. 


For k = 1 we put C, = Q,. 
According to Theorem 3 sets C,, C,, ..., C, have the 
property that 


CiNeCeN..- NCa KPA. 
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On the other hand, since 
C,=Q: C; NOS Oy wes Ca NQn-1 — Qn, 
we have C, 1C,1.-- NC,z<Q. HenceQ, # OD. O 


Now we can prove the main theorem of this lecture. 

Theorem 4 (Lebesgue theorem on coverings of a cube). 
Every finite closed covering {C,,} of I" which consists of sets 
none of which intersects with any two opposite faces is of 
multiplicity >n-+ 1. 

Proof. Let 

A, be the union of all elements of a covering {C,} 
which intersect with the face I"' (—1) (and hence do not 
with the face Ii‘ (+1)), 

A, be the union of all elements of a covering {C,} 
which intersect with the face I}-' (—1) and do not parti- 
cipate in A,, 


A, be the union of all elements of a covering {C,} 
which intersect with the face Ij-' (—1) and participate 
neither in A, nor in A,, ..., nor in Ay-;, 

An+, be the union of all elements of a covering {C,} 
which intersect with no face of the cube I”. 
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Let also 
Q, = A, 1 B,, where B, = A, U. re 
Cs = A, Nas NBs where os = As U. » UAnty 
Qn ay NAN. 1A, -1 nB, ae where (Be. 
=A, Anse. 
Qn = A, As N es NAn NB, where B, = An +1- 


Clearly, the sets Q, are closed and form a decreasing 


sequence 
Q2>0,;> .--D>Qn.- 


Ih addition, since A, U B, = I", we have (I"\A),) f 
(I"\B,) = O and since the set A, does not intersect 
with the face I"-' (+1) and the sets A,, ..., An+, do 
not intersect with the face I?-' (—1), we have 


I! (+1) c M\A, and Ft"! (—1) c PNB. 
Since I"\Q, = (I"\A)) U (I"\8B)), this proves that 
Q, separates I"* (—1) and I?‘ (+1) in I’. 

Similarly, since (A, Ay) U (A, NBs) = 4, N (As U 

B,) = A; |B, = Q,, we have (Q\(A, 1) Ag) i (QN 
(A, 1. B,)) = @ and since the set A, does not intersect 
with the face I‘ (+1) and the sets A;, ..., An4+, do 
not intersect with the face I?‘ (—1), we have 


H* (+1) 1@: | @N(Ai As) 


Ty' (—1) N Qi — QaN(Ai Bs). 
Since Qs = (A; 1,43): (Ai Bs) and hence 
~ ANQs = (QN(41 14a) U (QN(4A1 1 B))), 
this proves that @Q, separates I}-'(—1) 1Q, and 
Ty' (+1) N@Q, in Q). 

Generally, if A, =A, )\A,g ff}... f\ Any, and Bi = 
A, 1\A3 QA... NlAn f) Baz, wherek =1, ..., n—1, 
then 

Ay UB, =A, 1... N\An f\ (Anai U Bes) 

=A,f]/... An N Br 
= Qy 


and 
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and hence (Q,\ Ai) 1) (Qax\ Br) = OS. Also, since the 
set A,+, and hence the set A; do not intersect with the 
face If;'; (+1) and the sets Anis, .--, An4, and hence 
the sets B, and B;, do not intersect with the face I?;'; (—1), 
we have 


hss (+1) 1 Qn — QaNXAp and TfG (—1) 1 Qn 
= QaNBr. 


Since Qx+; = Ar 1 Bp and hence QxNQnii = (GaN 
Apr) U(QaN 8B), this proves that Qna+, separates 
kai (—1) Qa and Why’; (+1) 1Qp in Qz. 
hus the sets Q,, ..., Q, satisfy all conditions of 
Proposition 5, and hence according to this proposition 
the set Q, is not empty. 
Let p, be an arbitrary point of Q,. Since 


Qn = A, f] ce NAnsi 


and since each of the sets A; is a union of elements of a 
covering {C,,}, with elements involved in one of the sets 
A, being involved in none of the others, the point p, 
is at least in n + 1 elements of all the elements. Hence 
the multiplicity of the covering {C,} is at leastn + 1.0 


It is now easy to derive dim I” > n from the Lebesgue 
theorem. 

Definition 4. An open covering {U,} of a topological 
space 2 is said to be contractible if there is an open cover- 
ing {V.,.} of 2 with the same set of indices (a contraction 
of {U,}) such that 


V.c U, for any a. 


Proposition 6. Each open covering of a normal space & 
is contractible. 

Proof. We prove this proposition only under the assump- 
tion that the covering is finite. The general case requires 
transfinite induction, and we do not need it here. 

Let {U,, ..., Un} be an arbitrary finite open covering 
of a normal space %. Clearly, it suffices to prove that 


there is an open set V, such that V, c U, and the family 
{V,, Us, ..-, Un} is still a covering. 
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To this end consider the closed sets 
XMNU, and MN (U,U..- UU n). 


Since {U,, U,, ..., U,} is a covering, these sets do 
not intersect. There is therefore a set C separating 
the sets. Let 7\C = U U V, where U and V are nonin- 
tersecting open sets such that 


YNU,CU and BPN (U_,U.-.- UUn) Cc V. 


The second inclusion implies that the family {V, 
U,, ..-, Un} is a covering of the space 2%, and it follows 
from the first inclusion that Vc 2\U c U,. It remains 
to put V, = V. DO 

Now we can prove the inequality 


dim I" >n. 


Since the cube I" is a compact metric space, according to 
Corollary 2 to Lemma 1 of the preceding lecture, this 
inequality implies that for some e > 0 (as we shall show, 
any e < 2 will do) every finite open e-covering {U,} of I” 
is of multiplicity >n + 1. 

Let {V.,} be an arbitrary contraction of {U,} (existing, 
by Proposition 3, for finite coverings, that we have 
proved). Then the family {V,,} is a closed e-covering of the 
cube I”. Since for e < 2 this covering clearly satisfies 
the condition of the Lebesgue theorem, by this theorem 
the covering {V,} is of multiplicity not less than n + 1. 
But then the original covering {U,} is also of multip- 
licity not less thann +1. QO 
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Ordinals. Interval topology in sets of ordinals. Zero-di- 
mensional spaces. Tychonoff's example. Tychonoff product 
of topological spaces. Filters. Centred sets of sets. Ultra- 
filters. Compactness criterions. The Tychonoff theorem 


This lecture dealing entirely with general topology, which 
has nothing to do with the theory of smooth manifolds, 
consists of two parts interrelated by the name of A. Ty- 
chonoff. In the first part we construct Tychonoff's example 
of a Hausdorff normal, but not completely normal com- 
pact zero-dimensional space that contains a one-dimen- 
sional subspace. The main goal of the second part is to 
prove the Tychonoff theorem on products of compact 
spaces. 


Tychonoff’s example is constructed from the so-called 
transfinite ordinals; we briefly recall their definition 
and basic properties. 


A set A iscalled a partially ordered set if a relation < is defined 
on it, which has the property of being reflexive (a < a for any 
a € A), antisymmetric (if a < b and b< a, then a = b) and tran- 
sitive (if a<b and é<c, thena<c). Ifa<b but a+b, then 
we write a< b. A mapping g: A — B of partially ordered sets is said 
to be monotone if pa < gb when a<b. A bijective monotone 
mapping whose inverse is also monotone is called an isomorphism. 
Partially ordered sets A and B are said to be isomorphic if there 
exists at least one isomorphism A — B. The isomorphism of par- 
tially ordered sets is an equivalence relation, and therefore all 
partially ordered sets break down into classes of isomorphic sets. 

A partially ordered set A is said to be ordered (or, more ex- 
tensively, linearly ordered) if for any two elements a, b € A either 
a < borb <a. Classes of isomorphic ordered sets are termed ordinal 
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types. A mapping of ordered sets is an isomorphism if and only if 
it is bijective and monotone. 

An ordered set A is said to be well ordered if each of its nonempty 
subsets (including the set A itself) has a first element. Ordinal 
types of well ordered sets are termed ordinal numbers (or ordinals). 
A well ordered set A belonging to an ordinal number a is said 
to have type a or to be a set of type a. It is also said that @ is an 
ordinal number of the set A. 

If ordered sets A and B are of the same type a, then they have 
hare power. Their cardinality is the cardinality of a and is denoted 

yl|la|. 

If a set A is finite, then its ordinal number is called finite (or 
an ordinal number of the first number class). Since for any natural 
number n any two ordered sets of cardinality n are isomorphic, 
from the equation | a | = | B| it follows for finite ordinal numbers 
o and 6 that a = §. Such numbers can therefore be identified with 
their cardinalities, i.e. with the natural numbers 


(1) OAs. 28s ey Thy SS 


(Natural numbers are equally suitable both for count and recount.) 

f a set A is countable, then its ordinal number a is called 
countable (or an ordinal number of the second number class). An 
example of a countable ordinal number is the ordinal type of 
the set (1) of all natural numbers (obviously of a well ordered: set). 
This number is denoted by o. 

For any element a, of a well ordered set A, the set of all ele- 
ments a € A for which a < a, is termed a segment (initial) of a set 
A, which is defined by the element a, and denoted by A (a,). It 
is also well ordered. 

If every set of type 6 is isomorphic to some section of a set of 
type a, then we say that 6 is smaller than @ and write B < a. By 
definition the formula 6B < a means that either B < a@ or § = a. 

Clearly, the relation < is transitive (if a < Band Bp < y, then 

a<y). 
The set of all ordinal numbers 6 for which 6 < a is denoted 
by [0, a] and termed an interval with end point a. Similarly the 
set of all ordinals Bf with 6B <a is denoted by (0, a] and termed 
a segment with end point a. Clearly, (0, a] = [0, a) U {a}. 

For example, an interval [0, w) is the set (1) of all natural 
numbers, and a segment [0, ow] is the set (1), with the element 
added on the right. 

Since any section of the set (1) is of the form [0, n], we see, in 
particular, that w is a smallest ordinal number of the second number 
class. 

It is easy to see that no well ordered set A can be isomorphic 
to a section B (a,) of any of its subsets BC A (the case-B = A is 
not excluded). Indeed, reasoning by reductio ad absurdum we 
assume that the isomorphism g: A -—> B (a,) exists and consider 
the set of all elements a € A for which ga < a. The set contains 
a), and is therefore not empty. Let a, be its first element (it exists 
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because A is a well ordered set), and let a, = ga,. Then a, < ay, 
and simultaneously ga, < ga, = a, which contradicts the choice 
of the element a,. This contradiction proves that the isomorphism 
@ cannot exist.0 | 

For B = A we have, in particular, that if B< a, thenB a. 

It is also easy to see that every intervul |U, a) is a well ordered 
set of type a. Indeed, associating each element a of a well ordered 
set A of type a with the type of the section A (a) we obviously 
obtain an isomorphic mapping A — [0, a). O 

It follows that there is a first element in every set A of ordinal 
numbers. Indeed, choose in A an arbitrary element a. If a, is 
a first element, then there is nothing to prove, and if a, is nota 
first element, then the intersection [0, a,) (| A is not empty, and 
the first element of the intersection (which exists because the in- 
terval [0,a,) is well ordered) is a first element of the set A as well.O 


Since (0, a) isa well ordered interval, so is the segment [0, a] = 
[U, a) U {a}. The ordinal type of this segment is designated 
a -+ 1. Since the interval [0, a) is a section [0, a] (a) of the seg- 
ment [0, a], we have a<a-+1. In addition, if Bx a+ 1, 
then B <a@ (for any section of the segment [0, a] is contained in 
the interval [0, a)). For this reason the number a + 1 is said 
to succeed the number a. 

An ordinal 6 is said to be limiting if there is no ordinal number 
a such that B = a + 1. An example of a limiting ordinal is the 
ordinal ow. 

For any ordinals a and f, consider the intersection D = [0, a) f 
[0, 8) of the intervals (0, a) and [0, 6). It turns out that there 
exists an ordinal number 5<a@ such that D = [0, 5). Indeed, if 
D ={0, a), then 6 =a. Let D =< [0, a), i.e. the complement 
C = [0; a)\D of the set D in [0, a) is not empty, and let 5 be the 
first element of the complement. If & € [0, 5), then § < a@ (since 
— < 6 and 5 < a) and £ ¢ C (since § < 6 and 6 is a first element 
in C), i.e. € € D. Conversely, if §€ D and 6<&, then 6< 6 
(since € < ), and hence 6 € D, which is impossible. Hence § < 6, 
oo ay gaa al ith 6 <a the inequality <6 al 

y symmetry, along wi <a the inequality 6 < 6 also 

holds. If 6<a@ and 6 < 6, then 6 € D = (0, §), which 1s im- 
possible. Therefore either 6 = a (and then a < §) or 6 = 6 (and 
then 6B < a). This proves that for any two ordinal numbers @ and 
6 either a = Bora < for § < a, i.e. every set of ordinal numbers 
is ordered and hence (since each of its subsets has a first element) 
well ordered. 

Hence it is easy to see that for any subset B of an arbitrary 
oe set A the type B of the set B does not exceed the type a of the 
Set A: 


B<a. 
Indeed, otherwise there would hold an inequality a < f, and 


the set A would be isomorphic to some section of the subset B, 
which as we know is impossible. 0 
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Suppose we are given an arbitrary family {a;} of ordinal num- 
bers indexed by numbers € of some interval [0, +), and let A; be 
an arbitrary set of type a,. We order a disjoint union 


of all sets A, by assuming that for elements a € A; and b € A, the 
inequality a < b holds if and only if either § < ny or € = yn and 
a < b in the set A;. For any nonempty subset Cc A the set of 
all numbers  < t for which Cf) A; # @ is a nonempty subset 
of the interval [0, +t), and hence has a first element &,. Clearly, 
the first element of the set C / Ag, is also the first element of the 
entire set C. This proves that A is a well ordered set and hence its 
type a is an ordinal number. Obviously the number a depends only 
on the numbers a, (and is independent of the choice of the set A;). 
It is called the sum of the numbers a; and designated 


Dee: 


t<t 


Notice that a depends on the order of indexing the numbers a;. 
(For example, since the set of type w + n has a last element and 
that of type n+ wo has not, we have n+ © ~ @ + 2.) 

Since Ayc A for any §, we have a; <a. (The equality is 
quite possible here; for example, it is clear that n+ @ = o.) 

However, a: < a + 1. Since any set of ordinal numbers, being 
well ordered, has some type t and hence its elements can be in- 
dexed by numbers of the interval [0, t), this proves that for any 
set of ordinal numbers, there exists a number greater than 
all of its elements. 

Hence it follows that the notion of a set of all ordinal numbers 
is meaningless. An attentive reader will have noticed that in for- 
mulating our statements somewhat akwardly we have avoided 
mentioning that particular “set”. Now he knows the reason why. 

In particular, there exist ordinal numbers that are greater 
than all ordinal numbers of the second (or third number class). 
The least of them is the first ordinal number of the third number class, 
and is denoted by Q. 

For any countable (or finite) sequence {a,,} of the second number 


class their sum 5} a, is obviously an ordinal number of the second 


n<w 
number class (for a disjoint union of countable sets is countable). 
Therefore the least of the ordinal numbers greater than all of the 
ordinal numbers a, (this ordinal number is yaa sup a,,) 
is also an ordinal number of the second number class (in shorter 
form, if a, <Q, then supa, < 2). 

The existence of the number Q proves that there exist uncount- 
able ordinal numbers. In fact there exist ordinal numbers of any 
cardinality, i.e., which is obviously the same, any set A can be 
indezed by ordinal numbers of some interval [0, a). To prove this 
statement (known as the Zermelo theorem) we say that 6 is a 
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distinguished ordinal number if there is a subset of the set A that 
can be indexed by numbe‘%s of an interval [0, 6). The set B of all 
distinguished ordinal numbers is not empty (for example, if A 
is an infinite set, then all ordinal numbers of the first and second 
number class.are distinguished) and has the property that if BE B 
and y < B, then y€ B, i.e. [0, B)c B. 

Let * be an element which is not in A, and let A* = A __ {*}. 
Construct a mapping q: B — A* according to the following rules: 

(a) By choosing an arbitrary element a, € A, put @ (0) = ap. 

(b) Suppose that for some ordinal number 6 € B the mapping 
q@ has already been constructed dn an interval [0, 6), and let 
A’ = @[0, B). If A’c A and A’ + A, then we arbitrarily choose 
an element ag € ANA’ and put 


@ (B) = ay. 


Otherwise (i.e. when either A‘ = A or « € A’) we put @ (Bp) = «. 

Clearly, this construction defines ¢ on the whole B. [The set B’ 
of all 6 € B for which 9 (f) is not defined, being a set of ordinal 
numbers, has, if not empty, a first element B, € B’. Then the 
mapping @ is defined on [0, By), and hence by (b) the element 9 (f) 


is also defined, i.e. B, ¢ B’. The obtained contradiction proves 
that B’ = g.] 


Let B* be a set, Fa point empty, of all ordinal numbers 6 for 
which g (B) = «, and let a = sup (B\ B*). Then by construction 
@ maps the interval [0, a) onto the set A, and this mapping: is 
bijective, i.e. @ specifies the indexing of the set A ‘by the numbers 
of the interval [0, a). 0 


Every set A of ordinal numbers is a topological space 
with respect to the so-called interval topology whose base 
for open sets are the intersections of the set A with inter- 
vals of the form (a, 6), where a < f (by definition every 
interval (a, B) consists of all numbers y for which a < 
y < f). 

This space is obviously Hausdorff. 

Remark 1. The interval topology can be introduced on 
any ordered set: for example, on a set [0, 2) x [0, 1) 
ordered lexicographically (i.e. so that (a,, t;) << (a, ts) 
if and only if a,<( a, or a, =a, and t, <t,). The 
resulting topological space is called an Alezandroff half- 
line. It can be thought of as a result of glueing in a closed 
interval [0, 1] between any two adjacent ordinal num- 
bers a and a + 1 of the second number class. 

Remark 2. It can be shown that a Jong half-line, with 


the initial point (0, 0) removed, has a natural C°-smooth- 
ness with respect to which it is a one-dimensional Haus- 
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dorff manifold which does not satisfy the second counta- 
bility axiom. (Cf. Remark 5 of Lecture 7.) 

The interval topology on sets of ordinal numbers has 
a remarkable and somewhat unexpected property that 
for any ordinal number § the segment [0, §] is a compact 
space in the interval topology. Indeed, let U be an arbitrary 
open covering of [0, ef. We call anumber n < € admissible 
if the segment [0, 4] can be covered by a finite subfamily 
of U. The set of all admissible numbers is not empty (it 
contains 0), and if it does not exhaust the entire segment 
[0, &], then due to ordinal numbers being well ordered, 
there exists a least inadmissible number y < §. Let U, 
be an element of U containing y and let (a, B) be an 
interval such that y € (a, B) C Uy. Since a < y, @ is 
an admissible number, and hence the segment [0, a] 
can be covered by a finite subfamily of U. By. adding an 
element U, to that subfamily we obtain a finite subfamily 
which. covers the interval [0, B) = [0, a) U (a, B) and 
hence the segment [0, y] < [0, B). Consequently, in 
spite of the assumption y is an admissible number. The 
obtained contradiction shows that all numbers of the 
segment [0, §] are admissible. In particular, so is the 
number §. Consequently, the covering U contains a finite 
subcovering. 0 


The topological space 2 = [0, &] has the property 
that each of its points hasa base for the neighbourhood system 
that is not only an open but also a closed set (we say about 
such spaces 2 that ind 2 = Q). To prove this it suffices 
to notice that if B is not a limiting ordinal number (i.e. 
B =y+ 1), then (a, Bp) = [a+ 1, yl] for any a. D 

Moreover, a similar statement is true not only for points 
but also for any closed sets, i.e. for every closed set F < 
[0, &] and any of its neighbourhoods U there exists a neigh- 
bourhood V < U which is a closed set (about such spaces Z 
we say that Ind 2 = 0). Indeed, according to the above 
said every point a € F has a closed neighbourhood V, 
contained in U. Neighbourhoods V, make up an open 
covering of the set F from which, since F, being a closed 
subset of a compact space, is compact, we can choose 
a finite subcovering {V,,, ..-, Va}. The union V = 
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Va, U..- UVa. of elements of that subcovering is 
precisely the closed neighbourhood of a subset F contained 
in U. O 

Thus we have proved for an arbitrary topological space 
Y that if @ is a compact space and ind 2 = 0, then 
Ind 2 = 0. [If ®@ is therewith a Hausdorff space and 
Ind @ = 0, then ind 2 = 0. To prove this it suffices 
to notice that in a Hausdorff space any one-point set is 
closed. ] 

On the other hand, it is easy to see that if Ind 2 = 0, 
then dim ® = 0. Indeed, the equation dim 2 = 0 im- 
plies that any finite open covering {U,, ..., U,} con- 
sisting of nonintersecting open sets and hence (since the 
complement of any element V, of the covering {V;, .. ., 
Vm} is the union of all the other elements of the covering 
and is therefore open) having the property that any of its 
elements V, is not only open but also closed, may be a 
refinement of every finite open covering {U,, ..., U,}. 

We prove (for a space 2 with Ind 2 = 0) even more, 
namely, that the number m of elements of the covering 
{V,, ...-, Vm} may be considered equal to the number n of 
elements of the covering {Uy, ..., U,}, and that this cover- 
ing can be constructed so that for any i = 1, ..., n there 
holds an inclusion V; < U;,. 

For n = 1, put V; = Uj. 

Suppose a covering {V,, ..., V,} is constructed for 
any covering {U,, ..., U,} consisting of n >1 open 
sets. Consider an arbitrary open covering {U,, ..., Un, 
Un+i} consisting of n + 1 sets. Under the induction 
hypothesis applied to the covering {U,, ..., Un-4, 
U, UUn+,} there exists an open covering {V,,..., 
Vn-1, Vn} consisting of nm nonintersecting sets such that 


Yc U;,, e 8 09 Va-1 Cc Ona | om U, U On 4+). 
On the other hand, since the set 
F=2\(U,U... UUn) 
is closed and contained in U,4,, by virtue of the con- 


dition Ind 2 = 0 there exists an open and at the same 
time closed set V such that Fc Vc Uy4,. We put 


Vz = Va N(7NY), Vater = Va NV. 
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To complete the proof it remains to notice that all sets 
V;, ---, Va-1, Vn, Vn+, are open, do not intersect, 
cover 2 and have the property that V; c U, for any 
i=1,...,n+1.0 

In particular, we see that for any ordinal number §- 


dim [0, &] = 0. 


It turns out that not only from Ind 2 = 0 it follows 
that dim 2 = 0, but conversely from dim V7 = 0 it 
follows: that Ind 2 = 0 (so that dim 2 = 0 if and only 
if Ind 2 = 0). Indeed, if dim 27 = 0 and if U is a neigh- 
bourhood of a closed set F < 2, then since the sets U 
and @\\F make up a finite open covering of a space 7, 
a finite covering {V,} consisting of nonintersecting open, 
and hence closed sets, can be a refinement of that covering. 
Then the union V of all elements of the covering V, 
which intersect with F (and hence lie in U) is an open 
and at the same time closed neighbourhood of F contained 
in U.D T 

It is now easy to prove that if Y and ¥ are Hausdorff 
and compact spaces and dim 2 = 0 and dim ¥ = 0, then 


dim (2 x ¥) =0 


(so that for these spaces formula (8) of Lecture 8 is true). 
Indeed, by virtue of the above said on the relation be- 
tween ind, Ind, and dim for spaces 2 and ¥ equations 
ind 2 = Oandind ¥ = Ohold, and for the space 7 x ¥ 
the equality dim (2 x ¥) =O is equivalent to the 
equality ind (2 x ¥) = 0. On the other hand, it is 
clear that if ind 2 = Oand ind ¥=0, then ind (2Xx¥)= 
0 (for if U is a closed neighbourhood of a point p 
in 2 and V is a closed neighbourhood of a point gq in Y, 
then the product U x V, having an open complement 
(TN U)¥Y UL X (YNYV), is a closed neighbourhood 
of a point (p, g) in(® x ¥). O 

Remark 3. The notation suggests that along with the 
invariant dim (and the “improved” invariant dim’) 
the other integer invariants ind and Ind can be defined 
which can also pretend to playing the part of dimension. 
This is really so, but unfortunately these invariants coin- 


178 Semester II! 


cide only for metrizable spaces satisfying the second coun- 
tability axiom and diverge outside them. 

The study of these and other similar invariants is the 
subject of the so-called dimension theory. 


After the preliminary work we may set directly to con- 
structing the Tychonoff example. 

Let 2@ = [0, wo] x [0, Q] be a direct product of seg- 
ments of ordinal numbers [0, w] and [0, Q]. According 
to the above results 2% is a zero-dimensional (dim 2 = 0) 
Hausdorff and compact space. Let A be an open subspace 
of 2, which consists of all points except for the “angular 
point” (w, 2). We show that dim A > 1. Since the ine- 
quality dim A >1 implies that dim A = 0, and because 
dim A = 0 is equivalent to Ind A = 0, it suffices to 
prove that Ind A =~ 0, i.e. that there is in A a closed 
set F and a neighbourhood U of F such that no neighbour- 
hood V of F contained in U is a closed set. We prove even 
more, namely, we find in A aclosed set F and a neigh- 
bourhood U of F such that for any neighbourhood V of 


the set A contained in U its closure V is not contained in U. 
(This means that there is no set between F and 
ANU in A, i.e. that A is not normal. On the other hand, 
being compact and Hausdorff, the space 2 is normal. 
The space ® is thus an example of a normal but not of a 
completely normal space.) 

We take as F the set of all points of 2 of the form 
(n, Q), where 0 < n < a, and as U the set of all points 
of the form (n, 6), where OS n<w and O0O<6 <Q. 
Clearly, the set U is open (in A and in 2), and the set F 
is closed (in A but not in 2). Let V be an arbitrary open 
set (in A and hence in 2%) which contains F and is con- 
tained in U. For any n,0 < n < g, the set of all numbers 
6 <Q for which (n, B) € V is open in [0, Q] (why?) 
and contains Q. There is anumber a, < Q therefore such 
that the entire half-interval (a,, Q]) = (a,, 2) U {Q} 
is contained in that set. Let a = supa,. Sincea, < Q, 
we have a <Q (see above), and for any number f € 
(a, 2) every point (n, B) is in V. 

On the other hand, every neighbourhood W of a point 
(@, B) in A contains a neighbourhood of the form [N, w] x 
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(B,, B.), where NV is some natural number (<w) and 6, 
and f, are ordinal numbers of the second number class 
such that 6B, < B < f,. The neighbourhood W therefore 
contains al] the points (mn, 6) with n > WN and hence 


intersects with V. Consequently, (nm, w) € V and hence 
V¢U.o 


Let us now return to direct products and carry over 
their construction to the case of any (in general, infinite) 
number of factors. 

Let {2,, a € A} be an arbitrary family of topological 
spaces, and let 2 be the set of all possible families {z, }, 
where zz € Uq. 

For any finite set of indices {a,, ..., @,} and any 
open subsets Ug, € Va,, -- >; a ce La, we denote 
by O(U,,, ..-, Ua.) a subset of 2 consisting of all 
points {zg} for which 


tq, E Ug, ..-, Fa, € Ua: 
Clearly 


O(Uay -+ +, Ua.) =O (Ua) N--- NO (Ua,), 


and hence the intersection af any two sets of the form 
O (Uq,, -- +, Uaq,) is also a set of the same form. There- 


fore the set of all sets O (U,,, ..., U,,) is a base for 


open sets of some topology on a set ZY (open sets of the 
topology are thus all possible unions of sets of the form 
O (Ug, -- +s Ua,)). 

Definition {. The resulting topological space 2 is called 
the direct (or Tychonoff) product of spaces 2% ,. It is de- 
signated as 


I] 2°, 
at A 
(also denoted by K 2%). If {2,}.is a finite family, we 
EA 


a 
obviously obtain a direct product in the sense of Defini- 
tion 5 of Lecture 8. 
Theorem 1. The direct product of any family of compact 
spaces is compact. 
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This theorem is known as the Tychonoff theorem. To 
prove it, we give another definition of a compact space 
in terms convenient for proving the theorem. 


Let for the time being 2 be an arbitrary set. 

Definition 2. A set ® of subsets of % is said to be a 
filter if 

1° any subset of 2 containing some subset of M is in @: 


AcBc ®, AEDSBED, 
2° the intersection of any two subsets of @M is in @: 
A,BEDe>A HNBED, 
3° all @ are in @M, but an empty set © is not: 
GED, REM. 


Example 1. For any point z, of a set 2 a family of all 
subsets of ZV containing the point z, is a filter. 

Example 2. If 2 is a topological space, then for any 
point z, € @ the family of all subsets A of Y for which 
Z, is an interior point (z, € Int A) is a filter. 

Example 3. If % is an infinite set, then all sets whose 
complements are finite form a filter. 

Example 4. If @ is a filter and M is a subset which is 
not in @, then the set MD ,, of all subsets A c &% for which 
A UM €® forms a filter. 


Definition 3. A set I’ of subsets of a set 2 is said to be 
centred if the intersection of any of its finite subfamilies 
is not empty. 

Clearly, if I is centred, then for any mapping f: TZ + yY 
the set ff = {fA; AE T} is also centred. 

From Properties 2 and 3 it follows immediately that 
any filter is a centred set. 

Conversely, it is easy to see that any centred set T is 
contained in some filter. Indeed, it is clear that such 
a filter is, for example, the set ® (I) of all subsets of 7 
that have the property that each of them contains a sub- 
set which is the intersection of some finite family of ele- 
ments of f. 0 
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The filter ® (T) is obviously a minimal filter containing 
the centred set . It is said to be generated by this set. 


Recall that an element m of a partially ordered set A 
is said to be mazimal if it follows from m < athatm = a. 
Elements a and b of A are said to be comparable if either 
a < borb<a.A subset C of a partially ordered set is 
said to be a chain if it is linearly ordered, i.e. any two 
of its elements are comparable. An element c, is called an 
upper bound of the chain C if c<c, for any element 
c€C.A partially ordered set A is called an inductively 
ordered set if any of its chains has at least one upper 
bound. 

An example of a partially ordered set is the set 
FILTR (2) of all filters on 2 which is ordered by the 
relation of inclusion (0 < V if Oc W). 

Maximal elements of the set are called ultrafilters or 
mazimal filters. A filter ® is thus an ultrafilter if any 
filter that contains it coincides with @. 

It is easy to see that a set D of subsets of @ is an ultra- 
filter if and only if: 

(a) the intersection of any two sets of M is not empty, 

(b) the entire set VY is in ®, 

(c) of any two mutually complementary subsets A and 
B= X\A of Z one (and only one) is in MD. 

Indeed, condition (a) is Condition 2° in the definition 
of a filter, and condition (b) is the first part of Condition 3° 
the second part of which follows from the first and con- 
dition (c) (applied to A = 2). Further, if AC BCL 
and A €@ but B ¢ , then by virtue of condition (c) 7\ 
B€Q, which contradicts condition (a) since (@\B) f} 
A = ©. Hence the set of subsets @ that satisfies con- 
ditions (a) to (c) is a filter. If the filter is contained in 
a filter ¥ and there is a set A € V which is not in M, then 
B= 2* A is in OD and hence in Y, which is impossible 
(since A (} B = @). Therefore ¥ = @ and hence ® is an 
ultrafilter. 

Conversely, if ® is an ultrafilter, then conditions (a) 
and (b) are obviously satisfied, and in order to prove con- 
dition (c) it suffices to notice that for A ¢ ® the filter D, 
(see Example 4) ebviously contains the filter @. 
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Therefore, since the ultrafilter ® is maximal, the filter 
@, coincides with ®. But it is clear that the filter D, 
contains the set B = @\A. Hence BED. O 

It follows immediately that every filter in Example 1 
is an ultrafilter. Such ultrafilters ase called trivial. 

Further, it is easy to see that any set A that intersects 
with each element of an ultrafilter D is in D. Indeed, if 
A¢@, then in the ultrafilter ® there is an element 
(namely 2A) that does not intersect with A. 0 

Chains of the set FILTR (2%) are the filter sets {®,} 
such that for any a and f either D, Cc WM, or Og Cc Dy. 
It. is easy to see that the union ® of all filters of a chain is 
a filter (it suffices to notice that any two elements of the 
union are in some filter ®,). Since the filter ® contains 
all the filters @, it is their upper bound. Thus we see 
that the set of all filters is inductive. 

But according to the well-known Zorn lemma (also 
known as Kuratowski-Zorn theorem) any inductively 
ordered set A has a maximal element and, what is more, 
for any element a, € A there is a mazimal element m such 
that ag <™m. 


For completeness we give a proof of the lemma. Let a set A be 
arbitrarily indexed by ordinal numbers of some interval [0, a). 
(Note that this indexing is in no way connected with partial or- 
dering in A.) It is clear that we may assume without loss of gen- 
erality that a given element a, has a number 0. Consider in A a 
subset C satisfying the following conditions: 

(a) the element a, is in C, 

(b) an element of A having a number & is in C if and only if 
it is comparable with all elements of A having smaller numbers. 

It is clear that these conditions characterize uniquely a subset 
C and that subset is a chain. Let m be an arbitrary upper bound 
of the set C (which exists due to the induction condition). Since 
the element m is comparable with any element of C, every ele- 
ment a> m is also comparable with any element of C and, in par- 
ticular, with all elements of C that have smaller numbers. By 
virtue of condition (b) therefore the element a is in C and hence 
a<_m. This proves that m is a maximal element. To complete 
the proof it remains to notice that by construction a) < m. 


By virtue of the Zorn lemma applied to an inductively 
ordered set FILTR (2) any filter on a set VY is contained 
in some ultrafilter. 
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This gives us an unlimited supply of nontrivial ultra- 
filters. 

Remark 4. It is curious that no nontrivial ultrafilter 
can be constructed explicitly without any arbitrary ele- 
‘ments, i.e., in other words, characterized by a list of 
properties so that it is the only ultrafilter with these prop- 
erties. (In mathematical logic the proof of this state- 
ment is given on the basis of explicating clearly all the 
necessary notions of mathematical logic.) 

Now let 2% be a topological space. 

Definition 4. A point py € 2 is said to be an adherent 
point of a set ® of subsets of a topological space Z if 
every neighbourhood of that point intersects with every 
element A of @, i.e. in other words, if p, € A for any 
AEQ. 

Thus adherent points of the set ® are the points of 
intersection 
(2) A 

AE® 
of closures A of all sets A € @. 

Notice that if D is a filter, then set (2) coincides with the 
intersection of all closed sets of ®. 

The complement of set (2) is precisely the union of open 
sets U@\A. Consequently, a set D has no adherent points 
if and only if the sets: Y\A, A € QD, cover ZT. 

Definition 5. If every neighbourhood of a point p, € & 
contains some element of a set of subsets of ® (and hence, 
when ® is a filter, is in ®), Mis said to converge to the 
point po. 

It is easy to see that if a set D is an ultrafilter, then it 
converges to each of its adherent points. Indeed, if a neigh- 
bourhood U of a point po» intersects with each element of 
the ultrafilter ®, then U is in ®. O 

Now we can prove the compactness criterion we need. 

Proposition 1. The following properties of a topological 
space ® are equivalent: 

1° The space ® is compact. 

2° Any centred set of its closed subsets has a nonempty 
intersection. 

3° Every filter on V has an adherent point. 
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4° Every ultrafilter on Y converges. 
Proof. It obviously suffices to prove the implications 


Implications 1° = 2° and 2° > 1°. The statement that 
the intersection of all elements A of some set IT of subsets 
of a space 2 is empty implies that the complements 2 \ A 
of these elements cover 2% and the statement that I‘ is 
a centred set implies that no finite family of complements 
YA covers LY. Therefore if a set of closed subsets of 
a compact space 2 has an empty intersection, then it 
cannot possibly be centred, and if the intersection of any 
centred set of closed subsets of the space .v is not empty, 
then every family of open sets of 2, no finite subfamily 
of which covers 2%, does not cover 2%. 

Implication 2° => 3°. It suffices to notice that the set [ 
of all closed subsets which are in an arbitrary filter @ is 
centred and that every adherent point of M is a common 
point of elements of I. 

Implication 3° => 4°. If every filter has adherent points, 
then, in particular, every utralfilter also has an adherent 
point. On the other hand, an ultrafilter converges if 
and only if it has adherent points. 

Implication 4° => 2°. Every centred set is contained in 
some ultrafilter. Therefore, if the ultrafilter converges, 
then the centred set has an adherent point (any adherent 
point of an arbitrary set of sets is an adherent point of 
every subset of that set as well). On the other hand, if a 
set of sets consists of closed sets, then each of its adherent 
points is in the intersection of all its elements. Thus, if 
in a space 2 every ultrafilter converges (has an adherent 
point), then any centred set of closed subsets of 2 has 
a nonempty intersection. 0 
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Now the Tychonoff theorem can be easily proved. 
Proof of Theorem 1. Let ® be an arbitrary ultrafilter 
on a direct product 


G=||2,. 
ae A 


of compact spaces 2. Consider the image pr, ® of the 
ultrafilter under the canonical projection pr,: % —> Z,, 
{za} — 2q. Since @ is a centred set, its projection pr, D 
is also centred. So is therefore a set [, which consists of 
closures of elements of the set pr, ® (i.e. of sets A,,, where 
A, = pr, A, A €@®). Consequently, since a space 2, 
is compact, there exists a point p, € 2, which belongs 
to all sets A, of f,, i.e. such that every its neighbourhood 
U, intersects with every set A,. 

For the sets A of the filter ® this implies that they all 
intersect with the set O (U,), from which it follows, since 
@ is an ultrafilter, that O (U,) € ®. 

Choosing for @ one of the points p, and thus obtaining 
some point {p,} of the product 2 consider an arbitrary 
neighbourhood W of that point in 2. By definition the 
neighbouthood contains some set of the formO (U, , ..., 
U,,), where U,,,..., Ug, are neighbourhoods of the 
points Poa,,---, Pa, in the spaces Y,, ..., Va 


respectively. But, as we have just seen, all sets 
O(U,,), -.-,O(Uq,) are in the ultrafilter ®. So is 


their intersection 
O(Uay - ++» Ua.) =O (Ua,) N--. NOWe,), 


and hence the neighbourhood W. 

Thus any neighbourhood of the point {p,} is in the 
ultrafilter ®, and hence ® converges to {p,}. 

This proves that any ultrafilter converges in the space 
4. Hence 2 is a compact space. — 
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Smoothness on an affine space- The manifold of matrices of 
a given rank- Stiefel manifolds. Matrix rows: The expo- 
nential of a matriz- The logarithm of a matriz- Orthogonal 
and J-orthogonal matrices. Matrix Lie groups- Groups 
of J-orthogonal matrices. Unitary and J-unitary matrices: 
Complex matrix Lie groups. Complez-analytic manifolds- 
Arcwise connected spaces: Connected spaces- The coincidence 
of connectedness and arcwise connectedness for manifolds- 
Smooth and piecewise smooth paths- Connected manifolds 
jailing to satisfy the second axiom of countability 


Returning to smooth C~-manifolds, we supplement the 
list of examples given in Lecture 6. These examples not 
only illustrate the general theory but are also a source of 
important theorems which unfortunately are almost 
entirely beyond the scope of this course. 


Let #4 be an arbitrary n-dimensional affine space over 
the field R. Every frame Oe, ... e, of the space defines 
a coordinate isomorphism h: 4-—>R” (carrying a point 
M with OM = z'e, + ... + 2"e, into a point (z', ..., 
x") of the space R”) and hence a chart (A, h). 

This chart makes up a one-element atlas on # and, 
consequently, gives on #4 a smoothness (cf. Example 1 of 
Lecture 6). For any other frame O’e’ ... e;, the corre- 
sponding chart (4, h’) is associated with (4, h) via a 
mapping of transition h’ oh which is an affine mapping 
R” —» R” (and hence is a diffeomorphism) of class C°, 
and is therefore compatible with (4, h). This means that 
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the smoothness given by the chart. (4, h) is independent 
of the choice of the frame Oe, ...e,. We call it the 
standard smoothness on #A. It is obviously compatible 
with the topology on 4. 

Since every vector space is trivially an affine space, all 
this applies, in particular, to an arbitrary vector space; 
for example, to the mn-dimensional vector space R (m, n) 
of all real rectangular m by n matrices. Thus R (m, n) 
is an mn-dimensional smooth C®-manifold. To obtain 
a chart to cover this manifold it is necessary to write 
out the elements of each matrix A of R (m, n) in a row 
in an arbitrary order the same for all matrices. 

A group GL (n) of all nonsingular n by n matrices is 
distinguished in the vector space Mat, (R) = R (n, n) 
of all square matrices A of order n by the condition det A 
0. Since the determinant of a matrix, being a polynomial 
in its elements, is continuously dependent on them (the 
function det: A —»det A is continuous on Mat, (R)), the 
group GL (n) is an open set of the smooth manifold 
Mat, (R), and hence an induced smoothness is defined 


on it. Thus the group GL (n) is a smooth C°-manifold. 
The dimension of this manifold is n?. 


To obtain a less trivial example of a smooth manifold 
we introduce into consideration a subset R (m, n; k) of 
the space R (m, n) which consists of matrices of rank k, 
where 0 < k < min (m, n). Being a subset of the topo- 
logical space R(m, n) this set is a topological space 
(with respect to the induced topology). 

It is found possible to introduce in an ordinary way into 
a setR (m, n; k) asmoothness compatible with the topology, 
relative to which it is a smooth manifold of dimension 
k(m+n—hk). 

To this end, consider a subset U C R(m, n; k) con- 
sisting of all m by n matrices of the form 


\ A B 
(1) a pe 


where A is a nonsingular k by k matrix (i.e. a matrix from 
GL (k)) and B, C, and D are arbitrary matrices of order 
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(m — k) by k, k by (rn — k), or (m — k) by (n — k), re- 
spectively. 

By choosing and fixing a certain order of writing out 
elements of the matrices A, B, and C in a single row we 
obtain a mapping h of U onto some subset U, of a space 


R’, where 
N=kK4A3(m—kAK)k+k(n—k) =k (m+n—k). 
Since matrix (1) has the same rank as the matrix 
E 0 A B A B 
er C >= 0 D—CA™ !B 


(for the first factor on the left is nonsingular), and the 
last matrix has the rank k if and only ifD — CAB = 0, 
matrix (1) is uniquely defined by matrices A, B, C, where 
A is a nonsingulat matrix and no conditions are in general 
imposed on B and C. This means that the set U and hence 
U, are open (in R(m, n; k) and R*, respectively), and 
the mapping h: U + U, is bijective. Consequently, the 
pair (U, h) is a chart in R (m, n, k 

The inverse mapping h™': U, — U consists in recon- 
structing the matrices A, B, C by a given row vector 
and filling in the bottom right corner of matrix (1) with 
matrix 


D = CAB. 


Now let a: R(m, n; k) > R(m, n; k) be a bijective 
mapping of the set R (m, n; k) onto itself given by some 
interchange of rows or columns (there are m!n! such 
mappings all together), and let 

U,=aU and h, =hea! 
Then the pair (U,, h,) is also a chart in R(m, n; k). 

Since any m by n matrix of rank k can be carried into 
a matrix of form (1) by interchanging its rows and columns 
the sets U, cover the set R (m, n; k). 

Let U, | U, + ©. The set 

a" (U, 1\Us) = U (ate B)U 


consists of matrices (1) which, after an interchange of 
a of are still in U, i.e. whose minor of order k changes 
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under a! o § into the upper left-hand minor is nonzero. 
This minor is some rational (since D = CA~'B) and hence 
continuous (in its domain of definition) function of ele- 
ments of the matrices A, B, C. In U, =h (U) therefere 
the set on which this function is nonzero, i.e. the set 


h (a (U, f Us)) aad ha (U., a Us), 
is open. 
The mapping 


(2) hgohg! = ho (Bea) oh": ha Ua Us) 
—>hpg (Ua fl Us) 


carries a point of h, (U, | Us) C Uo, corresponding 
to matrix (1) (more precisely, to the matrices A, B, and 
C) first to matrix (1), i.e. to the matrix 


A B 
C CAB 


then subjects this matrix to some interchange of rows and 
columns, and finally writes in a single row all elements 
found in the place of the matrices A, B, and C. This shows 
that mapping (2) is given by rational functions of the 
coordinates. These functions are defined on h, (U, {| Ug) 
and hence are smooth on h, (U, {) Ug). This proves that 
any two charts of the form (U,, ha) are compatible with 
each other. ; 

Consequently, all these charts make up some atlas. The 
smoothness defined by this atlas (which is obviously com- 
patible with the topology in R (m, n; k)) is precisely the 
smoothness we wished to construct. 0 

Notice that when m = n = k a single chart makes up 
an atlas, and it is precisely the atlas which specified the 
above smoothness on GL (n). 


? 


Let Y be an arbitrary n-dimensional vector space over 
the field of real numbers. Assuming as m-frames in 7, 
where 0 < m< 7, linearly independent families of vec- 
tors from 3° consisting of m vectors, consider the set 
V (m, Y) of all m-frames in Y. Choosing in ¥ an arbi-- 
trary basis (an n-frame), we can associate each m-frame 
with an m by n matrix whose columns consist of the coor- 
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dinates of the vectors of that frame in the given basis. 
It is clear that this gives some bijective mapping 
V(m, V)—~R(m, n;_ m). Carrying with the aid of this 
mapping the smoothness from R (m, n; m) to V (m, 7) 
we obtain on V (m, 7) the structure of a smooth manifold 
which is obviously independent of the choice of basis 
in 3". 

This manifold is called the Stiefel manifold of the vector 
space %'. When 7 = R"-it is denoted by V (m, n). 

Problem 1. Show that the set G (m, V°) of all m-dimensional 
subspaces of an n-dimensional vector space 7° is an m (n — m)-di- 
mensional smooth manifold. (This manifold is called a Grassmann 
manifold; cf. Lecture II.10.) 

To study more complex smooth manifolds consisting of 
matrices we need some facts from the general matrix 
theory. 


On a vector space Mat, (R) of all square n by n matrices 


A= | a’ || one can introduce many different norms, i.e. func- 

tions A —»|A | with values in the field R such that 
\A+BINIAI+IBI|, | kA = eT A | 

and 


|A|>0 for A #0 


for any matrices A, B and any number k. The norm defined by 
the formula 


|}Al=n- max | a! | 
i<i, jgn 
will suit. It has the property that for any matrices A = || a’ \| and 
B = |l bi || we have an inequality 


|AB|<|A|-| Bl. 
Puuced, by the definition of matrix mii apHcation the elements 
c: of the matrix AB can be expressed as c; = a} b5, i.e. as 
c= » a,b, ae ae Creer 
h=1 
Hence 
| AB|=n- max |eci|<n-_ max >) Jay |-[d% | 
i<i, jgn i<i, jSm pay 


fee flo yay aic 


—_ 


|Al 1B 


< -( 
pk n n 


n times 
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Moreover, for this norm 
[AT] =A]. 

In accordance with general calculus definitions we shall say 
that a sequence {A (m)} of matrices A (m) = || a: (m) || converges 
to a matrix A = || ai || (and write A (m) + A as m— oo) if 

| A (m) —A|>0 
as m—> oo or, what is clearly equivalent, if ai (m) +> ai for any 
‘ An apes matrix series 
(3) - Ag tA y+ ... tAmt... 


is said to converge to a matrix A if a sequence {A (m)} of its partial 


sums 
A (m)=A,g+... +tAm 


converges to A. 

The well-known Cauchy's test for convergence can be referred 
directly to matrix series, i.e. series (3) converges if and only if for any 
e > 0 there is M, > O such that for any m > M, and every p> 0 


Ages Ae 


Series (3) is said to be absolutely convergent if a number series 


lAgIt+IApI +... +14mI1+... 


is convergent. 
Since 


| Am + Ama t- ° + Am +pI<| Aml +1Am 41 I+... +1 Amep | 


it follows directly from Cauchy's test for convergence that every 
absolutely convergent series converges. 


An example of an absolutely convergent series is a series 


. Am A? Am 
>i AV aEtAt ate tayte 
m=0 


This series is (absolutely) convergent for any matrix A. Its sum 
is called the exponential function of a matrix and designated exp A 


or &4 
Clearly the operation of transition to the matrix e4 commutes 
with the operation A —> A! of transposition of matrices, i.e. 


(4) (e4)T = eA" for any matrix A. 
In addition, 
(5) CAC = CAC 
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for any nonsingular matrix C (since C“!1A™C = (C-!1AC)™ for 
every m). 

If a matrix A is an upper triangular matrix with diagonal ele- 
ments a,, ..., an, then every matrix A™ is also upper triangular, 
and its diagonal elements are equal to the mth powers a™, ... a™ 
of diagonal elements of the matrix A. Hence the matrix e4 is also 
upper triangular, and its diagonal elements are the numbers 


e71, ..., e®". Hence follows the formula for the determinant of 
A 

ée 

(6) det e4 = eA, 


where Tr A is the trace of the matrix A (the sum of its diagonal. 
elements). But we know from linear algebra (since the trace is 
one of the coefficients of a characteristic polynomial) that for 
every nonsingular matrix 


(7) Tr (C-! AC)=TraA 


(see Proposition 5 of Lecture 11.5) and any matrix is of the form 
C-1AC, where A is some upper triangular matrix (generally, with 
complex elements). By virtue of (5) therefore formula (6) is valid 
for any matriz A 

In particular, we see that every matriz of the form eA has a pos- 
itive determinant, so that, in particular, the matriz eA is nonsin- 
gular (is in the group GL (n)). 

For arbitrary matrices A and B the equation 


(8) eAeB — -A*B 


is in general false. /t is true, however, if matrices A and B commute, 
because in that case the calculation proving formula (8) for numbers 
remains valid. [By the binomial formula for any m > 0 


(4+3)" _ Ah Bm-h 
m! os kl! (m—k)! ’ 


and therefore for any M>0 
2M pa M ‘i M sk 
yar = (2 ar) (2 “ar ) + Foe 
m=90 m= 0 m= 
where Ry, is a sum of terms of the form 
AR B! 
1S re S| 


taken over all pairs (k, 1) for which k + 1 < 2M and one of the 
numbers is greater than M. But since the number of such pairs 
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is equal to M (M + 1) and 


Ab Bly J A\* 1 BI! — max(| 41, | BI) 
kl ol kl i MI a 
we have 


max(| Aj], | B|)?™ 
Mi : , 


Hence | Ry | — 0 as M — oo, which proves formula (8).] 
In particular, we see that e4e°4 = e° = E, i.e. 


(2) (eA)72 = A. 


| Ru | <M (M+ 1) 


(Notice that this again proves the inclusion e4 € GL (n).) 
- Similar to exponential functions of matrices we can define other 
functions of matrix A. Consider, for example, a series 
A—E)! A—E)™ , 

(10) (A—B)—-AT EP g(t LOO, 
which is the matrix analogue of a familiar logarithmic series. 
Since a logarithmic series is absolutely convergent provided 
}z—1|<1 series (10) is absolutely convergent provided 
| A — E| <1. Its sum is designated In A and called the log- 
arithm of matriz A. ; 

Note that the logarithm \n A is thus defined only when 
{|A—£| <1. 

Generally, In (AB) #1n A + 1nB, but if matrices A and 
B commute (and matrices In A, In B, and In (AB) are defined), 
then 


(11) In (AB) = In A + In B. 


The proof is similar to the proof of formula (6). 

If A is a number (a 1 by1 matrix), then it is known that 
elnA — 4, Substituting the series In A in the series e4 for A, we 
therefore, after removing the brackets and collecting like terms, 
obtain A (give a direct proof of the statement), these calculations 
being valid for any A for which the series In A converges. Since 
these calculations (together with justification of its validity) re- 
main valid for matrices of any order, we see therefore that 


(42) en Aas 


for any matriz A with |A — E| <1. (In particular, for any 
such matrix det A > 0.) 
For similar reasons we must also have 


(13) In e4 = A, 


the equation (13) holding for | A | < ln 2 since for numbers the 
corresponding calculations with series are valid only for | z| < 


7 3ax. 516 
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In 2 (why?). (Notice that if |A |< 1n2, then |e4—FI< 
Al —_ 4 <1.) 

It follows from (12) and (13) that the ezponential functions and 
logarithms of a matriz give mutually inverse bijections between the 
neighbourhood of a unit matriz E consisting of matrices A of the 


form eB where | B | < In 2, and the neighbourhood of a zero matrix 
0 consisting of matrices B for which | B | < In 2. 


Since the elements of matrices e4 and In A are obviously 
smooth (real analytic) functions of the elements of matrix A, 
these mappings are diffeomorphisms. 


Problem 2. Derive from (8) formula (14). [Hint. Prove that 
for | A | < In 2 and | B | < In 2 the commutativity of matrices 


e4 and -P yields the commutativity of matrices A and B.} 
Does formula (8) follow from (11)? 


Remark 1. While, unless otherwise stated, we are mainly 
concerned with real matrices (consisting of real numbers), we shal] 
sometimes have to cuusider matrices with complex elements as 
well (for example, see above the proof of formula (6)). It is worth 


noting therefore that what we have said earlier of matrices e4 and 
In A is equally true both for real and complex matrices. 


Recall (see Lecture 1.14) that a real matrix A is said 
to be orthogonal if a transposed matrix A' is the inverse 
of it, ie. if A'A = E. 

Orthogonal n by n matrices form a group which is de- 
signated O (n). 

Generally, if J is an arbitrary nonsingular n by n mat- 
rix, then the n by n matrix A for which 


(14) AVIA =J 


is said to be a J-orthogonal matriz. (Thus E-orthogonal 
matrices are precisely orthogonal matrices.) J/-orthogonal 
matrices form a group which is designated O, (n). 

It follows from (14) that the determinant of a J-ortho- 
gonal matrix A is equal to +1. A J-orthogonal matrix A 
with det A = 1 is called unimodular or proper. 

Unimodular J-orthogonal matrices form a subgroup 
SO, (n) of the group O; (n) (a subgroup SO (n) for/ = E). 

If for a J-orthogonal matrix A an inequality |A— E |<c1 
holds and a matrix B =I1nA therefore exists then 


el BI? = JeBJ-! = JAJ— = (A')? = (A-})' 
= (e-3)' = e-B' 
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Consequently, if | B |< In 2 (and hence | JBJ“" |< 


In 2 and | —B’ | = | B | < 1n 2), then JBJ-“1 = —B', 
i.e. 
(45) BTJ = —JB. 


Conversely, if (15) holds, then 
(e5)' = eB! = e-IBI"* = Je-BJ-) = J (e8)1J 4, 


and hence the matrix A = e® is a J-orthogonal matrix. 

Matrices satisfying condition (15) are called J-skew- 
symmetric. (For J = E they are the usual skew-symmetric 
matrices.) 

Since relation (15) is linear in 8B, J-skew-symmetric 
matrices (of a given order n) make up a linear subspace of 
the space Mat,, (R). This subspace is designated by a sym- 
bol g0, (m) (and go (n) for J = E£). 


Consider a general situation. 

Let G be a group consisting of n by n real matrices 
(a subgroup of the group GL (nm) = GL (n, R)). 

Definition 1. A group Y is said to be a matriz Lie 
group if there is a linear subspace g in the vector space 
Mat, (R) such that — 

1° For any matrix Bé€g the matrix e® is in the 
group &. 

2° If eB €F and | B | < In 2, then B Eg. 

The vector space g is called the Lie algebra of the 
group Y. (This name is explained by the fact that this 
group is an algebra in the general algebraic sense relative 
to an operation [B,, B,) = B,B, — B,B,, see Remark 1 
of Lecture 16 below.) 

Thus, according to the above computations, for any 
nonsingular matriz J the group QO; (n) is a matriz Lie group 
with Lie algebra 30, (n). 

So is the entire group GL (n, R) (for this group g = 
Mat, (R), notice that for this reason the vector space 
Mat, R is also designated g!(n)). The subgroup 
GL* (n) of GL (n) consisting of-matrices with positive 
determinant (for this subgroup too g = Mat, (R)) is also 
a matrix Lie group. 


71* 
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It follows immediately from (6) that for the group 
SL (n) = SL (n; R) of all unimodular matrices Prop- 
erties 1° and 2° are satisfied by the (nm? — 1)-dimensional 
subspace 21 (n) of all matrices B for which Tr B = 0 
(physicists call them matrices without spurs). The group 
SL (n) is thus a matrix Lie group with Lie algebra g{ (n). 

The significance of matrix Lie groups for the theory of 
smooth manifolds is determined by the following prop- 
osition. 

Proposition 1. Every matrix Lie group Y has a natural 
structure of a smooth manifold. 

The dimension of this manifold is equal to the dimension 
of the algebra g. 

Proof. Let U, be the neighbourhood of a zero matrix 0 
in a vector space g consisting of all matrices B € g for 
which | B | < In 2, and let U = exp U,. Then U is open 
in § (why?) and the mapping In: A — In A is a bijective 
(and even homeomorphic) mapping U > U,. 

Choosing a certain way of writing elements of matrices 
of g in a row and thus identifying the algebra g with 
the space R”, where N = dimg, we may think of U, 
as a subset of R”. Clearly, this subset is open in RY, 
and hence the pair (U, In) is a chart in g. 

Notice that E& € U. 

For any matrix C of & we introduce into consideration 
a set CU Cc G consisting of all matrices of Y of the 
form CA, where A € U, and the mapping 


hoe: CU U, 
of that set onto a set U,c R™ defined as follows: 
ho (CA)=InA, AEU. 
Clearly, the mapping hc is bijective, i.e. the pair 
(CU, hc) isachart in Y. Since C = CE € CU, all charts 


of the form (CU, hc) cover Y. On the other hand, for 
any two matrices C,, C, € g the mapping 


he, che: he, (QU CU) >he, (CU N CU) 
is given as follows: 
(he, ohe\) (B) = In (Cz'C\e%), 
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with the set hc, (C,U 1) ahd consisting of all matrices 
Be€U, for which Cr'C,e2 € U 

Therefore the set ho, (C,U N C,U) is open, and the 
mapping he, ° he! is smooth. Hence the charts (C\U, he.) 
and (C,U, he.) are compatible. 

We thus see that charts of the form (CU, hc) make up 
an atlas on Y and hence give on Y the ‘structure of a 
smooth manifold (obviously of dimension JN). 

‘This completes the proof of Proposition 1. 0 

In what follows we always assume that every matrix Lie 
group Y is provided with the constructed smoothness. 

, being a subset of the vector space Mat, (R), the group 

Y inherits from Mat, (R) its topology. 

It is clear that in this topology all charts (CU, h-) 
satisfy the condition of Proposition 2 of Lecture 7, and 
hence the smoothness in a group G is compatible with the 
topology of the group. 

We thus see, in particular, that the group SL (n) is a 
smooth manifold of dimension n* — 1. 


Similarly, for any nonsingular matriz J of order n the 
group O, (n) of all J-orthogonal n by n matrices is a smooth 
manifold. 

The dimension of that manifold (equal to that of the 
Lie algebra 30, (m)) is in general dependent on J. 

For example, for J =E the algebra 30, (n) = 
go (n) consists of all skew-symmetric matrices B = 
||.b; || of order n. Since in the n?-dimensional vector space 
Mat, (R) of all n by n matrices skew-symmetric matrices 
satisfy n(n + 1)/2 independent conditions 


b; = —bj, where i, j =1,..., nm and i<j, 
we have 


dim go (n) = pe— 20rd 20 | 


2 


The dimension of the Lie group O(n) is thus equal to 
n (n—1) 
—S 
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Another important example results when the number n 
is even (n = 2m) and the matrix J is of the form 


0 £E 
_r o| 


where 0 and E are zero and unit matrices of order m. In 
this case the condition that the n by n matrix 


A, A, 
A, A, 


(where A,, Ay, A3, A, are m by m matrices) should be 
J-skew-symmetric is equivalent to three relations 


implying that matrices A, and A, are symmetric and 
that matrix A, can be expressed in terms of A, (subject 
to no conditions). The dimension of the space of J-skew- 
symmetric matrices (which in this case is designated 
ap (m, R)) is thus equal to 


nin —m (2m +1) = ri 


(16) J= 


(17) Ax 


m2 +. 2. 


Matrices J-orthogonal with respect to matrix (16) are 
called symplectic matrices, and their group O;(n) (usually 
designated Sp (m, R)) is called a symplectic group. Accord - 
ing to the computation the group Sp (m, R) is a smooth 
manifold of dimension m (2m + 1). 

Matrices of even order n = 2m, which are simultane- 
ously orthogonal and symplectic, make up an orthogonal 
symplectic group Sp (m, R) (| O (2m). This is a matrix 
Lie group with Lie algebra gp (m, R) f) 30 (2m). 

Clearly, matrix (17) is skew-symmetric if and only if 
Aj} = —A,, A] = —A;, and AJ = —A,. Together with 
conditions (18) this states that matriz (47) belongs to the 
Lie algebra 3p (m, R) () 30 (2m) if and only if 


AT = —A,, A] =A, and A, = —A,, A, =A). 
Therefore 
dim (3p (m, R) () 30 (2m)) = a+ niwrt — m2, 
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and hence the group Sp (m, R) (}O (2m) is a smooth 
manifold of dimension mi’. | 
Let n=p-+q, and Iet 


E, 0 
0 —E, 


where E, and E, are unit matrices of order p and q, 
respectively. 

Matrices J-orthogonal with respect to this matrix J 
are called pseudo-orthogonal matrices of type (p, q), and 
‘their group O, (n) is designated O (p, q). (Thus O (n, 0) = 
O (0, n) = O (n).) Clearly, the group O (p, q) is a smooth 


manifold of dimension 2) (independent of. p'and q). 


J= 


J-unitary matrices with complex elements satisfying 
the relation 


(19) A'VJA=J 


are the complex analogue of J-orthogonal matrices (these 
are usual unitary matrices when J = E, see Lecture II.21), 
and the J-skew-Hermitian matrices which satisfy the 
relation 


B'J = —JB 


are the complex analogue of J-skew-symmetric matrices 
(these are the usual skew-Hermitian matrices when 
J = E, see Lecture II.19). 

J-unitary matrices make up a group U, (n) (a group 
U (n) when J = EE), and J-skew-Hermitian matrices 
make up a vector space u, (nm) (a vector space u (n) 
when J = E). | 

Notice that although the vector space u, (mn) consists 
of complex matrices, it sustains multiplication by only 
real numbers (after being multiplied by i a skew-Her- 
mitian matrix becomes Hermitian), i.e. u, (n) is a vector 
space over the field R. It is not hard to calculate that for 
J = E its dimension is n?. (The condition that the ma- 
trices should be skew Hermitian imposes no constraints on 


sen complex numbers above the main diagonal 
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and requires that n numbers on the main diagonal should 
be pure imaginary). 

Problem 3. Show that for any J-skew-Hermitian mat- 
rix B the matrix e? is a J-unitary matrix and that for 
a J-unitary matrix A = e? with |B|<ln2 the ma- 
trix B is necessarily J-skew-Hermitian. 

In order to directly generalize the definition we shall 
also apply the term “matrix Lie group” to groups 9 con- 
sisting of complex matrices for which there is a vector 
space gC Mat, (C) (over the field R) having Prop- 
erties 1° and 2° of Definition 1. By this assumption we 
may say that U, (n) is a matriz Lie group with Lie algebra 
u, (mn). Since Proposition 1 clearly remains completely 
valid also for such matrix Lie groups, we see therefore 
that the group U, (n) is a smooth manifold. When J = E 
the dimension of this manifold is n?. 


Problem 4. Show that the correspondence 


is a sat ucla eit (and at the same time an isomorphism) of 
the orthogonal symplectic group Sp (m, R) O (2m) onto a 
group U (m). 

It follows from relation (19) that for any J-unitary 
matrix A the equality 


| det A | = 1 
holds. 
Unitary matrices A for which 
det A = 1 


{unimodular unitary matrices) form a subgroup SU (n) 
of the group U (n). This group is a matrix Lie group with 
Lie algebra consisting of all trace-free skew-Hermitian n 
by n matrices (this algebra is usually designated 3u (n)). 
Since clearly dim gu (nm) = n? —1, the group SU (n) 
is a smooth manifold of dimension n? — 1. 

Another interesting subgroup of the group U (n) is (with 
even n=2m) a unitary symplectic group Sp (m) consisting 
of unitary matrices of order n = 2m that satisfy the sym> 
plecticity condition (which holds for complex matrices 
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as well). This group is a matrix Lie group with Lie 
algebra gp (m) which consists of skew-Hermitian ma- 
trices (17) that satisfy relations (18). But the condition 
that matrices (17) should be skew-Hermitian reduces to 
the relations 


A, = —A),, AJ = —A,, AY = —A, 
and these relations together with relations (18) yield 
A, =< A,, A; = —A,, 


where A, is a skew-Hermitian matrix (which depends 
on m? real parameters), and A, is a symmetric matrix 
(which, being complex, depends on m (m -+ 1) real para- 
meters). This shows’ that dim gp (m) = m? + 
m(m + 1) = m(2m + 1) and, consequently, that the 
group Sp (m) is a smooth manifold of dimension m (2m + 1). 

Note that dim Sp (m) = dim Sp (m, R). Nevertheless 
the manifolds Sp (m) and Sp (m, R) are nondiffeomorphic 
(if only one of them is compact and the other is not). 


As already noted, the symplecticity condition (and, 
more generally, the J-orthogonality condition) is also 
essential-for complex matrices. This gives rise to a group 
O, (n,C) of complex J-orthogonal n by n matrices (and, 
in particular, to a group O (n, C) of complex orthogonal 
n by n matrices and to a group Sp (m, C) of complex 
symplectic matrices of order n = 2m). This group satisfies 
the conditions of Definition 1, the only difference being 
that the corresponding Lie algebra g consists of complex 
matrices and is a vector space over the field C. Such 
groups will be called complex matrix Lie groups. 

Since any vector space over the field C is trivially 
a vector space over the field R (of twice a greater dimen- 
sion), any complex matrix group is a matrix Lie group 
(in the above generalized sense) and hence a smooth mani- 
fold. In particular, we see that all groups of the form 
O, (n, C) (and, in particular, the groups O (n, C) and 
Sp (m, C)) are smooth manifolds, with dim O (n, C) = 
n(n —1) and dim Sp (m, C) = 2m (2m + 1). 

Notice that) thus 


Sp (m) = Sp (m, C)f) U (2m) 
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(a similar intersection Sp (m, R)() U (2m) is nothing 
else but the orthogonal symplectic group Sp (m, R)f 
O (2m)). 


An example of groups O, (n, C) suggests an idea of 
considering in a general form manifolds that have charts 
U, h) for which the set h (U) is an open set of the space 
” (such charts are called complez). 
Two complex charts (U, h) and (V, k) are said to be 
complex compatible if either Uf) V = @ or the sets 
h (Uf V) andk (Uf) V) are openin(C”, and the mapping 


koh: h(U QV) +k(U QV) 


is a complex analytic diffeomorphism, i.e. this mapping and 
its inverse h o k-! can be expressed by complex analytic 
(or, in another terminology, holomorphic) functions (which 
in the neighbourhood of any point z) = (z), ..., 2) € 
h(U 1. V) cc C" can be expanded in a power series of 
differences z' — 23, ..., 2" — z¢). 

A set 2 provided with an atlas of complex compatible 
complex charts is called a complex analytic manifold. The 
number n is called the complex dimension of that mani- 
fold and denoted by dime Z. 


The “complex” analogue of Proposition 1 states that 
any complex matrix Lie group is a complex analytic man- 
ifold. The proof coincides verbatim with the proof of 
Proposition 1. 

(N Note that U (n) is not acomplex matrix Lie group; it 
is in general impossible to introduce on U (n) the struc- 
ture of a complex analytic manifold. ] 

Since the space C” can be naturally identified with 
space R?" (it suffices to replace each complex coordi- 
nate z*,k=1, ..., n, by its real and imaginary parts) 
and since for any complex analytic functions of z!, . . ., 2” 
its real and imaginary parts are (prove it!) real analytic 
functions of 


z' = Re z!, ..., 2” = Rez", 


y' =Imz!,..., yw» = Im2’, 


Lecture 11 203 


every complex analytic manifold 2 is trivially a smooth 
(real analytic) manifold of doubled dimension. 

This manifold is called a realization of the manifold 2 
and designated 2p.. 


Now we must return to general topology. 

Definition 2. By a path in a topological space 2 is 
meant an arbitrary continuous mapping u: I ~ 2 of an 
interval I = [0, 1] into 2. The point u (0) is called the 
initial point of the path, and u (1) the terminal point. 
It is also said that a path u joins in 2 a point p, = u (0) 
and a point p, = u (1). 

Deformations of bases of an n-dimensional vector space 
yY* (see Definition 2 of Lecture I.12) are nothing but paths 
in Stiefel’s manifold V (n, 7) = GL (n), and similarly 
defined pseudo-orthonormal deformations of bases of a 
pseudo-Euclidean space of type (p, qg) are nothing but 
paths in the group O (p, q). 

It is easy to see (cf. Proposition 1 of Lecture 1.12) that 
the relation of “being joined by a path” is an equivalence 
relation on 2, i.e. it is reflexive (every point py) € Z is 
joined to itself by a constant path u: I-+ @ defined by 
u (t) = po, t E 1), symmetric (if a path u: I» @ joins a 
point p, and p,, then the reverse path u-!: I» Z defined 
by u~’ (t) =u (1 — 2), t GI, joins p, to p,), and transit- 
ive (if a path u: I-— &@ joins a point p, and p,, and a 
path v: I— @ joins p, and p,, then a path w: I> Z, 
defined by 


u (22) if O<t<1/2, 


(20) vy =| v(2t—1) if 1/2<t<1, 

and called the preduct uv of paths u and v, joins p> and 
Pa; prove that formula (20) defines a. continuous map- 
ping). 

Definition 3. Classes in this equivalence relation are 
called the pathwise connectedness of a topological space 2. 
A space 2 having only one path-connected component, 
i.e. such that any two of its points can be joined by a path, 
is called pathwise-connected space. 

Orientations of a vector space as classes of bases deform- 
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able into each other (see Lecture I.12) and similarly de- 
fined orientations of a pseudo-Euclidean space are nothing 
but pathwise-connected components of groups GL (n) and 
O (p, q), respectively. We thus see that groups GL (n) and 
O (n) each has two pathwise-connected components. Simil- 
arly it can be shown that the group O (p, q) forO << p< 
n has four components. The component of GL (n) that 
contains the identity of the group (or briefly the compo- 
nent of the identity) is the group GL* (n) (consisting of 
a matrix with positive determinant), and the component 
of the identity of O(n) isthe group SO(n). The component 
of the identity of the group O (p, gq) for0O<p<n is 
designated Ot (p, q). 


Problem 5. Prove that Sp (m, R), U (n), SU (n), and Sp (m) are 
pathwise-connected groyps. 


There is another notion of connectedness, which is 
sometimes more convenient (and which -we have already 
used in Lecture 1 in describing the notion of a simple 
line). 

Recall (see Lecture 8) that a subset A of a topological 
space Z is said to be closed if its complement 2\ A is 
open. A.subset which is both open and closed is called 
open-closed. 

Clearly, the empty set @ and the entire space 2 are 
open-closed. They are called trivial open-closed subsets. 
An example of a nontrivial open-closed subset is a 
subgroup SO (n) of the group O (n). 

Definition 4. A topological space is said to be connected 
if it has no nontrivial open-closed subsets. A subset of a 
topological space is said to be connected if it is connected 
in the induced topology. 

Intuitively the connectedness of a space implies that 
the space consists of only one piece. 


Problem 6, Prove that the Alexandroff half-line (see Remark 1 
of Lecture 10) is a connected topological space. 


Definition 5. A connected subset A of a topological 
space 2 is said to be its component (or more extensively 
its connected component) if it is maximal, i.e. if every 
connected subset containing A coincides with A. 
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It is known from calculus that any closed interval [a, b] 
of the axis R is a connected space. 


We prove this for completeness. Let [a, b] be a disconnected 
closed interval, i.e. let there be a nonempty open-closed set 
C c[a, b] other than the entire [a, b]. Changing, if necessary, 
to the complement (which is also open-closed) we may assume 
without loss of generality that a¢€C. Let T be the set of all 
points t¢€[a, b] for which [a, t)c C..Since it follows from 
[2,t)c C that [a, t]} <C (for C is closed), we have TCC. 
Since C is open in [a, 6b] (and a€C) there exists an e>0 such 
that [a, a+e)cC, ie. ate€T. Hence the set T is not 
empty, and its upper bound t,=supT7 is strictly greater 
than a. Let a<t <t,. By the definition of the upper bound there 
is a number ¢,€ 7 such that t<?t,. Then [a, t) C[a, t;) CC and 
hence t€ 7. This proves that [a, t9) CC, i.e. that t,€ 7 CC. But 
if t)¢C and tj<b, then, C being open in [a, b], there is an 
¢>0 such that (tg—e, t;-+e) CC. Therefore [a, tye) CC and 
hence tg+e€7. Since this contradicts the equation ¢,—sup/7, 
the inequality t,<.b is impossible. Consequently, tj—6, and 
hence, contrary to the hypothesis, C=[a, 6b]. 0 


In particular, the closed interval I is connected. 


It immediately follows that any pathwise-connected 
space ® is connected. Indeed, if C is an arbitrary open-closed 
set in 2, then for every path u: I— @ the set u-'C 
of all points ¢ € [0, 1] for which u (t) € C is open-closed 
in I. Hence, the closed interval I being connected, either 
uiC = O oru'C = 1. If C # OD, then we may exclude 
the first case choosing the initial point of the path u in C, 
and if C ~ 2, then we may exclude the second case as 
well, choosing the terminal point of u outside C. Thus, if 
& has a nonempty open-closed set C other than 7%, then 
it is impossible to join by a path any point of C to any 
point outside C. Hence @ is not pathwise-connected. 1 

It is thus clear that every pathwise-connected component 
is contained in some (obviously unique) connected component. 


Further, it is easy to see that the closure A of an arbit- 
rary connected subset A is connected. Indeed, if a non- 


empty subset C is open-closed in A, then its intersection 
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C (\A with A is not empty (why?) and open-closed in A. 
Therefore C (|}A =A and hence Ac C. Since C is 


closed not only in A but also in 2, it follows that A CC 


and hence A = C. (J 

It follows, in particular, that any component of @ is 
closed. 

Likewise it can be proved that if the intersection A, 
of a family {A} of connected sets is not empty, then their 
union UA, is connected. Indeed, if C is open-closed in 
UA, and C f/A, # ©, then C (/ A, = Ag, and hence 
A, CC. But if Ag, cC at least for one subscript ao, 
then A, < C, and hence C () A, + @ for all a. There- 
fore either A, CC for all aorC f|}A, = © also for 
all a. In the former case C = UA, and in the latter 
C=2.0 

It follows that for any point p € @ the component of 
containing the point p is the union of all connected sub- 
sets of Y containing p, and that the components of ® are 
mutually disjoint. If therefore a space ® has a finite num- 
ber of components, then every component is open in ® (and 
is therefore an open-closed set). 

To sum up, an arbitrary topological space Y is the 
union of mutually disjoint components each of which is a 
closed (and open if there is a finite number of components) 
connected subset of the space 2. 

A space 2 is connected if and only if it has only one 
component. 

A space 2 is said to be totally disconnected if each of its 
components consists of only one point. Clearly, a Haus- 
dorff space 2 for which ind 2 = 0 (see Lecture 10) is 
totally disconnected. 

On the other hand, there are examples (rather compli- 
cated) of totally disconnected Hausdorff spaces (even 
metric spaces and spaces satisfying the second axiom of 
countability) of arbitrary positive dimension. All these 
spaces are trivially not compact since it can be proved 
(try to do it!) that a totally disconnected Hausdorff com- 
pact space ® is zero-dimensional (ind 2 = dim ® = 0). 


In contrast to connected components pathwise-connected 
components are neither open nor closed. But if a space 
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is locally pathwise-connected (any point of it has a funda- 
mental system of neighbourhoods each of which is path- 
wise connected), then every pathwise-connected component 
C of the space Z is open and closed. Indeed, if U is a path- 
wise connected neighbourhood of an arbitrary point 


p €C, then, the intersection U (| C being not empty, the 
union C UU is pathwise connected, and hence, since 
C is maximal, it coincides with C. Thus, Uc C, and 


therefore p € Int C. This proves that Cc Int C, and 


hence that C = Int C = C. Consequently, the compo- 
nent C is open-closed. D 

It follows that pathwise-connected components of a lo- 
cally pathwise connected space coincide with its connected 
components (and, in addition, in a locally pathwise-connec- 
ted space all its components, whatever their number, are 
open-closed). 

In particular, a locally pathwise-connetcted space is 
connected if and only if it is pathwise-connected. 

Since every point of any topological (and in particular 
any smooth) manifold has a fundamental system of neigh- 


bourhoods homeomorphic to an open ball B" and since 


the ball B" is obviously pathwise connected, an arbit- 
rary topological manifold is locally pathwise connected. 

For topological manifolds therefore the components 
coincide with pathwise-connected components and are 
open-closed sets. (In particular, any component of a man- 
ifold is itself a manifold.) 

We see that pathwise-connected manifolds are _pre- 
cisely connected manifolds. For this reason the term “path- 
wise-connected” is not generally applied to manifolds 
and is replaced by the term “connected”. 


A path u: I— Z in a smooth manifold Z is said to be 
smooth if it is a restriction on I of some smooth mapping 
u': (—e, 1 + ©) > ®, where e >O. (Recall that the 
interval (—e, 1 + e) is a smooth manifold.) If the map- 
ping wu’ is smooth everywhere except for a finite number 
of points, the path wu is called piecewise smooth. 

It is clear that if an open set U c @ is diffeomorphic 
to a connected open set in R” (to a ball, for example), 
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then any two of its points can be joined in U by a smooth 
path. It is obvious, since the closed interval I is com- 
pact, that any two points of a connected smooth manifold 
can be joined by a piecewise smooth path. 


Problem 7. Prove that any two points of a connected smooth 
manifold can be joined by even a smooth path. 


All examples of connected smooth manifolds in this 
lecture satisfy the second axiom of countability. There 
are, however, such connected smooth manifolds that fail 


to satisfy this axiom. Such a manifold is, say, the Ale- 
xandroff half-line (see Problem 7 above). We give a more 
elementary example which does not use ordinals (this 
example is due to Calabi and Rosenlicht). 

Let 2 be a subset of R® consisting of points (z, y, 2) 
for which either z = 0 or z = OQ (the union of coordinate 
planes Oyz and Oxy), and U,, a € R, be a subset consist- 
ing of points (x, y, z) for which either z #0 ory =a 
{the union of the plane Oxy, with the ordinate axisz = 0 
removed, and the straight line z = 0, y = a). Further, 
let h,: U, —> R? be a mapping of the set U, onto the 
plane R? with coordinates (Ug, Va) given as follows: 


- if r0, 


Zz if +=0. 


a 
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This mapping is obviously bijective (the inverse mapping 
carries a point (u,, Vq) € R® into a point (u,, a + ugry, 
v,) € U,) and hence the pair (U,, hg) is a chart on Z. 
For any two such charts (U,, h,) and (U,, h,) the set 
U., f\ Uy, is the plane Ozy, with the ordinate axis x = 0 
removed, the setsh, (U, (| Uy) and hy (U, f\ U2) repre- 
sent the plane R? with the ordinate axis u = 0 removed, 
and the mapping 


hy oh: hg (Ug Us) > he (Ua 1 Us) 


is given by 
a—b 


Up=Ug, Vye=Ugt 
a 

and is therefore real analytic. This means that the charts 
(U,, ha), @ER are real-analytically compatible and 

hence define on 2@ the structure of a two-dimensional 


smooth C°-manifold. 


Problem 8. Show that the constructed smooth manifold is 
Hausdorff, connected, and does not satisfy the second axiom of 
countability. 


This example can be easily extended to greater dimen- 
sions. Moreover, if we replace R by C, then the same 
construction will yield an example of a two-dimensional 
connected complex analytic manifold which does not 
satisfy the second axiom of countability. 

It is interesting that for n = 1 such an example is 
impossible since, as shown by the Hungarian mathemat- 
ician Rado, every complez curve (Hausdorff connected one- 
dimensional complex analytic manifold) satisfies the sec- 
ond axiom of countability. 

Remark 2. The comparison of definitions shows that 
complex curves are nothing but abstract Riemann surfaces 
known from the theory of functions of one complex 
variable. 
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Vectors tangent to a smooth manifold. Derivatives of holo- 
morphic functions. Tangent vectors to complez-analytic 
manifolds. The differential of a smooth mapping- The chain 
rule. The gradient of a smooth function- The étale 
mapping theorem. The theorem on the change of local 
coordinates. Locally flat mappings 


We introduce the notion of a vector tangent to an arbit- 
rary smooth manifold Z. | 

To understand how this can be done consider a special 
case of a manifold R” when we already know what the 
vector is. 

In arbitrary coordinates z', ..., xz" (possibly, even 
curvilinear) a vector a of an affine space R” is given at 
every point p, € R” by n numbers (a', ..., a”) (by a 
vector of a vector space R”). How are these numbers trans- 
formed when changing to other coordinates x!’, ..., x”? 
(From linear algebra we know the answer only in cases 
where new coordinates can be expressed linearly in terms 
of the old ones, now we have in mind the most general 
transformation of coordinates given by arbitrary smooth 
functions zx’ = zi’ (z!, ..., z"), i’ =1,..., .) To 
give the answer to this question, consider in R” an arbit- 
rary smooth curve 


zi=2'(), i=1,...,n7 
at ¢ = t, passing through a point p, and having at this 


point a tangent vector a, i.e. such that a‘ = x‘ (t,) for 
any i=i1,..., n (the dot designates differentiation 
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with respect to ¢). In coordinates z1", ..., z”’ this curve 
is given ny, functions zi’ (t) = zi (z' (t), ..., 2" (0), 
eae Lae , n’, and the tangent vector (i. e. the same 


vector a) ivae components at’ = zi (t,). But by the rule 
for differentiating a composite function 


ax’ (x1 (t), ..., 2" (t)) 
Oxi 


zi’ (t) = zi (t) 


(as ever, the summation is taken over i), and hence 


‘30 ax" . 
1 ai = ( a‘, 
(4) ap 
i i’ 
where ( teil ) = ( a are the values of partial de- 
axt 19 Axi /p, 
2’ 
rivatives = at a point p, with coordinates z! (t,), 
& 
x" (ty). 


Now let 2 be an arbitrary (C’, r > 1) manifold of di- 
mension n. For any point p, € 2 by A (po) we denote 
the set of all charts (U, h) of 2 for which py, € U (these 
charts are said to be centred at p,). The computation we 
have just made motivates the following definition. 

Definition 1. By a tangent vector to a manifold (or 
simply a vector of the manifold 2) at a point p, € 7 is 
meant a mapping 


(2) A: A (po) > R" 

such that for arbitrary charts (U,h) = (U,2z', ..., x") 
and (U’, h’) = (U, 2x", ..., 2”) of A (Po) the vectors 
A(U,h) =(a', ..., a") and A (U’, h') =(a", ..., a”) 


of the vector space R” are connected by formula (1), 
i.e. by 


(3) AU’, h')=() AU, h), 


oh’ d : ‘ 
where ks is a linear operator R"” > R” with ma- 


S ar ae 


trix 
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The components a', ..., a” of a vector A (U,h) € R” 
are called the coordinates of vector A in a chart (U, h) (or 
in local coordinates z', ..., x"). To simplify the formu- 
las the equation A (U, h) = (a', ..., a") is usually 
written as 

A = (a', ..., a") in (U, h). 
When the chart (U, h) is fixed, the hint “in (U, h)” is 
as a rule omitted. 

The set of all vectors of a manifold 2 at a point p, is 
called a tangent space of 2 at p, and designated T,,Z. 
It is a vector space over the field R with respect to linear 
operations defined as follows: 

(4 + B)(U, h) =A (U, h) + BU, hy), 
(4A) (U, h) = AA (U, h), 
where A, BET)®, NER and (U, h) EA (p). 
[Inclusions A+ B€T,,% andaA €T,,% are ensured by 


linear operators (=) 
P Oh Jo° 


Thus by definition if A = (a',..., a") and B= 
(bY, ..., b") in (U, h), then A+ B= (a'+ 8, ..., 
a" +b") and AA = (Aa', ..., Aa") in (U, h). For 
any chart (U, h) therefore the correspondence 

A -»A (U, h) 
defines a linear mapping 
(4) Tp, > R”. 


It is easy to see that mapping (4) is an isomorphism. In- 
deed, if A (U, h) = 0, then in view of formula (3) 
A (U’, h’) = 0 and for every chart (U’, h’) € A (py), i.e. 
A =(Q. This means that mapping (4) is monomorphic. 
On the other hand, putting for any vector a = (a', ..., 
a") € R” and any chart (U’, h’) € A (pp) 

s 0 dh’ 

A (U ,h \=(F-),a. 
we obtain a mapping A: A (p,) — R” having the proper- 
ty that A (U, h) = a. So to prove that mapping (4) is an 
epimorphism (and hence an isomorphism) it suffices to 
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show that A €Tp,7%, i.e. that 


A(U", ht) =(3-) AW’, bh’) 


for any two charts (U’, h’), (U", h") € A (po). But by 
definition: 


A(U", n)=(S) a and A(U’, h')=(S-) a, 


and by the chain rule on the differentiation of composite 


(= ari =), =(— r), (= azt J 


we (BE) =( SE), (SE), Hone 


A(U", h") = F),a=(4r),4U' h’). O 


Thus T,,2 is a vector space of dimension n: 
dim Tp, — dim ay Ae 


Vectors transforming under isomorphism (4) to the 
standard basise,, ..., e, of the space R” ase designated 


6) (sar), (a), 


They make up a basis for T,,.27, with the coordinates of 
a vector A €Tp,2 with respect to this basis being pre- 


cisely its coordinates i in a chart (U,h): if A =(a', ..., a”) 
in (U, h), then: 

i 7] 
(6) A=ai(——) py 


and vice versa. 

When 2 is the space R”, among all isomorphisms (4) 
there is one selected isomorphism corresponding to the 
chart (R", id), and via this isomorphism we can identify 
the space T,,R” with R”. Thus 


(7) T p,R” = R” 


for any point p, € R", which is in full agreement with 
what we have proceeded. 
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Since for any point p, of any open submanifold U of 
an arbitrary manifold 2 the space T,,U can be natu- 
rally identified with T,,%: 


T,,U =— Tp,7, 
we get, in particular, 
(8) T p,U — R” 


for any point p, € U of an arbitrary open set U c R". 

We shall constantly use these identifications, though 
not always explicitly. 

More generally, if 2 is a vector space Y (or an open 
set in 7%), then among isomorphisms (4) there are iso- 
morphisms corresponding to charts of the form (7, h), 
where h is a coordinate isomorphism 7 —»> R” associated 
with some basis e,, ..., e, in Y%. Since oF two such 


isomorphisms h and h’ the linear operator (= ~) PoET, 


obviously coincides with the operator h’ o h~ “1 (and is, in 
particular, independent of p,), the composition Tp,t > 
¥’ of isomorphism (4) {corresponding to a chart (7, h) 
and an isomorphism h7!: R" + J is the same for all h. 
Thus T)V can be naturally identified with 


TpY =T7 for any pp ET. 


Notice that in this identification it is a basise,, ...,e, 
that corresponds to basis (5). 

If, however, Z is an affine space #4, then for any point 
Po€ A the tangent space Tp,#4 is similarly identified 
with the associated vector space 7° (and is therefore the 
same for all p,). At this point it is, however, convenient 
to forcibly introduce the dependence on p, and identify 
Tp,4 with the space #4 in which p, is taken as the re- 
ference point, i.e. to assume all vectors of Tp,#4 to be 
marked off from Do. 

When 2 is an elementary surface in an affine space #, 
the tangent space T,,2 can be naturally identified with 
the tangent space of ‘Lecture 3 (which is a subspace of 
the associated vector space 7). Namely, if u, v are local 
coordinates on 2 corresponding to some parametrization 
r =r (u, v) of a surface 2, then the corresponding basis 
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vectors (a) », ; (x),. of T,,% can be identified with 
vectors r,,, Fp, of 7. Since when the coordinates are 


changed the vectors (sz) (= x)», are transformed by 


the same formulas as the vectors. Tuos Foo this identi- 
fication of the space T,,% with a subspace of ¥ is indep- 
endent of the choice "of parametrization r =r (u, v). 


The notion of a tangent space can immediately be re- 
duced to the case of complex analytic manifolds (see Lec- 
ture 11). To realize this we need some notation from 
complex analysis, which we shall recall in the first place. 


For an arbitrary complex function w (s) = u (z, y) + iv (z, y) 
of a complex variable s = z “ . we set 


(9) w=3(E-' = 2, > L(3 ast ay)t ‘(a-a)] 
and 
eaorlat! vs — )+*(ae+3y DJ. 


{The basis for this notation is the formula 


Ow Ow _ 
OS gg te es, 
where dz=dz-+idy and dz=dz— i dy.] 

The Cauchy-Riemann equations 


Ou Ov Ov Ou 


oe or 9a ap 
which characterize holomorphic functions can now be written 
as one equation 
Ow 
os 
[Holomorphic functions can thus be interpreted as functions 
“independent of s”! For this reason arbitrary functions of z are 


sometimes written as w = w (zs, z), the notation w = w (z) being 
used only for holomorphic functions.] 

Notice that if a function w = w (zs) is holomorphic, then by 
virtue of the Cauchy-Riemann relations 


do du, , a 
dz oz | Oz’ 
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i.e. for a holomorphic function w = w (zs) the derivative “ with 


Ow 
respect to z coincides with the usual derivative ae with respect to z. 


Similarly, 
OO) 
Oz 6 t «(Oy * 


It follows for any holomorphic functions w = w (z) and 
¢ = { (w) that the standard formula 


%_ a ou, a aw 
Or «Ou ~=~Ox | Ov Ox 

for an arbitrary composite function ¢ = ¢ (w (z)) can be rewritten 
as 

H_ Hoo 

0: Ow 02° 
This means that for derivatives (9) of holomorphic functions the 
usual chain rule is valid. 


For complex functions w (z) = w (z}, ..., 3") of n complex 
. . 4. OW w 
variables partial derivatives a and bai’ 14<j<n, can be sim- 
27. 
ilarly defined, and a function w is holomorphic if and only if 
_ ag A a. 
dz! az" 


Every mapping w: U-C™ where U cC", is given by m 
complex functions 
(10) wi = w! (z),*..., WM = wM (2), B= (2!, ..., 2™) EU, 
of nm complex variables z!, ..., z" defined on U. Identifying C” 
with R* = R” @® R” via the correspondence 

z= (3}, o 0 6g z”) —— (z!, e 0 69 2", y’, a) y”) med (x, y) 
and C™ with R3" = R™ @® R™ via the correspondence 

w= (w!, ..., w™) > (yu), ..., u™, vi, ..., v™) = (u, Vv), 


where 
z! = Re zi, ..., 2" = Re 2”, ul} = Re w!, ..., u™= Re w"™, 


yi = Im 2}, ..., y®>=Im-32", vb = Im wl), ..., v™= Im vw, 


we may think of w as a mapping of Uc RK™ into R2™ given by 
2m real functions 


ui=us(x, y) M=wi(x, y), icjqcan. 
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If this mapping is smooth, then its Jacobian matriz (matrix of par- 
tial derivatives) is therefore of the form 


oe oe 
Ox dy 
av vl’ 
Ox dy 
where 
Sai ae So ee 
dx || ozk |’ dy |] dy® |’ Ox || azk |]? dy I dyk lI- 
Therefore 
du du En En Ow Ow 
Ox Oy 32 "2 On az Em  iEm 
dv av || En E, |" ow Ow We dace 
ox oy 2 ~ 2S ae 


where E, and Ey, are unit matrices of order n and m, respec- 
tively, and 


~ || 6 | dw || dwi 
Oz sii: @zhk dz {| azk I 


When a mapping w is holomorphic (i.e. functions (10) are holo- 


morphic and hence * =0) , it follows that 


Oz 
Ou du En En 
ox doy 2 2 
(14) oe x 
oy a | En _ En 
Ox oy 2i 2i 
Ow 0 . 
: Oz Em  iEm 
; Ow Em —iEm |l 
y A 


For n = mit follows that the Jacobian D ,, of aholomorphic mapping 
w: U —+ C" is expressed by the formula 


Ow j(|2 
Du=| ry | 


and is therefore positive. 
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Moreover, since 
lel 
E —iE 


it also follows (for any n and m) that when composing mappings 
their matrices 


EE 
2 =| 2 | 
E _£} jlo el’ 


2i 2i 


Ow Ow 
Oz 02 
ow Ow 
dz Oz 


are multiplied (for this is true for Jacobian matrices). 
It follows for holomorphic mappings that when composing holo- 


morphic mappings their matrices ag ore multiplied: if wk = wk (z) 
and ¢t!' = ¢'(w), then 
at! at! awk 


“62i— Owk © ogi 


(the chain rule for holomorphic mappings). 

We thus see that for holomorphic functions derivatives (9) obey 
the same formal rules as do the usual partial derivatives of smooth 
real functions. 


Now let 2 be a complex-analytic manifold and let 
Po € &. Also let A (po) be the set of all complex charts 
({U, h) of 2 for which p, € U. For any charts (U, h) = 
(U,2', ..., 2"), (U’, h’) = (U’, 2", ..., 2”’) of A (po) 
by definition the mapping h’ o h~ is given by holomorphic 
functions ze 
(12) zi’ = 24" (z), . -., 2” = 2” (z), where 


2 = (2). 


Let ( =), be a linear operator C” —» C" with matrix 


(4), =| = dell Oe ees 
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j’ ae az) 
where ee ) are values of the derivatives —— 
627 /0 02) 


of functions (12) at a point py. By analogy with Definition 
1 we shall mean by the tangent vector to a manifold 2 at 
a point p, a mapping 


(13) C: A (Po) >~C" 
such that for any charts (U, h) and (U’, h’) of A (p,) 
(14) CU", h') = (> -) cw, h). 


Such vectors make up a vector space Tp,% over a field C 
of dimension n = dime 2, the mapping 


(15) Tp%—>C", C+C(U, hy: 


being an isomorphism for any chart (U, h) of A (pp). 
Vectors transformed under isomorphism (15) into the 
standard basis for the space C” are designated 


(ar), --- (a), 


They make a basis for T,,2% having the property that 
C (U,h) = (cl, ..., "is equivalent to C = ce’ (= ; 

It is interesting to compare a complex n-dimensional 
space T,,.% with a real 2n-dimensional space T,, Zp, 
where Zp is a realization of a manifold 2 (see Lec- 
ture 11). 

For any complex chart (U, h) a mapping h considered 
as a mapping in R*” is denoted by hp and the set of all 
charts of the form (U, h;,), where (U,:h) € A (po) by 
A (Pop. By definition the set A (po)p is contained in 
the set Ap (po) of all charts of Vp at py. Although 
A (po)R + Ark (po), the operation of restricting mappings 
Ar (Po) > R®” to A (pop clearly allows us to identify 
every tangent vector Ar (po) —~ R2” of Zr at py, with 
the mappings 
(16) A: A (podR +R 
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satisfying for any chart (U, h) and (U’, h’) of A (po) 
the relation 


(17) A(U’, he) =( = ) AU, hp). 


On the other hand, by virtue of identification C" = R?” 
every tangent vecter (13) of 2 at p, can be considered as 
a mapping Cr: A (po)R > R*”. For any charts (U, h) 
and (U’, h’) of A (po) we oe 


(18) Ce U', he) =(—-)" Cp UW, hy, 
where * )* is the operator ( =), considered as the 


operator R*" —> R2”. 

But it is clear that if some linear. operator C" — C” is 
given (in the standard basis) by a matrix C = A + iB, 
then the same operator considered as the operator R?" + 
R?" is given by the matrix 


A —B 
B All’ 
Since the role of a matrix of the operator (5; ). is played 


by the matrix - 
)=(* ©)e +i i(), : 


it follows that the operator x) is given by the 


( 
(a), —(), 
(2) (4) 


which by virtue of the Cauchy-Riemann relations coin- 
cides with the matrix 


(FZ) (Fr) 


(), (Ar) 


matrix 
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of the operator (+2) . Thisgshows that 
R ‘0 
dh’ \R ‘Ohp 
(ar 0 (3 F : 
and hence formula (18) coincides with (17) (for A = Cr). 
Consequently, Cr is a tangent vector to ZR at po. 
The constructed mapping 


To eT Ge, CeCe 


is obviously bijective and preserves the sums and prod- 
ucts of real numbers. In other words, it is an isomorph- 
ism of the space T,,%, which by virtue of the inclu- 
sion Rc C is considered to be a vector space over the 
field R, onto the space Tp,.%,p. In the natural notation 
this means that there is a natural identification 


(19) (Tp,2%)p = Tp, Re. 
In this sense the manifolds 2 and 2p have the same 


tangent vectors. 
The basis for T,,.2% 


(a) (a) 
Ot Jp? °° °? \Vaz™ |p, 


corresponding to a chart (U, h) of A(p,) generates the 
basis 


(20) (ar), oar), I (ar), Leo I (gm), 


for the space (T>p,%)r, where J is the operator of a 
complex structure (of multiplying by i). It is easy to see 
that by virtue of identification (19) basis (20) coincides 
with the basis 


Ca PO Od Oc 
Oxrt Py’ eeoeey 6x” Py’ Oy} Py’ aI dy” )e. 


for Tp,%p complying with the chart (U, hp). 

In what follows complex-analytic manifolds are no 
longer considered. Carrying over, when possible, the re- 
sults proved for smooth manifolds to the case of complex 
analytic manifolds is thus left ‘to the reader. 


0 
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Let 2 and ¥ be two smooth manifolds (of dimensions n 
and m, respectively), and let f: 2 — yY be an arbitrary 
smooth mapping. 

Also let p be an arbitrary point of 7, ¢ =f (p) its 
image in Y, and 
(U,h) = (U, z', ..., x") and (V,k) = (V, y’, ..., y™) 
be charts of 2 and ¥Y respectively, such that p € U 
and fUc Y. | 

Then, as we already know (see Lecture 7), the mapping f 


can be written in charts (U, h) and (V, k) by formulas of 
the form 


ea tg OO Pe he ce etagcn 


where f/ are some smooth functions. 
An n by m matrix 


(21) I ari 


az! 
of) , ‘ 
whose elements are the values (Sa) of partial deriva- 


tives of functions f// with respect to z‘ at a point p (i.e. 
more exactly at a point h (p) € R”) is called a Jacobian 
matrix of a mapping f in charts (U, h) and (V, k). 

This matrix gives a linear mapping R” — R™ carrying 


) | i=1,...,n, j=i,...,m 


a vector (a', ..., a") € R” into a vector (b', ..., OM E 
R™, where 

; of) i 7 
(22) bi = (4 ) a j=1,..., m. 


Coordinate isomorphisms A ++ A (U,h) and A+» 
A (V, k) allow us to interpret this mapping as a linear 
mapping T,.% —T,% of tangent spaces. 

Definition 2. The constructed mapping T,% — T,¥y 
is called a differential of a smooth mapping f at a point p. 
It is designated (df); or simply df >. 

For elementary surfaces this construction has already 
been given in Lecture 3. 

Thus if A = (a', ..., a") in a chart (U, h), then 
df, (A) = (b', ..., 6”) in a chart (V, k), where 6), j = 
1, ..., m, are numbers (22). In linear-algebraic terms 


Lecture 12 223 


this means that the mapping df, is nothing but a linear 
mapping 
T,2 + T,¥ with matrix (21) in. bases ( 


(ser ), and (ar), ee: (s),: 


It is, of course, necessary to verify that this definition 
is correct, i.e. that the mapping df, is independent of 
the choice of charts (U, h) and (V, k). 

Let (U’, h’') = (U’, 2", ..., 2”) and (V’, k’) = 
(V’, y'’, ..., y”’) be other charts of 2 and ¥ having 
the property that p € U’ and qg€ V’, and let d’f, be a 
mapping df, constructed using these charts. Then ifA = 
(at’, ..., a”) in (U’,h’), then d’f, (A) =(b", , b™’), 


0 
oxi ) a 


b? =( ar ) a and (2). are values at a point p 
for partial derivatives with respect to x‘ of functions 
j?’ that naa the mapping f in the charts (U’, h’) 
and (V’, k’). 

Further, let 
zis zi(zl’,..., 2”) and yi! = y (y’, ..., y™) 
be expressions for local coordinates z‘ and y*’ in terms of 
local coordinates z‘’ and y’. 

To simplify the formulas we put 


x = (z’, ..., 2") (and similarly x’ = (z!’, ..., 2”’)), 
y=(y’, .--, y™) (and similarly y’ = (y’’, ..., y™’)). 


Accordingly we shall write z* (x’) ~~ of zi(z"’, 
z"’) and z (x’) instead of (z' (x), x” (x)). We shall 
use y’ (y), f (x), and f’ (x’) in a simils meaning. 

In this notation functions f/ and f*’ are related as 


follows: 
f’ (x’) = y' (fF & (x’))) 


from which it follows by the rule for differentiating a 
composite function that 


(3),=(45), (42), (=),- 


q Pp Pp 
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Since 


i . j 
at = ( = ) a’ and bi = (7) a‘, 
az' 
Pp p 


it follows that 


bf = (2) at (2) (22) (4) at 
az* /, dyi J \ azt /y\ azt |, 


=(25), (25) c= (45), 


q 


i.e. the numbers b”’ and DB? are the coordinates (in charts 
(V’, k’) and (V, k)) of the same tangent vector. Conse- 
quently, d’ fp (A) = df, (A) for any vector A €T,7Z, 
and hence df, = dfp. O 

. Cf. the corresponding reasoning in Lecture 3. 

Notice that the mapping dfp only depends on the local 
behaviour of the mapping f in the neighbourhood of the 
point p, i.e. if for mappings f, g: UV —~yY there exists a 
ri ate ie of a point p such that f = g on U, then 
df, = ; 

Tf XL si Yy are open submanifolds of R” and R™ 
(and therefore spaces T, 2 and T, ¥ can be naturally 
identified with these spaces), the mapping afp:T, 2% —> 

Tyy obviously coincides with the principal linear part 
R” — R™ of f (i.e. is its differential in the sense of ele- 
mentary analysis). 


Let f: © —¥y and g: ¥ —Z% be smooth mappings. 
If (U,h) = (U, x, ..., 2"), (VV, kb) = (V, y', ..., y”) 
and (W, l) = (W, z', ..., 2°) are charts of manifolds 
VY, ¥, and & such that fUc V and gV = W and i 
y =f (x) and z = g (y) are functions that give in these 
charts mappings f aud g (we use a shorter notation intre- 
duced above), then the smooth mapping g of: Y —@ is 
obviously given in‘the charts (U, hk) and (W, l) by the 
function z = g (f (x)). For any point p € U therefore by 
virtue of the rule on the differentiation of composite 
functions the equations 


(Sa),= (ae), (Gr). 940 


az! dy? ozt 
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hold which imply that the linear mapping d (go f)p isa 
composition of linear mappings df, and dg, 


(23) d (go f)p = 48q ° dfp. 


This formula is called the chain rule. 

Of particular interest are two cases whete ¥ = R or 
m=n. 

In the case where ¥% is the axis R (and hénce the map- 
ping f is a smooth function on 2) the differential df, is 
usually called the gradient of the function f. 

By virtue of identification (7) the gradient is a linear 
mapping T,2 —R, i.e. a covector of the space T,% 
(a vector of the conjugate space T5,.% which is generally 
called a cotangent space to a manifold 2 at a point p). 
By definition a covector dfp on any vector A € T,2% 
assumes a value 


(24) df, (A)=(S7) a 


This value is called the derivative of a function f with 
respect to a vector A and is denoted by Af. Thus 


Af = df, (A) 
and 
of i 1 n\ * { n 
Af =(— —) a’ if A=(a!, ..., a”) in (U, x1, ..., x"). 


‘ 7] __{ of a 
In particular, (=), f=( at ) for any i=1, ...,n, 
which explains the choice of notation for the vectors 
of basis (5). 

Formula (24) implies that in the basis for the space 
Tpv conjugate to basis (5) for the space T,@% the covec- 


af of 
tor df, has the coordinates (sz) ere (sor), 
Therefore, first, this basis consists of covectors 
25, -. +5 a25 


(clearly, the vector df, is also defined for functions f 
given only in some neighbourhood of a point p) and, sec- 


8 3ax. 516 


226 Semester III 


ond, 

Of 1 of n Of i 
dfy=(ar) atb+ oe +( gr), 25=(s>), dry. 
Remark 1. Note that a gradient is a covector. The no- 

tion, known from calculus, of the gradient of a smooth 
function on R" as a vector (see Lecture 24 below) rests on 
an implicit identification of vectors and covectors through 
the standard Euclidean structure on R”. 

Now let n = m. 

Definition 3. A smooth mapping {f: 2 — ¥Y of mani- 
folds of the same dimension is said to be étale at a point 
p€ 2% (or a local diffeomorphism) if on some neighbour- 
hood U of that point it is a diffeomorphism of the neigh- 
bourhood onto a neighbourhood V = fU of a point 
q =f (p). 

Any diffeomorphism 2° — ¥Y is an étale mapping (at 
every point p € 2). Conversely, according to the calculus 
theorem on the differentiability of the inverse function 
every étale bijective mapping {f: 2 + ¥Y% is a diffeomor- 
phism. Simple examples (see Remark 1 of Lecture 6) show 
that the condition that the mapping should be bijective is 
necessary here (i.e. it does not follow from the fact that 
the mapping is étale). 

From formula (12) (applied to a diffeomorphism 
flu: U— V and to the inverse diffeomorphism g: V — U) 
it immediately follows (since it is obviously the identity 
mapping that serves as the differential of the identity 
mapping) that the differential dfy: Tp,2—~>T,% of an. 
arbitrary mapping f: @ — ¥ étale at a point p is an iso- 
morphism (an invertible linear mapping). Conversely, if 
the differential df,: Tp % — 1T,Y of a smooth mapping 
f: & +Y ata point p€ 2% is an isomorphism, then the 
mapping f is étale at the point p. Indeed, the statement 
that the mapping df, is an isomorphism implies (for 
given charts (U, h) and (V, k) with p € U and fU c V) 
that the determinant of matrix (9) is nonzero. Since this 
determinant is nothing but the Jacobian Dq@ of a smooth 
mapping g =k of oh}: h(U)—>f(V), it follows by 
virtue of the inverse mapping theorem (see Lecture 6) 
that on some neighbourhood W’ of a point h (p) Eh (U) 
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in h (U) the mapping q is a diffeomorphism. The mapping 
f is therefore a diffeomorphism on the neighbourhood 
U' =h"'W'’ of a point p in 2, and hence is étale at p.O 
We have thus proved the following proposition known 
as the étale mapping theorem. 
Proposition 1. A smooth mapping f: Y + y is étale at 
a point p € & if and only it its differential 


dfp: Tn¥ >+T, ¥, g =f (P), 


is an isomorphism. 0 

If a mapping f: @ — y étale at a point p is a diffeo- 
morphism on the support U of a chart (U, h), then a pair 
(V, k) = (f{U, h o (f|y)~? is obviously a chart in ¥. The 
mapping g: h (U) +k (V) which conforms to the map- 
ping f is the identity mapping, i.e. in the corresponding 


local coordinates z’, ..., z” and y’, ..., y” the map- 
ping f is given by formulas of the form | 
(25) YSj2 PSt. nso. 


Thus if a mapping f: Y + y is étale at a point p € Z, 
then in manifolds 2 and ¥Y there are local coordinates 
zi, ..., 2? and y', ..., y” having the property that in 
these coordinates the mapping.f is written by formulas (25) 
(i.e. is a mapping which preserves the coordinates of 
vectors in another system of coordinates). 


Proposition 1 is essentially just another version of the 
inverse mapping theorem which allows a fundamentally 
different embodiment. 

Let (U, h) = (U, z', ..., 2") be an arbitrary chart of 
a smooth manifold 2 which is centred at a point py € @ 
(i.e. such that p, € U), and let 


(26) CS a (ee oa By de SN ye oe TE 
be smooth functions given in some neighbourhood U’ c U 
of a point po. 


Recall (see Lecture 6) that z‘’ in (26) has a double mean- 
ing: on the left it designates a function on U’ and on 
the right a function on a neighbourhood h (U’) of a 
point x, = h (po) in R”. Accordingly the Jacobian 


g* 
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is=1, ..., 7, 
rn Se — i ne | He 


ax* 


(27) det | 


of functions (26) can also be considered as either a func- 
tion on U’ or a function on h (U’). Its actual meaning 
must be understood from the context. 

If functions (26) are local coordinates in a neighbour- 
hood U’, then at any point of that neighbourhood and, in 
particular, at a point p, Jacobian (27) is nonzero. The 
converse is as follows: 

Proposition 2. If Jacobian (27) is nonzero at a point Do, 
then in some neighbourhood U" < U’ of that point 
functions (26) are local coordinates. 

Proof. Functions (26) considered as functions on an 
open set h (U’) of R” define some mapping 9 of h (U’) 
into R”. If their Jacobian (27) is nonzero at a point 
Xo =h (py) of h (U’), then by the inverse mapping theo- 
rem there is a neighbourhood V’ of the point x, (con- 
tained in the open set h (U’)) on which the mapping 9 
is a diffeomorphism onto some open set of R”. Then the 
pair (U”, h”), where 


U" =hV, h” = (9 ly’) o (h ee), 


is a chart on ZY connected with chart (U, h) by transition 
functions (26). Hence functions (26), but now consid- 
ered as functions on U”, are local coordinates correspond- 
ing to a coordinate mapping h”.(| 

Proposition 2 is known as the theorem on change of 
local coordinates. 


Now we return to arbitrary smooth mappings f: 2 — 
%, where dim 2 =n and dim ¥ = m. 

Definition 4. By the rank of a smooth mapping f: 
XY —> Y at a point p€ L is meant the rank r of a 
linear mapping df,: Tp% >~T,%, q=f (p), i.e. the 
rank of the Jacobian matrix (21) of mapping f at p. 

It is clear that 


0Ox<r< min (n, m). 


Since with a slight change in the elements of the ma- 
trix its rank can only increase, the rank of f at an arbi- 
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trary point of a sufficiently smal! neighbourhood of the 
point p is at least its rank at a point p,. It may well be 
higher however. 

Definition 5. A mapping f: 2 — ¥Y is said to be locally 
flat at a point p € @ if there is a neighbourhood U of p 
on which the rank of f is constant (equal to a rank r 
at p). 

Proposition 3. Jf a mapping f: 2 — ¥Y is locally flat at 
a point p€ ®, then in manifolds ZY and Y there exist 


charts (U, x}, ..., 2") and (V, y', ..., y™) such that 
p€U, {Uc V, and f can be written in local coordinates 
x, ..., za? and y', ..., y™ as follows: 

_ fv if fet, ...,r, 

_ 
(28) y 0 if j=r+i1,..., m. 
(Notice that coordinates z’*!, ..., x” are not involved 


in formulas (28).) 

Intuitively Proposition 3 states that near a point p a 
mapping locally flat at p is constructed as a projection 
R" —» R’— R™ of R" along the last n —r coordinate 
axes onto a coordinate subspace R’ of R™ consisting of 
points whose last m —r coordinates are zero. 

We prove Proposition 3 in the next lecture. 
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Proof of the theorem on locally flat maps-Immersions and 
submersions- Submanifolds of a smooth manifold- A subspace 
tangent to a submanifold-Giving locally a submanifold. The 
uniqueness of the submanifold structure- The case of embed- 
ded submanifolds- The theorem on the inverse image of a 
regular value- Solutions of systems of equations: The group 
SL (n) as a submanifold 


We prove Proposition 3 of the preceding lecture. 
First Jet 


(U,h) = (U, z!, ..., 2") and (V,k) = (V,y', ..., y™) 
be arbitrary charts of manifolds 2 and ¥% having the 
property that p € U and [{U Cc V, and let the mapping f 
be written in these charts as follows: 
YS (wg 2 ly 7 Si 
Under the hypothesis a rectangular matrix consisting of 


P| P 
numbers (——) has a rank r. Indexing coordinates, 
zp 


if necessary, we may assume without loss of generality 
that this matrix has a nonzero minor 


(1) det | ( 2 ) a eee 


lying at the intersection of the first r rows and columns. 
With this in mind, consider in a neighbourhood U of a 
point p functions zl’, ..., x” given by 
f(r!, ..., a") if i=1,..., 7, 
(2) =| yA ) sy 
x if i=r+i, ..., 27. 
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e ¢. e 0 i’ e e 
For these functions the Jacobian det |= | is obviously 
zt 


equal to determinant (1) and hence is other than zero. 
Consequently, according to Proposition 2 of Lecture 12 
functions (2) are local coordinates in some neighbourhood 
U’ of a point p. 
Now we take a neighbourhood U’ as U and coordinates 
.., 2 as zi, ..., 2", and thus obtain charts 
(U’ h) and (V, k) in which the mapping f can be written 
as follows: 


zl’ 


x if =i, ..., 7, 


(3) y= fi (x', re oi) | a a oe Pr 


Consequently, the Jacobian matrix of f is in these charts 
of the form 


1 0 0 0 
0 1 0 0 
pret ort. ofrel ofret 
Oxi °° *— Gat ozrtl °°" Ax” 
ofm afm of™ ofm 
Or} OE Ozrrtl oz" 


Since under the hypothesis the rank of this matrix is 
equal to r not only at a point p but also in some neigh- 
bourhood of that point (which may be assumed without 
loss of generality to coincide with U), all the derivatives 

ojrei art. 
Garrat -°°) Gyn 


are identically zero in U. Since U may obviously be con- 
sidered a connected neighbourhood, it follows that in U 
(i.e. more exactly in h (U)) the functions ft*!, ..., {™ 
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are independent of z”*!, ..., x", i.e. their values at any 
point (z', ..., 27, ..., 2") €h(U) can be written as 
POG 223 2 yp seo Oy hee 2). 


In other words, these functions may be considered to be 
functions on a set pr h(U) CR’ consisting of points 
(x1, ..., 27) ER’ such that (z!, ..., 27,271, ..., 2") € 
h (U) at least with one choice of numbers r’*!, ..., 2” 
(geometrically a-set pr (U) CR” is nothing but a pro- 
jection of a set h (U) c R” onto a subspace R’ Cc R”). 

On the other hand, it follows directly from formulas (3) 
that a similarly defined projection pr k (V) CR’ of a 
set k (V) c R™ contains a set prh(U). Therefore on 
some neighbourhood of a point gq =f (p) (namely, on 
the neighbourhood k-! ((prh (U)) X R™~*)) the functions 


ey. 2h) ceed Oe ae) 
are defined. We put 
. y? if j=1,. 
y/ = . 
y—fr(y!,...,y") if j= rb, 
Since 
1 0 0...0 
dy?" = O04 ; 0 _ 
ot ays 1...0|7* 
O...4 
where ? designates elements of no interest to us, functions 
y'’", ., y” are, according to Proposition 2 of Lec- 
ture 12, local coordinates i in some neighbourhood V’ of a 
point g. Ba nee f is given in charts (U, z!, ..., 2”) 
and (V’, ..., y™) by 


: zioif j=1,...,r, 
y= ee ae 
0 if j=or-+i, 
To complete the proof it remains to denote V’ again by V 
and y"’,..., y™ by y',..., y®. O 
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Definition 1. A smooth mapping f: 2 — ¥Y of a smooth 
n-dimensional manifold 2% into a smooth m-dimensional 
manifold Y is said to be an immersion at a point p € 2 if 
its rank at that point is n (which is, of course, possible 
only for n < m), i.e. if the mapping 


(4) dfp: TpY +T y, q =f (p), 


is a monomorphism. 

Similarly, a mapping {: % > ¥y is said to be a sub- 
mersion at a point p € 2 if its rank at that point is m 
(and hence n >), i.e. if mapping (4) is an epimor- 
phism. 

The mapping f is thus.either an immersion or a submer- 
sion if its rank assumes the greatest possible value (for the 
given n and m). Therefore immersions and submersions 
are also called mappings of mazimal rank. 

According to Proposition 1 of Lecture 12 a mapping 
is both an immersion and a submersion (for n = m) if 
and only if it is an étale mapping. 

A mapping f: 2 —¥Y which is an immersion (a sub- 
mersion) at every point p € @ is called an immersion 
(a submersion). 

It is clear that a submersion and an immersion, being 
mappings of maximal rank, are locally flat at p. According 
to Proposition 3 of Lecture 7 therefore for any submersion 
{: & +yY ata point p € &@ there are charts (U, x, ..., 


x") and (V, y', ..., y™) of manifolds Y and Y such 
that p€ U, f{U Cc V, and the mapping f can be written in 
local coordinates x', ..., z" and y', ..., y” as follows: 
(5) yi =a, ..., y™ = 2”. 


Intuitively this implies that in the corresponding coor- 
dinates any submersion is locally represented by pro- 
jection R”® — R” carrying a point of yey fa er 
x") ER” into a point (z', ..., z“€ 

For immersions we interchange the ae abols and assume 
f to be a mapping ¥ — 2. Then for any immersion f: 
YY +7 ata point q € ¥ there are charts (V, y', ..., y™) 
and (U, z', ..., 2") of manifolds y¥ and @& such that 
q€V, {Vc U, and the mapping f can be written in local 


Q3ax. 516 
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coordinates y!, ..., y™ and z', ..., x” by 


(6): whe kk SO Sy >, cy. B SO. 


Intuitively this implies that in the corresponding coor- 
dinates any immersion can be locally represented by an 
embedding R™ — R” sending a point (y', ..., y”) € R™ 
into a point (y', ..., y™, 0, ..., 0) ER”. 


Definition 2. A smooth manifold Y is said to be a 
submanifold of a smooth manifold &@ if it is contained in 
Z and the corresponding mapping of an embedding 


(7) i y>ZD, w(p) =P, 


is an immersion at any point p € y (and, in particular, 
a smooth mapping). 

Since ¥ Cc Y, on Y a topology Ty ;q induced by the 
topology Tq of a manifold 2 is defined. This topology 
(see below) differs generally from the topology Tay of a 
manifold ¥. One can only say that Taq C Ty (this 
inclusion is equivalent to the continuity of mapping 1). 

Definition 3. If « is a homeomorphism onto its image 
(i.e. if Ty;a = Ty), the manifold Y is said to be‘an 
embedded submanifold. Otherwise ¥Y is said to be an 
immersed submanifold. (The latter term, however, is also 
used as a synonym of the term “submanifold” to empha- 
size that the submanifold Y is not embedded.) 

Immersion (7), is of course, an injective mapping. 
Conversely let f: ¥ — 2 be an arbitrary immersion which 
is an injective mapping and let f =u 0 f’ be its decom-- 
position into the product of a bijective f': yY —f (%) 
and an injective. u:.f(¥)— 2 mapping. Since f’ is 
a bijective mapping, we may use it to carry the smoothness 
from &Y onto %’ =f (¥). Then %’ will be a smooth 
manifold, f’ adiffeomorphism, and t=f o (f’)~' animmersion 
(as a composition of an immersion and a diffeomorphism), 
i.e. %’ will be a submanifold of a manifold 2. 

Thus submanifolds of a manifold 2 are precisely the 
images in 2 of arbitrary immersions ¥ — 2% which are 
the injective mappings. The embedded submanifolds are 
therewith the images of the immersions which are moneo- 
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morphisms (homeomorphisms onto their own image). 

Examples of embedded submanifolds are simple regular 
arcs and elementary surfaces. Parametrizations are the 
corresponding immersions. The condition that parametri- 
zations should be regular means that a parametrization is 
an immersion. 


Since for any submanifold ¥ Cc Y embedding (7) is an 
immersion, for any point p € ¥ the mapping 


dip: Tp Y¥> Type 


is an isomorphism of a vector space T,% onto a linear 
subspace Im dtp = (dtp) (Tp¥) of a space T,2%. The 
subspace is called a tangent space to a submanifold y 
at a point p. It is usually identified with T,¥y (through 
an isomorphism dt,). 

Some peculiarities arise in the case where 2 is an affine 
space #4, and therefore for any point p € 2 (and, in par- 
ticular, for any point p €%) the vector space T, % 
is identified with the associated vector space ¥. In this 
case a subspace T,¥Y is usually identified with a linear 
submanifold p + TpY of & (i.e. graphically, its vectors 
are laid off from a point p). Cf. Definition 3 of Lecture 3. 

Being an immersion, mapping (7) can be written in lo- 
cal coordinates by formulas (6). This means that for any 
point p of a submanifold ¥Y there is a chart (U, 2}, ..., 
xz") p € U, of a manifold 2 such that, first, on some set 
Vc Uf ¥ (open in %) the restrictions 


y' =z! lv 9 9 © 69 y™ = z™ lv 
of the first m coordinates z', ..., z™ are local coordi- 
nates on V and, second, a point g €U is in V if and only if 
(8) eg) = 0) c-6 og Bg) = 0; 
Such coordinates z', ..., x” will be called compatible 
with a submanifold y. 

Coordinates y’, ..., y™ define in T,¥% a basis 
rs) 7] 

(9) (ar), s+ (ar ), 


Qe 
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and coordinates z!, ..., z" in T,% a basis 
7) 7] 
(10) (ser ),> +--+ (aer}),- 
Since the embedding tu: ¥ — Z® can be written in these 
coordinates by functions y! = z!, ..., y™ =a2™, its 


Two typical examples where the equality V= U (\¥ cannot be 
Satisfied 


differential di, carries basis (9) into the first m vectors of 


basis (10). By virtue of T,% being identified with 
Im dt, it means that | 


a@\ 7 4 a \ _ ) 
(ar), = (ar), +> (ape), = (Ger), 


1.e. vectors ( 


0 F) 
Oz} eee bere A make up a basis for 
a subspace T,¥ of a space Tp. 


If a submanifold Y is embedded in 2%, then it may be 
assumed without loss of generality that 


(14) V=UN Y. 


Indeed, since V is open in Y and the topology in ¥ is 
induced by the topology of 2, there is an open set W 
in 2 such that V = Wf) y. Replacing U by UQ W 
we make, without loss of generality, equation (11) hold.D 

Equation (11) implies that a point q € U is in y if and 
only if equations (8) hold for it. In other words, (i.e. 
in a neighbourhood U) a manifold ¥% is given locally 
by n —m equations 


(12) Oe Oo gs oO. 
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Generally it is impossible to make equation (11) hold 
for an unembedded (immersed) submanifold ¥, and the 
relation between V and U {| ¥% becomes more complicated. 

Since functions 2™*!, ..., 2” are continuous, and 
hence conditions (8) single out in U a closed subset, the 
set V is closed in U (with respect to the topology induced 
in U by the topology Ta/4). Consequently, V is also 
closed in U (|) & (with respect to the topology induced 
by the topology Ty/4 and hence with respect to the to- 


pology induced by the topology Jay). On the other hand, 


under the hypothesis the set V is open in Y and hence in 
U (\ ¥ (with respect to the topology induced by the to- 
pology Ta). The set V is thus open-closed in U {| ¥ 


(with respect to the topology induced by the topology T a). 


Consequently, if a coordinate neighbourhood V is connected, 
then it is a component of the set U() ¥ that contains a 
point p. 

[Recall that any point of a smooth manifold has a fun- 
damental system of connected coordinate neighbourhoods 
homeomorphic, for example, to open balls of a Euclidean 
space of the corresponding dimension.] 


Now suppose that two smoothnesses are given on a 
subset Y of a smooth manifold 2 with respect to which 
it is a submanifold of 2 and which define on ¥ the same 
topology. Then charts of the form (V, y’, ..., y™) with 
the properties described above are the same for both 
smoothnesses (since functions y!, ..., y” are characterized 
as restrictions of local coordinates z', . . ., x” and sets V 
as components of sets U (| ¥). On the other hand, in 
each smoothness these charts obviously make up a subatlas 
of a maximal atlas. Therefore both smoothnesses coincide. 

Thus for a given topology on a subset ¥ of a smooth man- 
ifold Y there can exist at most one smooth manifold struc- 
ture on Y with respect to which Y is a submanifold of the 
manifold 2. 

Varying the topology we can obtain on Y many differ- 
ent submanifold structures. For example, any subset 
¢% < ® can be provided with a discrete topology and 
thus turned into a zero-dimensional submanifold. 
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A more interesting example can be obtained by consid- 
ering a set in a plane depicted in Fig. A (a “figure eight”). 
The set cannot be a submanifobd of the plane in the in- 
duced topology because of the singular point in the cen- 
tre. But in a weaker topology conventionally represented 


OD 
Com 


in Fig. B the same set is an immersed manifold diffeomor- 
phic to the straight line R. It is an immersed submanifold 
diffeomorphic to the straight line R in another topology 
conventionally represented in Fig. C. The corresponding 
embeddings are nonequivalent regular curves without 
double points having the same support. 


In connection with the topology on ¥Y induced by the 
topology. of a manifold 2% we see, in particular, that on a 
subset Y of a smooth manifold @ there can be at most one 
smooth manifold structure with respect to which Y is an 
embedded submanifold. We can therefore say that the 
subset % is an embedded submanifold. 

To determine whether a given subset Y is an embedded 
submanifold one should 

1° Consider all possible pairs of the form (V, y', ... 
y™), where V is the intersection Ul & of & and the 
support U of some chart (U, z!, ..., 2") of a manifold Z 
and y!, ..., y™ are the restrictions zx! ly, ..., 2™ ly 
on V of local coordinates z', ..., z™. 

2° Choose pairs (V, y', ..., y™) from among these 
pairs which are charts on ¥, i.e. such that the functions 
y', ..., y™ give a bijective mapping of aset V = Uf) ¥ 
onto some open set V c R™. 
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Therefore, if the chosen charts can make up an atlas on 
Yy, then &% is an embedded submanifold. Indeed, it is 
obvious that this atlas gives on ¥ a smoothness with 
respect to which ¥ is a submanifold and which is com- 
patible with the induced topology. [Notice that in gen- 
eral the maximal atlas of a manifold ¥ can contain only 
some of the chosen charts.] 0 


We apply this general statement to a set ¥ = f~! (q,) 
which is a full inverse image of some point gq, € % under 
a smooth mapping f: % — &. 

Definition 4. A point go €% is said to be a regular 
value of a mapping f: 2 — Z if f is a submersion at each 
point pe ¥y. 

Proposition 1 (theorem on the inverse image of a reg- 
ular value). The inverse image Y = f=! (qo) of an arbit- 
rary regular value q, (when ¥ is not empty) is an embedded 
submanifold of a manifold 2. The dimension of the sub- 
manifold is n — r, where r = dim Z (and n = dim @). 

Proof. For any point p € ¥ in a manifold &@ there is a 
chart (U, z!, ...,; 2") = (U, h) and in @ there is a 
chart (W, z!, ..., 2") such that p € U, f{U c W, and in 
these charts a mapping can be written as follows 
(13) BS eg 2 
where m -= n — r. We may assume without loss of gene- 
rality that at a point gq, all the coordinates z', ..., 27 


are zero, and hence a point u € U is in the set ¥ (i.e. more 
exactly in the intersection V = U (| y%) if and only if 


2 (a) = 0. e623 2" (= 0. 
It follows that if a mapping k: V — R™ given by 
k(u) = (yu), .--, y™(u)), “EU, 
where 
y =z ly, ..., y™ = 2™ ly, 
is to be considered due to the natural embedding 
RR” me RY eh ok og SY ae (ey ee a OF 2 og OD) 


as a mapping in R”, then it is nothing but a restriction 
h |y on V of a mapping h: U +h (U). The set k (V) being 


240 Semester lil 


an intersection R™ (| h (U) is open in R™, and the map- 
pingk: V>k WV) is bijective. In other words, the pair 
(V, k) = (V, y’, ..., y™) is a chart in ¥Y. 

Now let (U’, x1’, ..., 2”’) be another chart of a man- 
ifold 2@ having similar properties with respect to a 
mapping f and let (V’, y’, ..., y™’) be the correspond- 
ing chart in Y. Since the coordinates z', ..., z” and 
zi", ..., 2” are connected in the intersection U() U’ 
by formulas of the form 


SS 2 a ey POS Te ie Nt, 
where 


{14) det 


the saiieginee y’, ..., y™ and y?’ , y™ are con- 
nected in the intersection Vf] v=U a U' 1 & by 


(15) y?” = 27’ (y', ..., y™, O, ..., 0), jf?’ = 1, ..., m. 


Besides, since in U’ the set ¥Y is defined by the equa- 
tions 


gmt+i?’ — 0, ..., 2” = 0, 
in V() V’ #2 there must also hold the relations 
ae («acc yy, Oy 424-0) = 0) KH me 1, oan: 
t’ 
Hence it follows that for partial derivatives — {= 
4, ..., m, the following equations 
Oy” we 
oat _ ae ) aie ae —cs Deen 
a 0 if i’=m+1,...,n 


hold at each point of Vf) V’, and hence Jacobian (14) 
is divided by a Jacobian 

y? | S41 saat 5 
a “ay! |? es Pan | 
Consequently, Jacobian (16) is nonzero, and hence formu- 
las (15) specify diffeomorphism of the corresponding sets. 


This proves that any two charts of the form (V, y', .. ., 
y™) on & are compatible. Since they obviously cover ¥, 


(16) | det 
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it follows that these charts make up an atlas, and hence ¥ 
is an embedded manifold. 0 
It follows directly from formulas (13) giving a mapping 
f in local coordinates that the differential 
dfp: Tp® > T,,Z 


of that mapping at a point p € Y acts on the vectors of 
the basis for a space T,@% as follows: 


as 0 if i=1,...,m, 
ity (er), ={ ( ; ) if i=m+i,...,n. 


Gzi-m 


Hence vectors 


~ 0 0 
(17) 9 ee ), 
generate the kernel Ker df, of a mapping djf,, and vectors 
0 0 
Sa (amr), +--+ (ar), 


generate a subspace mapped isomorphically onto a tangent 
space T,,% of a manifold &. 
Thus 


T,X = Ker df, ® T,,%, 


where T,,% is a subspace spanned by vectors (18). 

On the other hand, since y! = 2! [y, ..., y™ = 2" ly, 
vectors (17) generate a subspace T,% of a space T,7%. 
Therefore for any point p € ¥ the kernel Ker dfp of the 
mapping df, coincides with the tangent space T,pY of a 
submanifold ¥%: 


(19) TpY = Ker df, 
and hence 
(20) TpX =TpYy @ T,,z. 


Note that this decomposition holds for any point 
pey. | 
Remark 1. It should be kept in mind that by no means 
any embedded submanifold ¥ c @ is the inverse image 
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of a regular value under some mapping /: Y — Z (see 
Problem 1 below). 

According to formula (20), for an embedded submani- 
fold ¥ < & to be the inverse image of a regular value it 
is necessary (and as can be shown sufficient) that for any 
point p€% there should hold a decomposition of the 
form 

Tp? =Tpy @ Nz, 


where N,, is a subspace for which for all p an isomorphie 
mapping V, > R*®-™ dependent smoothly (in the obvi- 
ous sense) on a point p is given. 


Let f!, ..., {” be smooth functions on a smooth mani- 
fold 2, and a!, ..., a” be real numbers. A point p € 7 
is said to be a solution of a system of equations 


(21) P22 6c f Se 
if f*(p) = a‘ for any i = 1, r. 
Let Y be the set of all solutions of system (21). 


Equations (21) are said to be functionally independent 
if for any point p € Y covectors 


dfs, .--, 4fpETSL 
are linearly independent, and hence equations 
(22) df; =0, ..., df, = 0 


define in T,2% some linear subspace of dimension m = 
n—r. 

Proposition 2. For every system (21) of functionally inde- 
pendent equations the set Y of its solutions is an embedded 
submanifold of a manifold Y of dimension m = n —r. 

For every point p €Y the subspace TY is a subspace of 
solutions of a system of linecr equations (22). 

Proof. Functions f!, ..., f’ define (by formula f (p) = 


(f' (p), ..-, f? (p)) a smooth mapping f: 2% — R’ for 
which the set Y is the inverse image f-! (a) of a point 
a = (a!, ..., a") ER’. The functional independence of 


equations (21) obviously implies that the point a is a 
regular value of a mapping f. The first statement of Prop- 
osition 2 is therefore just a restatement of Proposi- 
tion 1 for the case where Z = R’. 
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Similarly, since the space of solutions of equations (22) 
is nothing but the kernel of a mapping d/,, the second 
statement is a restatement of equation (19). 0 

Corollary 1. Let f be a smooth function on a smooth 
manifold 2, and let ¥y be the set of all points p € & for 
which f (p) = a, where a € Risa fixed number. If df, «0 
for every point p € ¥, then ¥Y is an embedded submanifold 
of dimension n —1 whose tangent space at an arbitrary 
point p € ¥ is a hyperplane df, = 0. O 

For the function f = f(z. y) on R* the condition 
df, #0 implies that either 2! 40 or os +0. The 


condition that a subset in a plane with equation f (z, y) = 
0 should be an embedded one-dimensional manifold im- 
plies precisely that the subset has no Singular points (see 
Lecture 1). 

Remark 2. As shown by the Whitney theorem in Lec- 
ture 1, it is practically impossible to get rid of the con- 
dition df, +0 in Corollary 1. Nevertheless this condi- 
tion is by no means necessary for the set ¥ to be an em- 
bedded (and not necessarily (m — 1)-dimensional) sub- 
manifold. In R%, for example, the equation 


2+y=0. 


defines a straight line (an embedded submanifold), but 
at all points of the straight line the differential df, of 
the function f = z? + y? is identically zero. 

Moreover, according to Remark 1 it is by no means any 
submanifold that can be given by a system of functionally 
independent equations. 


Problem 1. Show that on the projective plane RP? there is 
no smooth function / whose set of zeros would be the projective 
straight line RP! RP?®. 


Nevertheless in practice the fact that one subset or 
another of a smooth manifold is an embedded submanifold 
would as a rule be established using Proposition 2 (or 
its Corollary 1). 


Example 1. The determinant det A of a square matrix 
A = || 4a;; || is a polynomial in a;; of degree 1 in each 
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variable. It can easily be seen that 


Odet A 
(23) — 


=A,;, 


where A,, is the cofactor of an element a,;. (It suffices to 
notice that by the determinant expansion formula by col- 
umn elements det A = A,ja;; + Ajj, where Aj, is in- 
dependent of a,,). Since for det A = 1 it is required that 
A ;; #0 for at least one element a,,, it follows that the 
conditions of Corollary 1 to Proposition 2 hold for the 
equation 
det A = 1 


(on the manifold GL (n)). Consequently, the group 
SL (n) is an embedded submanifold of dimension n* — 1 
of GL (n). 

Problem 2. Show that the smoothness on the group 
SL (n) as a submanifold of the manifold GL (n) coincides 
with the smoothness of the group as a matrix Lie group 
(see Lecture 5). 

Since the group GL (n) is an open submanifold of the 
vector space Mat, (R), for any matrix A€GL(n) the 
tangent space T,GL (n) to GL (n) in A can be naturally 
identified with Mat, (R). Corresponding to the basis 
vector son) a of T,GL (nm) is the matrix unit £;,; € 
Mat, (R), and hence corresponding to the covector 
(da;;)4 is the covector Mat, (R) — R which associates a 
matrix B = || bi; || with its element 5),;. 

It follows by virtue of (23) that the differential df, of 
the function f: A —» det A considered as a covector of the 
space Mat, (R) acts by the formula 


n 


df, ad eae >) Arjbiy, B=|\ bi; || € Mat, (R), 


j=! 
where A;; are the cofactors of the elements of A. In par- 
ticular, for A = E (when A;, = 6;;) we get 
df, (B)= 2 b,,=Tr B, 


and hence Ker df, = 31 (n). 


Lecture 13 245 


Since Ker dfy = T,SL (n) this proves that the tangent 
space to the subgroup SL (n) at,a point E is its Lie algebra 
a{ (n). 

Remark 3. In the next semester* we show (see Lec- 
ture IV.13) that any matrix Lie group J is an embedded 
submanifold of the manifold GL (n) the tangent space to 
which at a point E is the Lie algebra g of the group. 


* M. M. Postnikov. Lectures in Geometry: Semester 1V. Differe- 
ntial Geometry. Nauka Publishers, Moscow, 4 
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The embedding theorem-Compact sets revisited-Urysohn 
functions- Proof of the embedding theorem- Manifolds satis- 
fying the second axiom of countability- Scattered and meager 
sets: Null sets 


The simplest, and the most obvious, class of manifolds 
are manifolds which, for some N > 0, are diffeomorphic 
to embedded submanifolds of the space R* or, to sim- 
plify the definitions, manifolds that can be R‘-embedded. 

Clearly any subspace of a Hausdorff topological space 
satisfying the second axiom of countability is Hausdorff 
and satisfies the axiom. Any WR-embedded manifold is 
therefore Hausdorff and satisfies the second axiom of coun- 
tability. It turns out that this necessary condition is also 
sufficient: 

Theorem 1. For any smooth Hausdorff manifold 2 sat- 
isfying the second axiom of countability there is an N such 
that the manifold ® can be RN-embedded. 

What can we say about N? 

Proposition 1. If a smooth manifold of dimension n is 
RN-embedded, where N>2n + 1, then it is also RN-- 
embedded. 

Corollary (Whitney theorem). Any smooth Hausdorff 
manifold DY of dimension n satisfying the second axiom of 
countability can be R*"*!-embedded. 

We prove Theorem 1 only under the assumption that 
the manifold ® is compact. [Notice that a compact mani- 
fold satisfies (prove it!) the second axiom of countabili- 
ty.] The general case requires additional technicalities 
for which we have no time. 
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Remark 1. Theorem 1 is true for manifolds of an arbit- 
rary C”’ class, r> 1, but we shall not prove it for C’- 
manifolds and for (real analytic) C®- manifolds which re- 
quire quite different, much more complicated considera- 
tions. 

We begin with some simple remarks about compact 
sets. 


It is easy to see that the continuous image of a compact 
set is compact, i.e. for any continuous mapping f: 2 — ¥ 
and any compact subset C c @ the set fC < y is com- 
pact. Indeed, if open sets U, cover fC, then en sets 
1U¢ cover C, and if the sets PP eg. oy TU gg. COV- 
er C, then the sets U,,, ..., Ua, cover fC. O 

Generally, a compact subset may be nonclosed, but if 
the space is Hausdorff, then this is impossible, i.e. in a 
Hausdorff space 2 any compact subset C is closed. Indeed, 
since 2 is a Hausdorff space, for any point c €C and 
any point p €2\C there. are neighbourhoods U (c) and 
V. (p) for points c and p, respectively, such that Uy (c) f} 
V.(p) = @. Since for every point pEVNC all 
neighbourhoods of the form U, (c), c € C, cover the set 
C, in view of the set being compact there is a finite 
system of points c,, ..., c, € C such that 


Cc Uy (e}) U ~o+ UU,» (ep). 
But then the intersection 
(1) V = Ve, (Pp) N--- 1 Vey (P) 


is a neighbourhood of p that does not intersect with C, 
i.e. contained in 2\C. This proves that any point p of 
the set 2\C is its interior point, i.e. 2\C is an open 
set. Consequently, the set C is closed. 0 

It follows that if a space Y is compact and a space ¥ is 
a Hausdorff space, then every continuous mapping f: 7 — 
wy is closed (for any closed set Cc y the set fC Cc ¥ is 
closed). Indeed, if the set C is closed, then it is compact 
since the space 2 is compact. The set fC is therefore 
compact, and hence closed since the space ¥ is Haus- 
dorff. D 
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Of particular importance is the case where f is a bijec- 
tive mapping. Since in this case the fact that the map- 
ping / is closed implies that the inverse mapping f7: 
vw —» @ is continuous, we see that a continuous bijective 
mapping of a compact space onto a Hausdorff space is a 
homeomorphism. 

If, however, a continuous mapping f: 2 —¥yY of a 
compact space 2% into a Hausdorff space -¥ is only in- 
jective, then it is a moneomorphism (a homeomorphism 
onto its image f.(¥) which in this case is closed in %). 

Therefore, every compact submanifold of a Hausdorff 
manifold is an embedded submanifold. 


Now let 2 be an arbitrary smooth manifold, and W 
and V be its open subsets such that 


(2) We V. 


Definition 1. By Urysohn’s function of a pair (V, W) 
we mean a smooth function g: 2 — R such that 

(a) O< @(p) <1 for any point pce Z, 

(b) @ (p) = 1 if and only if p € W, 

(c) if pE TNV, then @g (p) = 0. 

It can be shown that if the manifold 2 is Hausdorff 
and satisfies the second axiom of countability, then 
Urysohn's function exists for any pair (V, W) of open sets 
that satisfy function (2). However, we do not need this 
statement and shall restrict ourselves to a proof of the 
following weaker result. 

Proposition 2. If a smooth manifold 2 is Hausdorff, 
then for any of its points py and any neighbourhood U of 
that point there are open sets W and V such that 


Po E W, WceV, VcU 


and for a pair (V, W) there is a Urysohn function. 
Proof. It is clear that without loss of generality a 
neighbourhood U may be assumed to be a coordinate neigh- 
bourhood of a point p,. This means by definition that 
there is a diffeomorphism h of the set U onto some open set 
h(U)cR". Let x, = h({p,). Since x, €h(U) and the 
set h (U) is open, there exists an r > 0 such that every 
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point x € R” for which |x — x, |< r (i.e. each point 
‘of a ball B? (x,)) is in h (U). 

Replacing the diffeomorphism h by its composition 
with some similarity transformation of R", we may there- 
fore assume without loss of generality that x, = 0 and 


r= 3, i.e. that B" <— h(U), where (see Lecture 1) B" 
is an open ball of R” of radius 3 with centre at the point 0. 

For any r< 3 in a manifold Z a set h-! (BP) is then 
defined. Since the ball B? is compact, and the mapping 
h- is a homeomorphism, this set is also compact and 
hence closed, since under the hypothesis the manifold 2 
is Hausdorff. 


On the other hand, the set h-! (BY) is is open (in U and 


hence in 2 too) and its closure h7' (B") obviously con- 
tains the set h-! (B"). Therefore 


h (Bf) = h- (BP). 
Putting 
W = h- (B") and V = kh” (BP) 
we immediately get 
Wc V and Vc U, 
with py € W and 
h(W) = B? andh(V) = B?. 


Now recall that according to Corollary 2 to Lemma 1 of 
Lecture 1 there is a smooth function f/f: R° ~R on 
R” such that 0 << f<1 on R” and 


1 if and only if x¢Bj, 
if and only if x¢@B3. 


With all this in mind we define the function g : 7 +R 
as follows: 


(3) 9 (p) = 


10 3ax. 516 


se if peu, 
if pqu. 
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Clearly, this function has properties (a), (b), and (c) of 
Definition 1. It is only necessary therefore to prove that 
function (3) is smooth. 

By construction function (3) is smooth on U and on 
X™N V (it is zero on the latter set).The open sets U and 
U~NV cover Z. On the other hand, it is clear that if some 
function @ :2-—»R is smooth on any element U, of 
an open covering {U,} of the manifold 2, then it is 
smooth on the whole 2. In particular, function (3) is there- 
fore smooth on Z%. O 


Now we can prove Theorem 1. 

Proof of Theorem 1 (for a compact 2°). Choosing for 
every point p, € 2 a coordinate neighbourhood U and 
applying Proposition 2, consider a set W specified by this 
proposition. Constructed for all points p, € 2, these sets 
make up an open covering of a manifold 2. Since under 
the hypothesis V is compact, we can therefore choose a 
finite subcovering in that covering. Denote the sets W 
that make up the subcovering by W,, ..., W,» and con- 
sider the corresponding sets 


Vi, peer Vins Uy, ~~ +) Um, 
coordinate mappings 
hy: Uy > R" , ..., Am: Um > R" 
and functions 
Qi: DT—>R, ..., Pm: V>R 


of Proposition 2. 
These sets, mappings, and functions have the following 
properties: 
1° For any i= 1,..., m there exist embeddings 
Wic Vi, Vic Uj. 
2° The families 
{(W, h,), eseg (Wn, hm)}, 
{(Vi, h,), eo 8 8g (Vn; hn)}; 
{(U,, h,), a } (Un, hm)} 
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are the atlases of a manifold 2. (In the first two cases, of 
course, the: corresponding restrictions of the mappings 
h,, ..., Am are meant.) 

3° Every function g;, i = 1, ..., m, is the Urysohn 
function of a pair (V;, W,). 

Writing vectors of R"*! as pairs (x, x), where x € R” 
and z € R, we define mappings 


ieee. tH 4.5.24, 
as-follows: 


© ae vi(p)) if peu, 
h(P=1 0, 0) if p¢U,. 


It is clear that the mapping /; is smooth on U; and zero 
outside V,. It is therefore smooth on the entire manifold 
. Besides, f, (p) = (h; (p), 1) for any point p € W; 
whence it directly follows (since the mapping h, is a diffe- 
omorphism) that the mapping /; is an immersion at every 


point p € Wj. 

Now consider a space RN, where N = m(n - 1). 
Writing the vectors of the space as (x,, ..., Xm), where 
Xi, -- +, Xm €R"*!, we define a mapping 


h: a —> RN 
putting for any point p€ @ 
f (p) ms (fi (p), ae | Sm (p)). 


The mapping f is clearly smooth. 

Let p and g be points of the manifold 2 such that 
f (p) =f (g). Then f; (p) = f; (g) for any i = 1, m 
and, in particular, g; (p) = g; (gq). On the other hand, 
since charts (W,, h,) make up an atlas, there exists an i, 
such that p € W;, and hence qi, (p) = 1 (and f;, (p) = 
(hi, (p), 1)). Consequently, pi, (gq) = 1, which by vir- 
tue of property (b) of functions q; is ‘possible only for 
q € W,. Therefore f;, (g) = (hi, (q), 1) and hence h,,(p) = 
hi, (q). Since the mapping h;, is injective, this proves 
that Pp =4q. Thus if f (p) =f (g), then p = 4, i.e. the 
mapping f is injective. Since the manifold Y is compact, it 
follows that the mapping f/ is a moneomorphism. 


10* 


252 Semester III 


Now consider the differential df, of the mapping f at 
an arbitrary point p € 2. By virtue of the identification 
Typ RN = RN we may assume that 


df p: TpX —> RX. 


But then the differential is obviously made up of map- 
pings /; in the.same way as the mapping f is made up of 
mappings f;, i.e. for any vector A € T,2 we have 


(df)pA = ((df,)pA, . - -, (dfm) pA). 


But if, as above, p € W;, (and hence the mapping f;, is 
an immersion at a point p), then for any nonzero vector 
A€T,& the vector (dfi,)pA € R"*! is nonzero. So is 
therefore the vector (df)pA € RN. This means that the 
mapping f is an immersion (at any point p € 2). 

So the mapping f is an immersion.which is a moneo- 
morphism. Hence its image {2 is an embedded submani- 
fold of RN which is diffeomorphic to the manifold 7. O 


To prove the Whitney theorem (for compact manifolds) 
it now only remains to prove Proposition 1. To do this we 
must begin comparatively from afar. — 

We have already noticed earlier that any compact mani- 
fold (which can be covered by a finite family of coordinate 
neighbourhoods) satisfies the second axiom ofcountability. 
More generally, any manifold covered by a countable 
system of coordinate neighbourhoods satisfies the second axiom 
of countability. Indeed, being homeomorphic to an open 
set of R" , every coordinate neighbourhood satisfies the 
second axiom of countability, and, on the other hand, 
it is clear that any space with countable covering all 
elements of which satisfy (in the induced topology) the 
second axiom of countability obviously satisfies the axi- 
om. (J 

Conversely, it is easy to see that in any smooth mani- 
fold 2 which satisfies the second axiom of countability there 
is a countable base consisting of coordinate neighbourhoods. 
Indeed, let {O,} be an arbitrary countable. base for 2. 
For any point p € 2 and any coordinate neighbourhood 
U containing the point p in {O,} there is then an element 
Oaip, vy) such that p € Og(p,v) © U. Let O be an arbit- 
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rary open submanifold of @%. Choose for any point 
p €O acoordinate neighbourhood U, such that p€ UU, <O 
and consider the sets 


O> a Ou (p,Up): 
Since p €0,c Up < O and p ranges over all points of 
O, we have UO> 


Consequently, sets of the form O, (p, v) (which, by vir- 
tue of the inclusion O,.p, y) c U, are the coordinate neigh- 
bourhoods) make up a base for the manifold 2°. To com- 
plete the proof it remains to notice that this base is a part. 
of the countable base {O,} and is therefore countable. O 


It is known from calculus that many situations become 
much simpler when we restrict ourselves to points in gen- 
eral position and ignore “sufficiently small” sets. There are 
at least two approaches to the definition of “sufficiently 
small” sets of smooth manifolds, a “topological” and a 
“metric” approach. 

The former approach is based.on the following general 
definition. 

Definition 2. A subset of a topological space @ is said 
to be scattered (or nowhere dense) if its closure has no 
interior points. 

A subset which is the union of a finite or a countable 
number of scattered sets is called meager. 

Remark 2. The term “meager set” was introduced by 
Bourbaki. Meager sets were formerly called “sets of the 
first category”. This is a most unhappy name for many rea- 
sons, and it should not be used. 

In general, a meager set may be quite “massive”. For 
example, it may coincide with the entire space 2% (the 
field @ of rational numbers may serve as an example, as 
in general, any countable topological space having no 
isolated points). 

Definition 3. A topological space 2 is said to be a 
Baire space if any meager subset of it has no interior 
points. 

Thus in a Baire space meager sets are indeed meager. 

But are smooth manifolds Baire spaces? It turns out 
that the answer is yes (at least for Hausdorff manifolds), 
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but the proof of the corresponding theorem requires cer- 
tain preparations for which we have no time. We therefore 
prefer the other, “metric” approach, and the proof that 
Hausdorff manifolds are Baire manifolds will be presented 
in a series of problems. 

Definition 4. A topological space @ is said to be regu- 
lar if for any open set UC @ and any point p € U there 


is an open set V such that p € V and Vc U. 

Definition 5. A topological space 2 is said to be loeal- 
ly compact if each of its points p has a neighbourhood O 
whose closure O is compact. 

Problem 1. Prove that a Hausdorff locally compact space is 
regular. (Hint. By Proposition 3 of Lecture 9 the compact subpace 
O 1) U is normal. Therefore there is a neighbourhood V of a point 
p in O 1 U such that Vc O  U.) 

Problem 2, Let {A,, n> 1} be a vane A of nowhere dense 
subsets of a locally compact Hausdorff (and hence regular) space 
4, and let U be an arbitrary neighbourhood of some point p €.7. 
Show that there is a sequence of nonempty open sets U,, n> 0, 
such that - 

(a) the set U, is compact and contained in U, 

(b) for any n> 1 the relations 


Un CUn-1, Un An=2D 

hold. (Hint. Since the set A is nowhere dense, there is a nonempty 
open set V,, in the open set U,,_, such that V, 1) A,-, = ©, and 
since Y is regular, there is a nonempty open set U, such that 
U,< Vy.) 

Problem 3. Hence we deduce that the neighbourhood U contains 
a point that is not in the union A of sets A, (Hint. The sequence 
{U,,} is a centred family of closed sets of a compact space U,, and 
the intersection of all sets U,, is therefore not empty.] 


The statement of Problem 3 means that any Hausdorff 
locally compact space is a Baire space. Since any Hausdorff 
manifold is obviously locally compact, every Hausdorff 
manifold is therefore a Baire space. 


Recall that a subset A of a Euclidean space R” is said 
to be a set of measure zero (or null set) if for any e > O there 
is a finite or countable family of open balls of R” which 
cover A such that the sum of their (n-dimensional!) 
volumes is less than e. 
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In this definition balls may be replaced by parallelepi- 
peds (or even cubes) with edges parallel to the coordinate 
axes, i.e. by subsets of R" whose points x=(z', ..., x") 
are characterized by inequalities of the form 


aezi<c DF, t=1,..., 2H. 


We shall need the following three properties of null sets 
known from calculus: 
1° A union A = UA, of a finite or countable family 


{A ,;} of null sets is a null set. 

2° For any smooth mapping f: U — V, where U and V 
are open subsets of R", and any null set AC U the set fA 
is a null set. 

3° No null set has interior points. 


To prove Property 1° it suffices to notice that by covering a 
set A; for each i> 1 with balls the sum of whose volumes is less 
than e/2: we obtain a covering of a set A with balls the sum of whose 
volumes is less than e. 

To prove Property 2°, we first notice that by virtue of Property 
1° it suffices to prove only in the additional assumption that there 


is a closed cube Qc U such that A is contained in its interior @- 
On the other hand, it follows directly from the Lagrange formula 
applied to functions |, .. ., f*" which specify a mapping f that for 
any two points x, y € Q we have 


lf@)—fiyi<M-I[x—yl, 


where M is some constant (the maximum of absolute values for 
first derivatives of functions f}, ...,-/" in the cube Q). Therefore 
any ball of radius r contained in Q carries the mapping { into a 
set contained in a ball of radius Mr and hence having a volume at 
most M™” times larger. By covering the set A with balls of total 
‘volume < e/M” we therefore obtain a covering of the set fA with 
balls of total volume <e. 

To prove Property 3° it suffices to establish that if a finite 


family (Q,, ..., Qm} of cubes of R” with sides parallel to the 
coordinate axes covers a cube Q, then the sum of the volumes of 
the cubes Q,, ..., Q,» is less. than the volume of ¢ (and hence 

the covering). 


bounded below by a spoerive constant independent of 
Let a,, ..., @,, and a be the lengths of the sides of the cubes 
1 ++ +> Qm and Q, and N,, ..., N,, and N be the number of 
points of KR" with integer coordinates contained in the cubes 

19 + + +> OQ» and Q, respectively. Since the cubes Q,, ..., Qm 
cover the cube Q, we have 


N<N,+...+Nm- 
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On the other hand, it is clear that 
[((e— 1)*" << N< (a+ 1)" 
and similarly 
[(a, — 1)*]"< Ny < (a, + 1)" 


for any k = 1, ..., m, where 
x* = max (z, 0). 
Therefore 


[(a—1)*]"< }) (an+4)". 
k=i1 


Applying this inequality to homothetic cubes ho reer Age 
and Ag, where A > 0, we obtain, with A sufficiently large, 


(Aa—1)" < }) (Aan +4)". 
k=1 


Hence 


n 
4 \n 4 \n 
(--z)'< (at+z)". 
whence, as A -» +00, we obtain the required inequality for 
volumes 


It is astonishing that such an obvious fact should require such 
elaborate a proof! 


We shall also need one, more profound property of null 
sets. 

For any subset A c R” by a section associated with 
zx" = t we mean a Subset A, of R"~' consisting of points 
X = (2%), ..., Zp_;) ER" such that (x, t) = (a, ..., 
Zn-1 t) is in A. 

Theorem (Fubini). Let C be a compact subset of R” such 
that for any t € R its section C, associated with r, = tisa 
null set (of .R"-*"). Then the set C is also a null set. 


Although this theorem is, no doubt, familiar from calculus, 
we still give its full proof here. 

A covering of a closed interval [0, 1] with open intervals is 
said to be admissible if a union of these intervals is contained in 
the open interval (—1, 2 


Lecture 14 257 


Lemma 1. From any admissible covering of a closed interval 
[0, 1] with open intervals it is possible to single out a finite subcovering 
the sum of the lengths of whose elements is at most siz. 

Proof. We show that any minimal subcovering (i. e. subcovering 
no element of which can be rejected) has the required property. 

Let (a;, b;), 1<i<m, be intervals making up a given minimal 
subcovering. It is easy to see that a; = a; for i ~« j (indeed, if 
a;=a,, then for b; <b, the interval (a;, 6;) is unnecessary, and 
for b; > bj, the interval (a; ,b;)). Indexing, therefore, if necessary, 
the open intervals, we may assume that a;< a, for i<j (and hence 
b; < b,; by virtue of minimality). But then a;< aj.) << bi < aj4s for 
any i =1,..., m — 2, because for a;,, > b; there would be holes 
in the covering, and for b; >ai,3, in view of inequalities 
by < bi41-< digg the interval (241) 544,;) Would be contained in 
the union of (a;, b;) and (aj,3, 6;,3) and hence unnecessary. 
Consequently, for the sum of the lengths of the intervals of the 
subcovering under consideration there is an estimate 


(b, -— a,) + (bg — ag) + (bg — a3) + ... + (bm-2 — Om-a) 
+ (bm-1 — @m-1) + (6m — 4m) < (a3 — 44) 
+ (ag — ay) + (a, — as) + ... + (@m — Gm-s) 
+ (bm-1 — @m-1) + (6m — 4m) = bm-1 + Om 
— a, — a, < 2 (b,, — a,)< 6 


(for in view of admissibility —1 < a, and b,, < 2). O 

Proof of Fubini’s theorem. We may obviously assume without 
loss of generality that the set C is in the region 0 < z, <4. Under 
the hypothesis, for any e > 0 and any ¢ € [0, 1] there are open 
cubes Qj) in K"-1 that cover the section C; whose total volume is 
less than e/6. Let Q; be their union (containing C;), and let Qf be 
an open subset of Rn consisting of all points of the form (x, 2), 
where x-€ Q; and 0<t<i (i.e. QF = Q X (0, 1)). Since a 
closed subset of a compact space is compact, the set C\.Q{ is com- 
pact. On the other hand, the function f(x, z")=|z, —tl, 
(x, z,) € R”, is continuous and positive on the set C\Q}. Hence 
there is a number a > 0 such that 


(4) |z, —t|>a for any point (x, z,) € C\Q%. 


We may, of course, assume without loss of generality that « < 1, 
i.e. that the covering of a closed interval [0, 1) with intervals 
Iy = (t —a, t+ a) is admissible. 

According to Lemma 1 it is possible to choose in this covering 
a finite subcovering {/;,, ..., I,,,} consisting of intervals the 
sum 2am of whose lengths is less than six. . 

Let Ly; be a parallelepiped of R” consisting of points (x, 1), 
x€R"1,TER such that x € Ql and +t € J; (i.e. Ly = Qt) x I; ). 


It follows directly from formula (4) that parallelepipeds L,; cover 
the set C. (Indeed, let (x, z,) € C. There is a j such that z, € Igy 
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i.e. such that z, — t;|< a. By (4), therefore, (x, z,) € QF, 

: J 
and hence x € Q') for some i. Consequently, (x, zp) € Li;.) On 
the other hand, the n-dimensional volume of a parallelepiped L;; 
is obviously equal to the (mn — 1)-dimensional volume of a cube 
@ multiplied by the length 2a of an interval J; ,. Therefore the 


total volume of all parallelepipeds L,; is at most m= -2a < €. 


Thus for any e > 0 the set C allows covering by parallelepipeds 
of total volume <e. Hence this set is of measure zero. (1 


_-For smooth manifolds null subsets can be naturally de- 
fined. 

Definition 6. A subset A of a smooth n-dimensional 
manifold 2 is said to be a null set if there is a finite or a 
countable family of charts (U;, h;) in 2 such that Ac 
UU; and each of the sets h; (U; (1) A) is a null set in R”. 


It is clear that Properties 1° and 2° of null sets in R” 
remain valid also for null sets in an arbitrary manifold (in 
Property 2° one should now understand by U and V 
any smooth manifolds of the same dimension). In partic- 
ular, it follows that for any null set A and any chart 
(U, h) of ® the seth (U (| A) is a null set in R", and if 
the manifold satisfies the second axiom of countability, 
then, conversely, the subset AC 2 is a null set if the set 
h(U (A) is a null set in R" for any chart (U, h) of ® 
(or at least for any chart of an arbitrary countable family 
of charts whose supports make up a base for the manifold 2). 

It is useful to compare null sets with meager sets. In 
general, these two classes of sets are in no way related to 
each other: there are meager sets that are not null sets 
(and even have a complete measure, i.e. such that their 
complement is a null set), and nonmeager null sets (and 
even null sets with meager complements). 


Let, for example, U;, 1 < i < oo, be a union of a countable 
system of intervals on the straight line R whose centres are all 
possible real points, and the sum of lengths is 2-?. Then the set 


A= n U, is a null set, and since for any i the set R\.U; is nowhere 
i= 

dense (it is closed and has no interior points), the complement 

R\A =U, (R\U),) of A is a meager set. 
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However, since a null set (in R” and hence in any 2) 
has no interior points, any closed null set is nowhere dense. 
Every null set that can be represented as a union of a 
finite or countable number of closed sets (which are neces- 
sarily null sets) is therefore a meager set. Such sets have 
no a generally accepted name. In the absence of a better 
term we shall call them null meager sets. 
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The Sard theorem: The analytic part of the proof of the Sard 
theorem: Direct product of manifolds: The manifold of tan- 
gent vectors: Proof of the Whitney theorem 


Let f: 2 — ¥Y be a smooth mapping of an n-dimensional 
smooth manifold Z into an m-dimensional smooth mani- 
fold ¥. 

Definition 1. A point p € 2 issaid to be a critical point 
of a mapping f if ) 


afp (Tp?) ¥# T yy, q=f (p), 
i.e. if the mapping © 
Af yp: Tp® + Ty 


is not epimorphic (the mapping f is not a submersion at 
p). A point g€¥% is said to be the critical value of f if 
there is a critical point p € 2 such that q = f (p). 

Comparing this definition with Definition 4 of Lecture 
13 we at once see that critical values are precisely nonregu- 
lar values of the mapping f. 

Notice that for n<<m any point of the manifold ® 
is a critical point of the mapping f. In this case therefore 
critical values are points of the set f%, and regular values 
are points of its complement ¥Y\ f/f. (Thus for n < m the 
inverse image of any regular value is empty.) 

Now we can formulate the main theorem of this lec- 
ture: 

Theorem 1. /f a manifold 2 satisfies the second axiom of 
countability, then for- any smooth mapping f: ®—~>y 
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the set C (f) of its critical values is a null set, and if a mani- 
fold ¥ is Hausdorff, even a null meager set. 

But if the manifold @ is compact (and the manifold ¥ is 
Hausdorff), then the set C (f) is closed and nowhere dense. 

This theorem is usually called the Sard theorem although 
it was proved by Brown prior to Sard and by Dubo- 
vitsky independently of Sard. 

Corollary. Jf dim 2 < dim ¥Y, then every smooth map- 
ping f: Y + is trivially not surjective (the set YN f2R 
is not empty).O 

We shall need only this etallary to prove the Whitney 
theorem. 


We emphasize that smooth manifolds of class C™ or C® 
are meant in Theorem 1. However, looking through its 
proof given below we can see that it is also valid for C’- 
manifolds, where r>n—m-4 2 for n>m and r>2 
for nx m. [Moreover, resorting to some technical tricks 
this r can be reduced by yet another unity. Appropriate 
examples show that it is impossible to reduce r still more.] 

We derive the Sard theorem from the following propo- 
sition. 

- Proposition 1. Let f: U —R”™ be a smooth mapping of 
an open set Ux R" into R™, and let K be an arbitrary com- 
pact subset of the set of critical points of f. Then the set {K 
isa null set. 

Notice that since R” is a Hausdorff space, the set {K 
is closed and hence nowhere dense. On the other hand, the 
set of critical points of f is obviously closed and hence a 
union of a countable family of compact subsets. Conse- 
quently, the set C (f) of critical points of f is a null mea- 
ger set. 

We thus see that in the special case 7 = U, Y = R™ 
the Sard theorem is a direct consequence of Proposition 
1. It turns out that in the general case it can be easily re- 
duced to this proposition. 

Indeed, for any open subset O of a manifold & the crit- 
ical points of f contained in O are obviously nothing 
but the critical points of its restriction f | 9 on O. Hence 


Cif) = U C (f | Uq) 
for any countable base {U,} for 2. 
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If every U, is the support of some chart (U,, f,) (which, 
as we know, can always be attained) and if f (U,)c V,, 
where (V,, k,) is a chart of a manifold Y, then C (f | y_) 
is the image under the diffeomorphism k;' of a set C (g,), 
where gq = kalf | u)eha':Uq > R”. 

For the same reasons as earlier, every set 


C (f lug) = KatC (ea) 


is a union of a countable family of compact null sets of 
the form {K, where K is some compact set consisting of 
critical points of the mapping /. 

Consequently, a union of a countable family of such 
sets is the entire set C (f). Since a union of a countable fam- 
ily of null sets is a null set, this proves that the set 
C (f) is a null set. 

If a manifold Y is Hausdorff, then all sets {K are 
closed, and hence the set C (f) is a null meager set. 

Finally, if in addition the manifold Z is compact, then 
the set of all critical points of the mapping f can be de- 
composed as a union K, JU... U Ky of a finite number of 
com pact sets each of which is contained in one of the coor- 
dinate neighbourhoods U,. In this case therefore C (f) = 
JK, U...U/fKy, where, Y being a Hausdorff mani- 
fold, all sets {K,; are closed and hence nowhere dense. 
Consequently, the set C (f) is also closed and nowhere 
dense. 0 

It thus remains to prove Proposition 1. 

First notice that Proposition 1 is trivially proved for 
n<im. Indeed, assuming in this cause that R™ = R” x 
R™-" we can introduce into consideration an open 
set U xX R™-" of R™ and its smooth mapping 


F: U0 x R™"*—>R", 
which is a composition of a projection onto the first factor 


U x R™-"-—JU and of the mapping f/f: U ~ R”. For 
a compact set Kc U we have 


f (K) = F(K x 0), 


where K xX 0 is a subset of R™ consisting of points of the 
form (z, 0), where x € K, and 0 is a zero vector of R™~”. 
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On the other hand, it is clear that the set K x 0 is a null 
set of R™ (since it can be covered by a finite system of par- 
allelepipeds of arbitrarily small height). According to 
Property 2° of null sets of Lecture 14 therefore the set 
F (K x-0) is also a null set.O 

This proves the Sard theorem for n < m and hence the 
above corollary (which we need to prove the Whitney 
theorem). 


Now we proceed to a general discussion of Proposition 
1. Although this proposition belongs, strictly speaking, 
‘to calculus, we shall still prove it here despite the fact 
that the proof is somewhat awkward and tiresome. (Those 
interested in the Whitney theorem may skip the proof for 
the time being.) 
Let a mapping f: U — R™ be given by functions /f!, ..., f™: 
U—+R, ond tet dy, where k> 1, he the of of all ants of U oe 
er 


which all partial derivatives of f}, .. ., fm of orders < k are zero. 
It is clear that 


Co Cr > «5-3 DCR Deas 


where C, is the set of all critical points of 1( i.e. points in which 


the rank of the matrix 35 
zt 


is less than m | : 


Lemma 1. /f C,.,; = @ ors >= — 1, then forany compact 


set K — C, the set fK is of measure zero. 
Proposition 1 is derived from the lemma by simple induction. 
Indeed, there is an s such that the set f (K (| C,) is of measure 


zero ( according to the lemma, any s > = — 1 suits } , On the other 


hand, K (|C, = K. To prove Proposition 1 it is therefore suf- 
ficient to establish that if for some s> 1 the set f (K 1) C,) is of 
measure zero, then the set f us  C,-y) is also of measure zero. 

Let K,, r= 1, be a subset of the set K 1 C,_, that consists 
of points x € K (\C,-_, such that jx — y|>1/r for any point 

€ K | C,. Being a closed subset of a compact set K the set K, 

is compact. 

It is clear that 


K 1) C.4=(K 0) C,) U U K,. 
r= 


We therefore need only to prove that for any r> 1 the set {K, 
is of measure sero. 
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To this end consider an open set U*= U\C,. Let f* = f | ys, 


and let C¢ be sets C, constructed for the function f*. Clearly, Cf = 
Cy\C,, and hence C= @ and K,c C#.,. Lemma 1 is therefore 
applicable to the mapping f* and the compact set K,. Consequent- 
ly, the set fK, is indeed of measure zero. ( 

Thus it only remains to prove Lemma 1. , 

Proof of Lemma 1. The lemma consists of two statements 
with different premises, but with the same inference. We first con- 
sider the first statement (with the premise C, ,,= @). Since a set 
K is compact, to prove the statement it suffices to find for any 
point x, € K a neighbourhood Vc U such that f (K f) V) is o 
measure zero. To this end we find a neighbourhood V of x, such 
that its closure V is compact and the set f (C, 1) V) is of measure 
zero. Then the set f (K 1) V)< f (C, 1 V) is also of measure zero. 

We proceed by induction on n. Since for n = 0 the statement 
is obviously true, we need only to prove that if it is true for n — 4, 
it is also true for n. 

In view of the condition C,,,= @ there is a nonzero derivative 
of order s + 1 of one of the functions f?, . . ., /™ at x,. Interchang- 
ing, if necessary, the coordinates, we may assume without loss 
of generality that the derivative is of the form se, where @ is 
some derivative of order s. ‘ 

Let g bea mapping U ~ R™ defined as 

g(X, In)=(X, P(X, Zn)), (KX, Zn) EU. 

The Jacobian of this mapping is equal too? and hence is 
nonzero at Xz¢. panseanent there is a neighbourhood O’ of Xo 
such that g is a diffeomorphism of the neighbourhood onto some 
open set O, and hence a mapping 

*  (81l9)72 flov 
— 0’ ——> Rm 


h: O 
is defined. = 
Let V be a neighbourhood of a point x» such that V is contained 
in O’ and compact. We show that the set f (C, f) V) is of measure 
zero. 
Two cases should be considered here: s = 0 and s>0. We 
first consider the case s > 0 as a simpler one. 
For s > 0 the function g, being the derivative of order s of one 
of the functions f!, ..., f™, is zero on C,. Hence the set g (C,) 
isin the subspace R"-! x {0} of R™ defined by the equation z, = 0, 
and therefore _ - 
f (Cy 1 V) = ho (g (C, 0 VO), 
where hy is the restriction of h to (R"™-! x {0}) 1 O. This is an 
obvious proof, since the mapping h, is the mapping of an open set 
of R"-1, and hence under the induction hypothesis (applied to 


the mapping h, and the compact set g(C,() V)) the set ho(g(C,1\ V)) 
is of measure zero. 
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For s = 0 the role of the derivative @ is played by one of the 
functions f!, ..., f™ (nonzero on the set C,). Interchanging, if 
necessary, the coordinates in R™, we may assume without loss 
of generality that g = f™, 

Let O,; be a section associated with z, = t of the set O (the 
set of all points x € R”~! for which the point (x, t) € R” belongs 
to O). 

If x € O; and g(x, a) = (x, ¢t), then by definition f™ (x, a) = 
@ (x, a) = t, and therefore 


h(x, t) =f (x, a) = (' (&, a), ..., f™ 1 (x, a), t). 
This means that putting 
hy (x) = (f' (x, a), ..«, f™ (x, @)), 


where x € O,; and g (x, a) = (x, ¢) (i.e. t = f™ (x, a)), we obtain 
a smooth mapping 
hy: Of > Rm-1 
such that 
(1) h (x, t) = (hy (x), #) 


for any pols (x, t) € O. 
It follows from formula (4) that the Jacobian matrix J of the 
mapping h is of the form 


Jt 


PO * 


0...0 1 


where J; is the Jacobian matrix of h,. 

The rank of J at (x, t) is therefore less than m if and only if 
that of J; at x is less than m — 1. But by definition the rank of 
J,atx € O, is less than m — 1 if and only if x is a critical point of 
h,, and similarly the rank of J at (x, t) € O is less than m if and only 
if this point is a critical point of the mapping h era hence the 
point (x, a) = g(x, t) €O’ is a critical point of the mapping 
f, i.e, is in the set C, (| O’). Consequently, the section g (Cy 1) O’);s 
of the set g (C, (| O’) is nothing but the set of critical points of hy. 
Therefore under the induction hypothesis (applied to the mapping 


h, and the compact set g (C, (1 0’) fg (V),)) the subset 
hy (g (Co 10") NB (V)4) 


of R2-1 is a null set. 
Since this last set is by (4) a section associated with z,, = t 


of the set 
h (g (Cy NO’) Ne (V)) = (hog) (Co NV =F KC, Yi, 
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we thus obtain that all sections f (C, () V); of the set f (Cy, f V) 


are null sets. But then by the Fubini theorem the set f (C, 1) V) 
is also a null set. This completes the proof of Lemma 1 for C,,,;= 2. 


Now let s > ~ — 1. Since being compact the set K can be 


covered witha finite number of cubes of R", it suffices to prove that 
for any cube Qc R” the set f (C, f Q) is of measure zero. 

Let a be an edge of Q, and let k> 1. Dividing Q by planes 
parallel to its faces into k” cubes with edges a/k, consider one of 
the cubes Q’ which intersects with C,. 

Since all derivatives of order s -+- 1 of the functions { aey To 
are bounded in Q, it follows immediately from the Taylor formula 
applied to these functions that for any points x€ C, @Q and 
y€@Q we have — 


lf(yJ—f (x) |< M-| y—x |**}, 
where M is some constant number. Since the diameter of Q’ is ob- 
viously equal to —V n, it follows that the diameter of its image 


_ +1 
{Q’ under the mapping f is at most M (tV*) , and hence this 


= +1 
image is contained in a cube of R™ with edge 2M (+ va) 


and volume 
a —\s+iym .B 
[2m (ZV) "=e 


where B =(2Ma!*! (n)**!)™ is a constant independent of k. 
Since there are at most k" cubes Q’ and their union contains the 
set C, 1 Q, it follows that the set f (C, 1 Q) is contained in the 
union of the cubes whose total volume does not exceed the number 
ee, eee 
K(stiym k(sti)m—-n 
and hence tends to zero as k — oo (recall that under the hypothe- 
sis we 1)m—n> QO). 
._ The set f (C, 1 Q) can thus be covered with (even a finite!) 
family of cubes the sum of whose volumes is arbitrarily small. 
Hence this set is of measure zero. 
This completes the proof of Lemma 1 and hence of the Sard 
theorem. 0 


The Sard theorem (or more exactly the corollary to it) 
isthe key to the proof of Proposition 1 of the preceding lec- 
ture (and hence of the Whitney theorem), but to apply 
this key we need some simple but interesting in their own 
right constructions. 
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Let 2 and % be two manifolds (of dimension n and m, 
respectively), and let ®% x ¥ be the set of all pairs 
(p, gq), where p€ ®, gq€¥. For any sets UC ® and 
Vc yw the set U x V is a subset of 2 X Y, and for any 
mappings h: U-»>R" and k: V—R™ the formula 


(h X k) (p, 9) = (h (p), & (Q) 
defines some mapping 


hxk: U xX V—~>rR"™™ 


(we identify R"” x R™ with R"*” here). If mappings h 
and k are injective, then the mapping h x k is also injec- 
tive, and if the sets hk (U) and k (V) are open (in R” and 
R™, respectively), then the set 


(h x k) (U x.V) =h(U) xX kV) 
is open in R"*+”. This means that if (U, h) and (V, k) 
are the charts, then (U x V,h xX k) is also a chart. More- 
over it is easy to see that if the chart (U, h) is compatible 
with the chart (U’,h') and (V, k) with (V’, k’), then the 
chart (U x V,h x k) is compatible with the chart (U' x 
V',h’ x k’). Indeed, it is clear that 
(UxWaAWU' x V)=(U NU’) x WV’) 
and similarly 
(kh (U) x k(V)) (A (UW) x & (V*)) 
= (h (U) Nh’ (U’)) x (k(V) Nk (V+) 
(we agree to assume that A xX B= @Q@ if A= @ or 
B= @), with 
(A X k \(uxvyniwexv')) 2 (hi X ke l(uxvynquxv)) 
= [(Alunu’) ° (2 luau) X (kl vay) (KF lvav) 4, 
and to complete the proof we should notice that for any 
diffeomorphisms g: W — W, and q’: W’ — W,, of open 
sets of R” and R™ the mapping 
gxq:Wx Ww’ WwW, x W; 
is also a diffeomorphism of open sets (of the space 
R™+m™ — R” x R™). gO 
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Thus charts (U x V,h x k) constructed for all pos- 
sible charts (U, k) and (V, l) of manifolds 2 and Y make 
up an atlas on Z X Y. 

Definition 2. The corresponding smoothness on Z XxX ¥ 
is called a direct product of the smoothnesses of 2 and %, 
and the set 2 x ¥ provided with this smoothness is 
called a direct product of manifolds 2 and ¥. Its dimen- 
sion is equal to the sum of dimensions of the cofactors: 


dim (27 xX ¥) = dim 2+ dim ¥. 


The topology of the manifold % x ¥ is obviously a 
direct product of the topologies of Z7 and ¥% (see Lecture 
8). 


Remark 1. For an arbitrary group G we can define a 
mapping 
(2) GxZG—G, (a, b) — ab, a, bE &. 


A group Y, which is a smooth manifold, for which map- 
ping (2) is smooth is said to be a Lie group (the term smooth 
group is also used). For any matrix Lie group 9 (see 
Definition 1 of Lecture 11) the smoothness constructed in 
Proposition 1 of Lecture 11 has the property (check it!) 
that with respect to this smoothness the group § is a 
Lie group. This justifies our terminology. 

Remark 2. In Semester IV we prove that if a subgroup 
G of the group GL (n, R) is an embedded submanifold 
(and hence a Lie group), then it is a matrix Lie group in 
the sense of Definition 1 of Lecture 11. This shows that 
Definition 1 of Lecture 11 is not, as it may seem, an ad hoc 
definition and introduces an entirely natural notion. 

When 2 = y there arises a manifold 2 x 2 which 
is called a square of a manifold 2. A subset A of the mani- 
fold that consists of points of the form (p, p), p € 2 is 
called the diagonal of @. 

It is easy to see that a manifold 2 (or more generally a 
topological space Y) is Hausdorff if and only .if the diagonal 
A is closed in ® X &. Indeed, the condition that distinct 
points p and g should have nonintersecting neighbourhoods 
U and V means exactly that the neighbourhood U x V 
of a point (p, g) € @ XX & does not intersect with A. DO 
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For any Hausdorff manifold 2 therefore a manifold 
Xx AA is defined, the dimension of which is 2n, 
where n is the dimension of 2. 


Another construction we need associates an arbitrary 
n-dimensional manifold 2 with some new 2n-dimensional 
manifold TZ. 

Let 

12. S(T pt 
PX 
be a disjoint union of all subspaces T,2, p € ®.[Points 
of the set TZ are thus all possible tangent vectors 
A of &.] For every vector A € TZ (the only!) point 
p € @ for which A € T,Z% is designated nA. This gives 
rise to a mapping 


nun: TT > DH 


with the property that nu) (p) = Tp® for every point 
PED. | 
For an arbitrary open subset Uc & the subset n2Uc 
TZ can be naturally identified with a set TU. If 
U is the support of a chart (U, h) = (U,z', ..., 2"), 
a mapping 
Th: TU — R™” 


is defined which carries an arbitrary vector A € TU into 
a vector 


(Th) A = (z', ..., 2", a), ..., a") € R*, 
where z', ..., z” are the coordinates of a point p = nA 


in a chart (U, h) and a’, ..., a” are the coordinates of a 
vector A in a basis 


(aar),> + (ar) 
Oz! ee Gn 


for a space Tp2%. (Thus 


A=a! (-) +...+0"(sar),. 
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Notice that the numbers a’, . . ., a” are defined uniquely 
by a vector A). Clearly, Th is a bijective mapping, and 
hence the pair (TU, Th) is a chart in TZ. 

Let (U, h) and (U’, h’) be two charts (intersecting, for 
definiteness) of a manifold Z and let 


(3) CSD cy 2 OPS De we, 


be transition formulas for the corresponding local coor- 
dinates (in the intersection U (|) U’). By definition (see 
formula (1) of Lecture 12) for every point p€ U () U’ 
the coordinates a’, ..., a” and a'’,..., a™ of an 
arbitrary vector A € T »& in charts (U, h) and (U’,h’) 
are related by 


(4) ai’ = ( ox* ) ai, 


axt ; yaa ahs 
where (= } are values of partial derivatives of func- 
Pp 


tions (3) at a point p. 
On the other hand, it is clear that Th and Th’ map a 
set 


T(U QU’) =TU NTUW 


onto open sets h(U (| U’) x R" and h’ (U f\U’) x 
R” of R?" = R” x R", respectively, formulas (3) 
and (4) giving a mapping Th’o(Th)~' of the former set 


i’ 
onto the latter. Since the Jacobian det | (=) is non- 
z p 


zero at all points pEUU’, it follows that the mapping 
is a diffeomorphism. 

The charts (TU, Th) and (TU’, Th’) are thus compati- 
ble. This conclusion clearly remains valid for U (| U’=@ 
as well (for if U ). U’ = @, then TU (| TU’ = Q). 

Thus charts of the form (TU, Th) make up an atlas on 
TZ and hence define some smoothness on TZ. 

Definition 3. The constructed smooth manifold TZ 
is called a manifold of tangent vectors of a manifold Z. 
Its dimension is equal to 2n, where n = dim 2. 

Notice that because of the derivatives in (4) the smooth- 
ness class of T.2 is a unity less than the smoothness class 
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r of @ (for r = oo or r = w the smoothness class clearly 


remains unchanged). 
1 


By definition the numbers z',..., 2", a!, ..., a” are 
the local coordinates corresponding to a chart (TU, Th). 
(Thus symbols z', ..., 2” designate both local coordi- 


nates in U and a part of the local coordinates in TU. 
No confusion arises on careful consideration.) 


In local coordinates z'!, ..., x2", a}, ..., a" (on TU) 
and z', ..., z" (on U) a mapping x can be written as fol- 
lows: 

gi=r7v',i=i1,...,.n, 


where on the left z‘ are the coordinates on U and on the 
right on TU. We thus see that the mapping x is smooth 
and isa submersion. By the general Proposition 1 of Lec- 
ture 13 every tangent space T,2% = x1~'(p) is therefore 
an embedded submanifold of a manifold T2. Numbers 

., a” are the coordinates on that submanifold 
(defined on the entire T,.?). 

The manifold TZ has a subset 2, consisting of zero 
vectors of spaces TZ. 

It is easy to see that 2, is a closed submanifold diffeo- 
morphic to a manifold ® (the diffeomorphism 2, — % 
is induced by a mapping n: TY > ZY 

The set T2\ @, is therefore open and hence is a mani- 
fold. The dimension of that manifold is 2n, where n = 
dim Z. 

Now we are in a position to prove Proposition 1 of Lec- 
ture 14 (and hence the Whitney theorem). 

Proof of Proposition 1 of Lecture 14. Let a manifold 7 
be embedded in R™%. For any two distinct points p, 
qg€ & (i.e. an arbitrary point (p, qg)€ ®@ X BNA) aé 
straight line through these points is defined in R*- 
Let /, (p, 9) be-a one-dimensional subspace of R™ asso- 
ciated with that straight line (i.e. a parallel straight line 
through a point 0). Since one-dimensional subspaces of 
R*” make up an (N — 1)-dimensional projective space 
RPN-!, this yields a mapping 


(5) fii © X BNA> PN-!, 
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Similarly we can define a mapping 
(6) fe: TOU\%,—>RPN-! 


by taking as f,(A) forany vector A € T27\%, a one-di- 
mensional subspace of R% (a point of RP’~') generated 
by that vector (or more precisely, by a vector (dtp) A € 
TpR” = R*, where dt, is the differential of an em- 
bedding t: 2 — RN at a point p = x (A)). 

Problem 1. Prove that mappings (5) and (6) are smooth. 
ste wae these mappings in local coordinates.] 

ow le 


¥ = (XZ xX TNA) _ (TIN D>) 


be a disjoint union of manifolds 27 x Z\A and TZ \ J 4. 
This union is naturally a 2n-dimensional smooth mani- 
fold, and its mapping 
f: Y¥—> RPN-! 
coinciding on 2X ZA with f, and on TZ \ 2%, with 
f, is a smooth mapping. If therefore 2n < N — 1, then 
by the corollary to the Sard theorem the mapping f is 
trivially not surjective. This proves that in R™ there is a 
one-dimensional subspace L which is neither in the image of. 
f, nor in that of fs. 
Now consider a projection 


(7) RN + Lt 
of R” parallel to a straight line ZL onto its orthogonal 
complement £L+(which is an (VY—1)-dimensional subspace 


of R%). Choosing a basis in L+ we may assume the pro- 
jection RN — RN-! to be a mapping. Let 


(8) 0: © >R-! 


be a restriction of that mapping to 2c RY. Since pro- 
jection (7) is continuous and open, its restriction (8) is 
also continuous and open. On the other hand, the state- 
ment that L ¢Im f, precisely means that every straight 
line parallel to a straight line Z intersects a submanifold 
ZX at most at one point, i.e. that mapping (8) is injective. 
Being injective continuous and open, mapping (8) is, 
consequently, a moneomorphism. 
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Now consider the condition that L¢Im f, (which 
geometrically means that a straight line through a point 
p parallel to a straight line Z is not tangent at that point 
to a submanifold 2%). The differential (dp), of mapping 
(8) at every point p € @ is obviously a restriction to 
TptC R” of the differential of projection (7). Since 
in view of mapping (7) being linear its differential coin- 
cides with the mapping itself, it follows that the differen- 
tial (dp), makes only vectors of T,% (| L vanish. But 
this intersection either consists of only a zero vector (when 
LG T,2%) or coincides with L (when LCT,2). If 
therefore L G T,2, then mapping (8) is an immersion 
at p. Since the inclusion LC T,@ precisely means that 
L = f,(p), this proves that the condition Lg Imf, 
is equivalent to the fact that the projection is an immer- 
sion (at every point p € 2) and hence a diffeomorphism 
onto its own image. 

The image 9 (2) of a manifold under a projection p 
is therefore an embedded submanifold of R‘~' diffeo- 
morphic to a manifold 2%. The manifold @ can be embed- 
ded in RY-*. 

Problem 2. Show that any n-dimensional manifold that can 
be embedded in R” can be immersed in R*", 


Lecture I6 


Tensors- Tensor fields. Vector fields and differentiations- 
Lie algebra of vector fields 


Recall (see Lecture I1.5) that by tensor S, of type (a, 6) 
where a > 0; b> 0, on a vector space YF is meant a map- 
ping that associates an arbitrary basis e,, ..., e, for 
¥Y with a collection of n**? numbers si ie os called the 
components of the tensor S in that iiasie and having the 
property that for any two bases e,,..., e, and e;, ..., 
e, for 7 the corresponding components Sj'"° 7) and 
$ a 
sis ---J6 are related by the formula 


U; . ° e a 


Sir- + Jb = ct... cle cht... clb gir ---te 
By eo ela i, lg Ji Jb 14 ee tai 


wherec} and cj. are the components of the inverse transi- 
tion matrices, i.e. numbers such that e; = che; and 
e; = cj e;. Every tensor correctly defines a multilinear- 
functional 


S (x;, oo oy Kay e a) $°) 
so OJ] sss Jb pl i 4 b 
S71 ae aie wee . Sis cee Si, 


of a vector and 6 covector arguments and is as a rule iden- 
tified with that functional. 

With respect to the naturally defined operations of ad- 
dition and multi iplication by numbers (a, b)-tensors form 
a vector space T; (7). 


Lecture 16 275 


_ For any tensor S or R, of type (a, 0) or (c, d) respective- 
ly, the formula 


(S @ Ryli+ ++ Tord = Sli++- To River --- loed 
ly. 


° lasc yy oes la tq4+l eo 8 e@ lose 


defines a tensor S @ R of type (a +c, b + d) called a 
tensor product of tensors S and R&. This multiplication is 
associative and distributive under addition. 
Moreover, a special operation on tensors is called cont- 
raction (see Lecture II.5). 
Every vector can be naturally interpreted as a tensor of 
type (0, 1) and every covector as a tensor of type (1,0) 


For any basis e;, ..., e, of Y and any indices i,,..., 
— : b (G> 
ign Jus sey Jo = 1, ..-, m, in the space Tq (7°) 
a tensor 
e1 &) a 8 he ® e'a exe) ej, . . 8 €j,: 
is defined where e‘:, . . ., ee are vectors of the conjugate 


basis for the space 7*. 

Tensors of this form make up a basis for a space T2 (7), 
the components of the tensor being the coordinates of a 
tensor in that basis, i.e. 


ji--dp i 
S= Sit @... 9 e27GHe;, @...® ei, 
for any tensor S. 


We shall apply these general notions of linear algebra 
to the case where 7 is a tangent space T,2% of a smooth 
manifold 2 at its point P. 


Let (U, h) = (U, z',..., x2") be an arbitrary chart of 
® containing p. That short delines a basis 
4] 0 
(1) (er), (a), 


in T,2 and the conjugate basis 


(@2") 535: 2 aux Kd" )y 


276 Semester lil 


in the conjugate space T3.%. For every tensor S, of type 
(2, b) on T,® we have a representation of the form 


(2) Sp= S377" (dx), @ ... @ (dz'e), @ (—_) 


6x71 
®@... @(—5 ) 


whose coefficients Sit ® (i.e. the components of the tensor 


Sy in basis (4)) are called the components of the tensor Sp 
in a chart (U, h). (For typographical reasons we omit the 
index p in the notation of these sae ) 


Any other chart (U’,h’) = (U', 2’, ..., 2’) (with 
p € U’) defines a basis 
a a 
e (ar) la). 
for T,@ connected awe basis (1) by a transition matrix 
L 
(4) ( Ani ) || it = 4, 


The components of } in charts (U, h) and (U’,h’) are 
related as follows: 


G4--db aril axa aris 
(9) Sif =( 7’ ee ( of ( ji 
dx ' Jp az’? /p\ oz’? Jp 


If a tensor S, is now given for any point p € %, then 
in (2) the components S72 1 as are functions of p. If these 


functions are smooth, i.e. ex oressed ase in the chart 
(U, h) in terms of the coordinates z', . . , then the 
correspondence p> Spis said to bea aneorny tensor field 
(or in shorter form tensor) of type (@, b) on a manifold ® 
Relation (5) for functions i a on U (\ U’ is of the form 

es ; 


ij. ari gx' axis O27 eit. g 
iq. 


(6) S 5" 


7’ ee 8 .? 5 eee . i weet 
Ox ax’? x7 Qz7b ‘testa 
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from which it follows that the condition that a tensor field 
should be smooth is independent of the choice of the chart. 

Remark 1. For manifolds of a finite smoothness class 
C’, r>>1, we run into problems such that the ele- 
ments of matrix (4) are only functions of class C’-!. Ther- 
efore the smoothness of tensor fields has to be understood 
only in the sense of C’-!. To avoid these reservations we 
agreed in Lecture 6 to restrict our discussion to C~- 
and C°-manifolds for which difficulties of this sort do not 
arise: 

For any open covering {U,} of a manifold 2 every 
tensor field S defines a family of fields 


Sa =S |v, 
that have the property that for any indices a and f 
(7) So = Sz on U1 Us. 


Conversely, given the fields S, on U, satisfying relations 
(7) (such fields are said to be compatible on intersections), 


the formula 
Sp = (Sq)p if p € Ug 


correctly defines on 2% a tensor field S having the prop- 
erty that 


Slu, =Sa 


for any @ (and hence smooth). We shall say that fields 
S, make up a field S. 

Remark 2. A tensor field on a manifold can be regarded 
aS a correspondence associating every chart (U, h) of a 


manifold 2 with a collection of smooth functions Sir--Jo 
Leela 


on U and having the property that for any two charts 
(U, h) and (U’, h’) on the intersection U (| U’ we have 
relation (6). This can be taken to be a definition of a ten- 
sor field. The advantage of this definition consists in 
that it can be formulated right after the introduction of 
the notion of a smooth manifold without any intermediate 
definitions, but its disadvantage lies in the absence of a 
direct formal connection (replaced by analogy) with 
the notion of a tensor in a vector space. 
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All algebraic operations on tensors (the operation of 
contraction among them) can be trivially extended to 
tensor fields. For example, a tensor product S@ R of two 
tensor fields S and R is defined as follows: 


(8) (S @R)p = Sp @Ry. 


Clearly, smooth fields always produce smooth fields. 
In particular, we see that the collection T®2 of all 
tensor fields of type (a, b)onamanifold @ is a vector space. 

This space is infinite dimensional (for n > 0). 

For (a, b) = (0, 0) tensor fields are nothing but smooth 
functionson 2 and the vector space T°@% is a vector space 
F2 of smooth functions on 2. The vector space FV 
is an algebra with respect to multiplication of functions, 
With the formula 


(S)p =f (p)Sp, FEFL, SET 
(which is a special case of (8)) defining the operation of 


multiplication | 
FV x Toh + T2L 


with respect to which, as a trivial check shows, the vec- 
tor space T° is a module over an algebra FZ. 

When (a, b) = (0, 1) tensor fields are said to be vector 
fields. An example of a vector field on a coordinate neigh- 
bourhood U (considered as a manifold) is the field 


(9) = [pe (ar), i= 4,...,7. 


It is called the ith coordinate vector field on U. 

When (a, b) = (1, 0) tensor fields are said to be covec- 
tor fields. An example of covector fields is the ith coor- 
dinate covector field 


(10) dz: p => (dz*) p 


‘on a coordinate neighbourhood JU. 

Formula (2) states that every tensor field S on U is 
uniquely decomposed into tensor products of vector and 
covector coordinate fields: 


(11) SHSi dah @... @ dra @ 


a 


ax? 


7) 
Se a, on U. 
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In particular, every vector field X on U is of the form 


(42) X=Xi=,, 

and every covector field @ is of the form 

(13) a = a;dz', 

where X‘ and a,;, i = 1, ..., m. are some smooth func- 


tions on U. (By tradition small Greek letters are used 
to denote covector fields while capital Latin letters from 
the end of the alphabet are used to denote vector fields.) 

By definition the existence of decomposition (11) 
implies that for any coordinate neighbourhood U the vector 
field T°U is a free module over an algebra FU with basis 


ty ig pO = d 
dx1@...@Q@dzxr2@ ai Q...Q@ re 
However, for arbitrary manifolds ZY themodule T272 
is not generally a free module (over an algebra FZ), 
and its algebraic structure may be quite complicated. 
Manifolds 2 for which all modules T®Z% are free are 
called parallelizable. 


Let us consider vector fields more closely. 

As was already stated in Lecture 12, every vector 
A €T,7% associates an arbitrary function f (defined and 
smooth in a neighbourhood of a point p) with some 
number Af, the derivative of that function with respect 
to a vector A. Hence it follows that for any vector field 
X on a manifold 2 and an arbitrary function f € F% 
the formula 


(14) (Xf) (p) = Xpf, PEL 


defines on 2 some function Xf. It follows from the for- 
mulas of Lecture 12 for Af that in an arbitrary chart 


(U, h) = (U,z', ..., 2") of 2 the restriction of the 
function Xf on U is defined by 

(15) Xf=xith on U, 

where X*‘, i = 1, ..., m, are the components of a vector 


field X in the chart (U, h). The function Xf is therefore 
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smooth on U and hence, U being arbitrary, on the whole 
of 2. 

Thus formula (14) defines some (obviously linear) map- 
ping X of an algebra FV of smooth functions on a mani- 
fold @ into itself. This mapping is called a linear differ- 
ential operator of the first order on ZY generated by the ve- 
ctor field X. [This terminology is motivated by formula 
(15) whose comparison with formula (12) also explains 


the choice of the notation a for coordinate vector fields. } 


Let 4 be an arbitrary algebra (not necessarily finite 
dimensional and associative). 
Definition 1; A linear mapping 


D: Av~azA 


of an algebra # into itself is said to be a differentiation 
if 
D (ab) = Da-b + a-Db 


for any elements a, b € &. 

In particular, differentiations of an algebra FZ (usu- 
ally called simply differentiations on ®) are linear map- 
pings 

D: FZ > FR 
such that 
(16) D (fg) = Df-g + f-Dg 
for any two smooth functions f and g on 2. 

It is easy to see that a linear differential operator X: 
F.2 — FD generated by a vector field X is a differentiation 
on ®. Indeed, it follows directly from the rule for the 
differentiation of a product and from formula (415) that 
for any functions f, g€ FZ identity (16) holds on every 
coordinate neighbourhood U. It holds therefore on the 
entire manifold 2.0 

It turns out that if a manifold Z is Hausdorff, this ex- 
hausts all differentiations on 2. 

Theorem 1. Every differentiation D on a Hausdorff 
smooth manifold ® of class C® is generated by a vector field. 
This field is unique. 

To prove the theorem we need the following lemma. 
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Lemma 1. Let Z be a Hausdorff smooth manifold, U its 
open submanifold, and f a smooth function on U. For any 
point po € U then there is a smooth function f, and a neigh- 


bourhood W of py on & such that Wc U and 
f =f, on W. 


It may also be assumed that {, = 0 outside U. 
Proof. According to Proposition 2 of Lecture 14 there 
are open sets V and W in Z such that 


PEW, WoV,VCU, 


and there is a Urysohn function @ for a pair (V, W). For 
any point p€ @ put 


o(p)f(p) if peu”, 
hobs Rea eeee pau. 


Clearly, {, is smooth and coincides with the function f 
on W. Moreover, by construction {, = 0 outside U.O 

Corollary 1. For every neighbourhood U of an arbitrary 
point po of a smooth Hausdorff manifold Y there isaneigh- 
bourhood W of p, and a function m smooth on 2 such that 


1 if pew, 
9(P)=| if pQU. oO 


Notice that @ (p,) = 1 and Wc U. 
Now let D be an arbitrary differentiation on a manifold 


We shall say that functions f and g smooth on Z are 
equal near a point p, € @ if they assume equal values in 
some neighbourhood of that point. 

Corollary 2. If functions f and g are equal near a point of 
DX, then functions Df and Dg are also equal near that point. 

Proof. Let f = g on a neighbourhood U of a point py. 
Consider a function (f — g) gy, whereg is the function on 
HX of Corollary 1. Clearly (f — g)p = 0 on the entire 2, 
i.e. the function (f — g) o is a zero of a vector spaceF 2. 
Since the mapping D is linear, the function D [(f — g) o} 
is also zero therefore. Because 


D\(f — gp] = (Df —Dg) yo + f — 8) Dg, 
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this proves that 
(Df —Dg)o + (f —g) De =0 


on the whole of 2 and in particular on the neighbourhood 
W of the point p, specified by Corollary 1. But f = g 
and @ = 1 on W. Therefore Df — Dg = 0, and hence 
Df = Dg on W.0J 

Remark 3. It also follows from Lemma 1 that for any 
point p, € U and any tensor field S on U there exists a neigh- 
bourhood Wc U of that point and a tensor field S, on 
the entire 2 such that — 


S = S, on W. 


To prove this it suffices to apply Lemma 1 to each compo- 
nent of S (and take the intersection of the corresponding 
neighbourhoods W). 

The property expressed by Corollary 2 implies that 
the mapping D is loeal. It yields the following important 
proposition. 

Proposition 1. For any open set Ux Z there is a unique 
differentiation 


D U: FU _ F U, 
: compatible with a differentiation D, i.e. such that 
(17) Dy (flu) =Pflu 


for every function f smooth on Z. 
Geometrically the latter. property means that in the 

diagram 

F2 — FU 

DY 4 Py 

FZ —+> FU 
whose horizontal arrows are restriction mappings, the 
same mapping F.2 — FU results when moving in the two 
possible paths — from the top left to the bottom right cor- 
ner. Diagrams having this property are called commuta- 
tive (we have already encountered commutative diagrams 
in Lecture 3). 


Proof of Proposition 1. Let the differentiation D y exist 
and let g be an arbitrary function smooth on U. By Lem- 
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ma i there is a function g, = g,,,, for any point p»E€U 
‘on & that coincides with a function g near py. Ac- 
cording to property (17) Dyg = Dg, | y and hence, in 
particular, 


(18) (D v8) (Po) = (Dé) (Po)- 


On the other hand, if gf is another function smooth on ® 
which coincides near Po with g (and hence with g,), then, 
D being a local mapping, we have near py, an equation 
Dg, = Dg} and hence, in particular, an equation 


(19) (Dg,) (Po) = (Dgt) (Po). 


Thus the right-hand side of (17) is independent of the 
choice of function g, and is defined exclusively by the func- 
tion g and the point p,. This means that the function D yg 
on U depends only on g. Consequently, the mapping D y: 
g — D vg is unique. 

To prove its existence, we assume formula (18) to be a 
definition of the function Dyg. According to equation 
(19) this definition is correct. Moreover, if g, = g ona 
neighbourhood W of po, then for any point p € W we can 
use the function g, = g,,,, aS function g,,p to calculate 
values (Dyg) (p) of Dyg at p. This means that Dyg = 
= Dg, not only at p, but also near this point. Thus the 
function Dyg coincides with some function smooth on 
& near each point of U. The function Dyg is therefore 
smooth on U, i.e. the correspondence g- > Dyg is a 
mapping 

Dy: FU —_> FU. 


lf f and g are two functions smooth on U and f, and g, 
are functions smooth on 2 that coincide near p, with f 
and g, respectively, then the function /, + g, coincides 
near Pp, with f + g. Therefore 
[Dy (fg)) (Po) = (D (f181)] (Po) 

= [Df,-a, + f1-De,) (Po) 
[Duf-g + {-Dg 1 (Po); 


and hence the mapping Dy, which is obviously linear, is a 
differentiation on JU. 


I 
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Finally, if f is a function smooth on 2, then for the 
function g =f |y the role of g, (for any point p, € U) 
can be played by the function f. Therefore 


Dy (f lv) = Df |v. 


As a rule we shall write simply Dg rather than Dg. 

To prove Theorem 1 we shall also need the following 
lemma. 

Lemma 2. Let (U, h) = (U, 2}, ..., 2") be an arbit- 
rary chart of a C™ -manifold 2. Then near any point p, € 
U every function f smooth (on U) allows a representation 
of the form 


(20) f=f (Po) + @ — 28 fi, 
where f,, ..., fn are some functions smooth (near p,) and 
Pri ches an are the coordinates of Ppo- 


Proof. Let X, = h(p), and let r > 6 be a number such 
that any point x € R" for which |x —x, |< Tr belongs 
to an open set h (U). Then for the value f (x) at each such 
point x of an arbitrary function f smooth in h (U) the 
formula 

1 


f(x) —f (%e) = | Ff (Ko + (x—X,)) ds 
0 


1 


: a 
= (x'— z}) \ ae (Xx) +s (x— x,)) ds, 
0 
holds, i 


f (x) =f (x) + (z*— 29) fi; (x), 

where 

1 

a 
fi (x)= | A (xo +s (x—x,)) ds. 

0 
To complete the proof it remains to use a diffeomorphism 
h to change from functions on hk (U) to functions on U.D 

For every differentiation D of an arbitrary algebra 4 

with identity element 1 the equality 


Di=D (1-1) =D1-141-Di = Di+ D1 = 2p1 
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holds and hence 
D1 = 0. 


Since D is a linear mapping, it follows that Da = 0 
for every element a €R of the ground field. 

For differentiations on a smooth manifold 2 (i.e. 
differentiations of an algebra F 2) this means that every 
differentiation on 2 makes any constant function vanish. 

Now we can prove Theorem 1. 

Proof of Theorem 1. As ever we first prove the unique- 
ness. 

Let a differentiation D on a manifold Z be generated 
3 a vector field X. This means that in every chart (U, 

1. .., 2") of 2 for any aceon smooth on U the 
sales 


Dj = xi ot on U, 


holds where X‘,i = 1, ..., n, are the components of a 
vector field X on U (where D in fact designates D,). 
In particular, 


Det = X*,i=1,..., 2, 


which proves that the field X is unique. 

Now let D be an arbitrary differentiation on a manifold 
Y (assumed to be Hausdorff and of class C™). For any 
chart (U, z’, ..., x”) consider on U smooth functions 


Xi = Dzi,i=1,..., n. 


Let f be an arbitrary function smooth on U. Applying 
to its representation (20) an operator D (or more exactly 
an operator Dy, where W is a neighbourhood of a point 
Po in which (19) holds) we get © 


Df = Xf; + (x? — zi) Df; on W 
and hence 
(21) (Df) (Po) = X* (Po) fi (Po)- 


(We have the right to write D instead of Dy because the 
operator D is local.) 

Equation (21) is true not only for differentiations on 2 
but also for any differentiation on U. In particular it is 


true for the differentiation ~. Therefore 
et 


0 
(=f) (po) = fi (Po), 
and hence, by virtue of nage (21), 


(Df) (Po) = X¥ (po) 2 (p9) = (X* ZL) (9. 


Since p, is an arbitrary ‘ica on a neighbourhood U, this 
proves that 


Dj =X? Ft on U, 
Ox? 


i.e. the differentiation D.is generated in U by a vector 
field X, with components X', ..., X”. 

Similarly, for any other chart (U’,z'’, ..., x7’) a 
differentiation D on U’ is generated by a vector field 
Xu with components X*’ = Dz’. The operator D being 
local, for any function f on the intersection U() U’ the 
equality 

Xi’ of — xi of 


ar Oxi 
holds. Applying this equality to transition functions 2?’ = 
xv (z', ..., 2") we immediately get 
ey a’ 
Xi = xt SE _ 
oz! 


i.e. on U() U’ vector fields Xy and Xy- coincide. Put- 
ting for any point p of a manifold 7 


Xp = (X y) Pp? 


where U is an arbitrary coordinate neighbourhood of p, 
we therefore correctly define on Z% a vector field X having 
the property that X |, = Xy for any coordinate neigh- 
bourhood U. Hence this field is, first, smooth and, second, 
generates a differentiation D.D 

Test question. Where in this proof is the assumption 
that 2 is a C”-manifold used? 

On the basis of Theorem 1 vector fields on Z are usual- 
ly identified with differentiations. (Which, in particular, 


Lecture 16 287 


justifies a posteriori the use of Xf to denote the result of 
applying the differentiation generated by a vector field 
X to the function f.) 


It is clear thatfor any algebra # the sum of two differ- 
entiations and the product of a differentiation by a num- 
ber are also differentiations, i.e. the set Der #4 of all differ- 
entiations of an algebra 4 is a vector space (a subspace of 
the vector space End,,,# of all linear operators 4 — 4). 

For any two linear operators D,, D,: A > & the oper- 
ator 

[D,, D,] = DD, —D,D, 


is called their commutator (or Lie bracket). 

It is easy to see that for every algebra A the commutator 
[D,, D.] of any two differentiations D,, D,: A—~ & is al- 
so a differentiation. Indeed, 

[D,, Dz] (ab) = Dy (Dz (ab)) — Dz (D,(ab)) 

= D, (D,a-b + a-D,b) —D, (D,a 
xX 6 + a-Dy,b) 

= D,D,a-b + D,a-D,b -+ D,a-D,6 
-+ a-D,D,b 
so D,D,a-b a D,a-D,.b ae Da 
x D,b —a-D,D,b 

= (D,D, — D,D,) a-b +a: (DD, 
— D,D,) b 

ome [D,, D,) a:b +. ae (D,, D,| b 

for arbitrary elements a, 6€ 4.0 

Since the commutation operation D,, D, -> [D,, D.] 
is obviously linear in D, and D,, this means that with 
respect to the commutation operation the vector space Der £4 


of all differentiations of an algebra #& is itself an algebra. 
The commutation operation is anticommutative, i.e. 


[D,, D,| os. eo [D., D,!} 


for any two linear operators D, and D, (which are even 
not differentiations). 
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Moreover, for any three operators D,, D, and D; we have 
the identity 


(22) [{D,, D,], D3] + (D2, D3], Di} + ([D3, Dy], Dg] 


= 0. 
Indeed, 
[(D,, D,], D,] = (D\D, — D,D,) D3; — D; (DD, 
— D,D,) 
= D,D.D, —D,.D,D; —D;D,D, 
+ DDD, 


and hence the left-hand side of (22) is the sum of twelve 
operators of the form D,;D;D, in which each of the opera- 
tors occurs twice with opposite signs. This sum is there- 
fore zero. [J 

Identity (22) is called a Jacobi identity. 

All this motivated the following general definition. 

Definition 2. An algebra in which multiplication is an- 
ticommutative and satisfies the Jacobi identity is called 
a Lie algebra. 

Thus we have proved that the algebra Der # is a Lie 
algebra. 

Since differentiations of an algebra of smooth functions 
FZ due to identifications are nothing but vector fields 
on &Y, we see in particular that vector fields on a Haus- 
dorff C~-manifold ® form a Lie algebra. 

This Lie algebra is usually designated aZ. 

By definition 


[X, Yl f = X (Yf) —Y (Xf) 


for any vector fields X, Y on ® and any function f € 
FL. 
It follows that 


(23) [gX, Y] = g{X, Y] —Yg-X 
for any function g € F2. Indeed, 

[gX,Y) f = gX (Yf) — Y (gXf) 
gX (Yf) — Yg-Xf — gY (Af) 
g(x, Yif —Yeg- Xf 


| 


! 


| 
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for every function f €F2.0 
If 


. @ 
X=X'—; and Y=Y’—y, 


in a chart (U, z', ..., 2”), then for any function f 
smooth on U 


[x, aang: ans a 4 )_y(xi£) 


Oxi 


=X" ( ¥? an) Garr g aa ( x* a 


oi Oxi 
_ yt YF Ff yyy Fs OX ot 


“@xt axi Oxi Axi Oxi OAxt 
_yixi_?t_ a2 = (xi _yi ax" ) of 
Ox* Axi Oxi G@x3 / Gxt 
This proves that in every chart (U, x', ..., 2”) the com- 


ponents [X, Y]* of a vector field |X, Y] can be expressed by 
the formula: 


(24) [X, Ya xi Seyi 8X pat, jn, 

Oxd Ox) 
where X},..., X", Y', ..., Y" are the components of 
the fields X and Y, respectively. 

Remark 4. We have already used the term “Lie algebra” 
in Lecture 6 in connection with vector spaces of matrices 
specified by the definition of matrix Lie groups (see De- 
finition 1 of Lecture 11). With respect to the commutation 
operation [B,, B,] = B,B, — B,B, of matrices the vector 
space Mat, (R) = gl, (R) of all matrices of order n 
isa Lie algebra. A Lie algebra is therefore any of its sub- 
algebras (a linear subspace g closed under this opera- 
tion) as well. On the other hand, if g is a subspace of De- 
finition 1, Lecture 11, and if B,, B, € g, then by Condi- 
tion 1° of that definition matrices et®: and e#3: for any 
t€R belong to a group J. So to this group also belongs 
the matrix 


A; = etBietBee-tBie—tBe 
=(E+Bt+...)\(E+Bt+...)(E—Byt 
..) (E—Bot +...) = E+1By Bl? +... 
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where the dots designate terms having a power > 3 in t. 
Since A, > FE as t-+0, the norm of the matrix A; — E 
is less than 1, with ¢ sufficiently small, and hence a ma- 
trix 


B, = In A,=(A,—E)—--4$5*" 4 |. = (By, BB+... 


is defined. 
Since B,-—>0 as t— 0, with ¢t sufficiently small, for 


the matrix norm | B; | we have {| B; |< In 2, and hence, 
by Condition 2° of Definition 1, Lecture 11, the matrix 
B, belongs to a subspace g. But then to this subspace be- 


longs the matrix at and therefore the matrix 


lim 2! —lim ((B,, By) +...) ={By By). 
1+0 t+0 
As well g isa Lie algebra (a subalgebra of the Lie algebra 
gl, (R)). Subalgebras of gif, (R) are called matrix 
Lie algebras. 

Remark 5. It should be kept in mind that there exist 
matrix Lie algebras that are not Lie algebras of any ma- 
trix Lie group. We shall return to this question in the next 


semester. 
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Integral curves of vector fields. Vector fields and flows- 
Transfer of vector fields using diffeomorphisms - The Lie 
derivative of a tensor field 


By a curve on a smooth manifold 2 we mean an arbitrary 
smooth. mapping 


(1) y: (a, b) +X 


into 2% of some interval (a, b) of the axis R (see the discus- 
sion of the concept of a curve in Lecture 1). 

The differential (dy), of y at every point ¢ € (a, b) is 
a linear mapping of a one-dimensional space T; (a, b) = 
R into a space Ty)% and is uniquely characterized 
by a vector 


(2) y(t) = (@y)t (=) 


of T,(¢)%. into which it carries a basis vector( = Jof T, (a, d). 


t 


Definition 1. A vector y (t) is called the tangent vector 
of a curve y at a point ¢. (Somewhat loosely, the vector 


y (#) is also called the tangent vector of acurve y ata 
point p = y (¢).) 

Now let X be a vector field on a manifold 2. By defini- 
tion every point p € 2 is associated by X with some vec- 
tor Xp € Tp 

Definition 2. A curve y is said to be an integral curve 
(or trajectory) of a vector field X if 


(3) 7 (t) = X,) for anyt, a<t< b. 
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A curve y is said to be contained in a.chart (U, h) = 
(U,z', ..., x") if y (t) € U for any t, a<ct < b. Such 
a curve is given by n smooth functions 


(4) geo=axi(t), axt<b, i=1,...,n, 


and for its tangent vector y (t) we have 


° vi o 

y(t)=2i(t)(—) 
(prove it!). For a curye in U therefore equation (13) is 
equivalent to a system of n differential equations 


(5) . a(t) = X(t), ...,2°()), i=4,..., 2, 


of the first degree, where X‘, i = 1, ..., m, are the com- 
ponents of a vector field X in a chart (U, h) (or more 
exactly their expressions in terms of coordinates 
zi,..., 2”). 

We thus see that equations of form (3) are a generali- 
zation to the case of arbitrary manifolds of the concept 
of a system of first-degree differential equations which is 
given in the domain of R”. They are called differential 
equations on a manifold ®. Their theory belongs to the 
theory of differential equations and is on the whole be- 
yond the scope of the book. 

Nevertheless, for the completeness of presentation and 
to demonstrate the specific character of general equations 
of form (3) we now state and prove the unique existence 
theorem for their solutions. 

It is clear that for every subinterval J’ < J of the inter- 
val J = (a, b) the restriction y | ; of the integral curve 
y to J’ is also an integral curve of a vector field X. An 
integral curve (1) is said to be mazimal if it is not a re- 
striction to any integral curve defined on a larger inter- 
val. 

Let ¢, € R. Curve (1) is said to pass at t = ty through a 
point p € &@ if, first, this curve is defined on an interval 
(a, b) of the axis R such that a < t) < b and, second, 
y (to) = p. 

Theorem 1. If a manifold Y is Hausdorff, then for any 
point py €Z and any vector field X on Z there is a unique 
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maximal integral curve y: I —- 2 passing at t = t, through 


Proof. Let I be the set of all possible integral curves y 
of a vector field X passing at ¢ = ¢, through a point pp. 
Since in an arbitrary chart (U. h) containing p, equation 
(3) is equivalent to system (5) of ordinary differential 
equations, according to the unique existence theorem for 
solutions of ordinary differential equations there is at 
least one integral curve y of X with y (f9) = po in a neigh- 
bourhood U. This means that the set [ is not empty. 

Now lety,: J, > ® and y,: [, > & be two arbitrary 
integral curves of [. Consider an intersection J, = 1, 
I, of intervals 7, and J, which is obviously an interval 
of the axis R containing, a point p, and its subset C con- 
sisting of all points ¢ € J, for which y, (t) = y, (t). Un- 
der the hypothesis ¢, € C, so that the set C is not empty. 

Let ¢, € C, and let (U, h) be an arbitrary chart contain- 
ing a point Pi = 9; (t:) = Ye (t,). Acvording to the unique 
existence theorem for solutions of ordinary differen- 
tial equations there exists a unique integral curve y: 
I— 2 of X on some interval J of R containing ¢t,, for 
which y (¢,) = p,. We may assume_without loss of gene- 
rality that JC J,. But then restrictions y, |, and ¥y,|, 
ofcurves y, and y, on the interval J will be such a curve 
y, and hence by virtue of the uniqueness they will coin- 
cide. By definition this means that {Cc C. Thus for any 
point t, € C there is an interval J containing that point 
such that Jc C. Consequently, the set C is open (in R and 
hence in J, as well). 

Now consider a mapping y, X yo: lj > 2 XK & de- 
fined as follows: 


(vi X Yo) (t) = (vi. ©, ve (4), FET. 


Clearly, the mapping y, X y, is continuous and the set 
C is nothing but the inverse image (y, X y.)7'A of the 
diagonal A = {(p, p), p€ ®} of the product 2 x @ 
under that mapping (see Lecture 15). Since for a Haus- 
dorff manifold .2% the diagonal A is closed in 2, it follows 
that the set C is closed in I,. 

Since the interval 7, is connected, this proves that 
C =T1,. This means that any two integral curves of T 
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coincide on the common interval of their domains of defini- 
tion. . 

it follows that denoting by J, an interval on which a 
curve y€I is defined and putting 


rau 


yer 


Vo (ft) = y(t) if tel, 

we correctly define a unique maximal integral curve 
Yo: [ > ® of X for which y (t)) = po-O 

Problem 1. Construct a two-dimensional non-Hausdorff mani- 
fold V and a vector field X on ¥ such that for some point py €.¥ 
there exist two distinct integral curves of X passing at t = ft, 
through the point p,. ° 

Let to = OF 

For an arbitrary point p € 2 we denote by yx a maxi- 
mal integral curve of X passing at ¢ = 0 through the 
point p, and for any ¢ € R for which the point y* (¢) is de- 
fined we put 


and 


yt (p) = ¥p (2). 

‘Thus 7 is a mapping into a manifold 2 of a subset 
D,< &@ consisting of points p € ® for which the point 
yx (d) is defined. 

Problem 2. Prove that the set D; is open (in 2) and 
(jor D, 4 @) the mapping 97: Dy> 2% is - smooth. 
[Hint. Use the theorem on the dependence of solutions of 
systems of differential equations on the initial data, 
which is proved in the course in the theory of differential 
equations. | 

Problem 3. Prove that mappings 9; =) have the fol- 
lowing properties: 

(a) There exists a continuous function e: 2 — R assum- 
ing positive values such that p € D; provided [t|< 
€ (p). 

i) The mapping g, is defined on the entire ® (i.e 
D, = 2%) and is an identity mapping id of a manifold 2’. 

(c) If g; (p) € D, (in particular, if | s |< © (q@¢ (p)) , 
then p € D,+; and 


(6) Ps (2 (P)) = Pett (p)- 
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{Hint. To prove statement (a) use the theorem on the de- 
pendence of solutions of systems of differential equations 
on the initial data. Statement (b) is obvious, and to 
PRONG: statement (c) it suanices to notice that both curves 
$ => ¥5,(p)(8) and s +» ys (s + t) are maximal integral 
curves of X passing for s = 0 through a point @; (p).1 

Somewhat loosely, property (c) is usually written as an 

identity 
Os° Dt = Qstt- 

Definition 3. A family of smooth mappings q;: Dy ~ ® 
having properties (a), (b) and (c) is called a flow on a man- 
ifold @. 

We thus see that every vector field X € a® induces some 
flow {pf} on 2B. 

Conversely, every flow {@,} defines by the formula 


Xp = yp (0), pe, 


where yp is a curve t +» q;(p), |¢|< e(p), some 
vector field X on a manifold 
. A flow {@;: Dj ~ @} is said to be a part of a flow 
{p:: Di > ZZ} if Dic D; and gi: |p: = g; for any 
t€R. A flow {@,} is said to be mazimal if it is not a part 
of any other flow. 

It is clear that: 

1° The flow {p;} and any part of it {@;} generate the 
Same vector field X. 


2° The flow fp; } induced by the vector field X is maxi- 
mal. 
Therefore the formula 


field X > flow {q7} 


establishes a one-to-one correspondence between vector fields 
and maximal flows on &. 
Since the function e is continuous and hence 


up & (pt (p)) = & (p) > O 


for any point p € 2, there is a continuous function 
56: ®@—> R such that 


[t |< & (ge (p)) for | t | << 6 (p). 
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Let O; be an open subset of a manifold 2 that consists of 
all points p € @ for which |t |< 6 (p). Then there is 
5, >0, namely, 6, = 6 (po) such that p,€O, for 
|¢ |< 5, (so that, for ¢t sufficiently small, the set O; is 
trivially not empty). 

Since for p€O;, i.e. for |t|< 8 (p), a _ point 
_; (@_ (p)) is defined which by property (c) coincides 
with a point p, a restriction of a mapping q; on a set O; 
is a bijective mapping of that set onto an (obviously open) 
set O; = 9,0, (with inverse mapping @_, | 07): Since 
both mappings q, and @_; are smooth by definition, this 
proves that for every t € R (for which the set O; is not emp- 
ty) the mapping q, is a diffeomorphism O; — Oj. 


Now let o: 2 + Y bean arbitrary diffeomorphism of 
smooth manifolds, and let S be tensor field of type (a, b) 
ona manifold ¥. By definition in every chart (V, k) on ¥ 


the field S hascomponents Sie: Jb which are smooth func- 
tions on V. On the other hand, “for any chart (U, h) on 
A a pair (V, k), where V = OU, and k = hog7, is ob- 
viously a chart on Y. Making use of this we define a ten- 
sor field @*S on 2 assuming that in a chart (U, h) it 
has components 


(7) (etsy: 2 = Sito @ ly), 

where si 1 ay are the components of the field S in a chart 
(pU, hog-t). Since for any two charts (U, h) and (U’,h’) 
on 2 a mapping of transition h’ oh7 coincides with the 
mapping of transition (h’ og -')o(hop)—', for charts 
{gU, hog) and (q@U’, h'cq"), the functions 
(p*S)i1~ Tb in distinct charts are related (at the inter- 


section a; these charts) by the same tensor trans- 
formation law as the components s Tb of the field S. 
1---lg 


Consequently, these functions are indeed the components 


of some tensor field o*S. 
A field @*S is said to be the result of a transfer of a field 


S from ¥Y to &@ via a diffeomorphism 9. 
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Example 1. If a field S (a smooth function f on Y) is 
of type (0, 0), then 


(8) p*f = fog. 


Example 2. If a field S (a vector field X) is of type 
(O, 1) then 


(9) (p*X)p = (d@p)*X qv) 


for any point p€ &,. where (dg,)*: Top) > T° 
iS a mapping inverse to an isomorphism dgp: Tp® —> 


(p)y> 
‘Example 3. If a field S (a covector field a), is of type 
(1, 0) then 


(10) (p*a)» = (dpy)* AqQp) 


for any point p €®, where (dq,)* is a mapping Tg, Y¥— 
T5Z conjugate to a mapping dg,: Trp® > Typ. 

Problem 4. Describe in a similar way tensors (g*S),, 
for a tensor field of arbitrary type (a, 6). {Hint. The 
correspondence S-»g*S preserves all algebraic opera- 
tions on tensor fields. In particular, 


(11) g* (S @T) = GS @ PL 


for any tensor fields S and 7 on Z.] 

Remark 1. It can be easily seen that for any vector fields 
AX, Y€ay and any diffeomorphism 9g: UV—~+>yY 
the formula 


[p*X, p*Y] = g* ([X, YI, 


holds, i.e. a mapping g*: ay + aZ (obviously linear) 
is an isomorphism of a Lie algebra a¥ onto a Lie algebra 
a2. (To prove this it suffices to notice that in local 
coordinates in which @ preserves the coordinates both 
sides of the formula obviously coincide.) 

Remark 2. Note that, as can be seen directly from (9), 
a transfer of a vector field is only possible via a diffeo- 
morphism. On the contrary formula (10) has meaning 
for any smooth mapping g: 2% —~¥y. Covector fields 
can therefore be transferred via arbitrary mappings. We 
shall return to this question in the next. lecture. 


2 3ax. 529 
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Remark 3. Denoting a field X by Y and a field g*X by 
X we can write (9) as follows: 


(9°) Yo(p) = (dQ) pX p. 


In this form it makes sense for any smooth mapping 
p: © —> y. If equality (9’) at every point p € 2 holds 
for fields X €a®%, Y € ay, then the fields X and Y 
are Said to be g-connected. 


Problem 5. Prove that if fields X,, X_.€ a® are Q-connected 
with fields Y,, Y, € aY, respectively, then the field [X,, X,] is 
-connected with the field [Y,, Y,]. [Hint. The fields X € o% and 
Y € oY are y-connected if and only if the equality X (fog) = 
Yfo@ holds for any function f € FY.] 


Now we apply the general construction we have pre- 
sented to the special case of diffeomorphisms of the form 


Pr. 

Let S be an arbitrary tensor field of type (a, b) on a 
manifold 2, and let p € 2. 

By definition p € O; for |t |< 6 (p), and hence for 
any t with | t | < & (p) a tensor (g7S)p is defined at p, 
{where S denotes a restriction of a tensor field S on O,) 
and hence a tensor (g?S)» — Sp as well. We put 


*S),—S 

(12) (£_5S)p== lim a 
t+0 
where X is a vector field generated by a flow {q,}. 

Since the point p was an arbitrary point of a manifold, 
tensors (12) make up a tensor field of type (a, b) £,S 
on a manifold 2. We shall show below by calculating 
the components of the field in an arbitrary chart (U, h) 
that the field £,S is smooth. 

Definition 4. A field £,S is called a Lie derivative 
of a tensor field with respect to a vector field X. 

It is easy to see that for every vector field X the mapping 
£, is a differentiation of an algebra of tensor fields on 
a manifold 2 , i.e. it is linear, and for any tensor fields S 
and TJ we have 


(13) £,(S ®T)=£xS @T+S @ £xT. 
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Indeed, the statement about linearity. is obvious, and 
to prove (13) it suffices to notice that by (11) 
gr (S OT) —S OT = (g?S — S) @ grr 
+ §S @(gfT — 7) 
for any t. 
Problem 6. Prove that the operation £, commutes with 
the contraction operation of tensor fields (for any pair of 


indices). 
If the field S is a smooth function f, then by (12) 


Ta\ —- ler F (Pt (P)) —F (P) 
(8.xf) (p) == lim LO@)— 1) 


for any point p€ J. as (U, h) = (U, 2, ..., 2”) 
be a chart of a manifold 2 such that p € U, and let f = 
i (x. ..., £) on U. Then if zi = zi (t), i = 1, dtc big. BB 


are parametric equations of an integral curve t —> q, (p) 
of a field X in a chart (U, h), then 


lim (ee) —f ) 
t+0 t 

a ae. 

t-+0 t 
Ae | 
dt 
of dx? (t) af 
ees, at =| Axi ) Xp =(X/) (P), 


where X', i = ‘1, ..., m, are the components of a vector 
field in a chart (U, h). 

This proves that £,f = Xf on U and hence, in view 
of (U, h) being arbitrary, that 
(14) £,f=Xf on &. 
Thus the operation £y is the generalization of the opera- 


tion X from functions to arbitrary tensor fields. 
By (13) it follows, in particular, that 


(15) £x (fS) = Xf-S + fex8 
for any function f and any tensor field S. 
o* 
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Now Jet the field S be a covector field @ and hence by 
(10) 
(pia) p = (4p) peqQ(p)- 


Consequently, the value (gfa@), A of a covector gia 
on a vector A €T,2 is expressed as follows: 


(Pia) p A = qn) ((4G2)p A). 
If therefore in a chart (U, h) 
A=a' (ser), and a@=-a,dzi 


and the mapping q; is given by functions 
y* =o (x1, ..., 2"), 
then 
(pia)p A 


= [a; (@; (p)) (dz’)o py} ( @ (a i( — iB (ar e me 


=a (g1(p) a! (3 i 


and, in ‘particular, 


(ota) p (=2r) = 4) (wo) (FE ae 
Since for any covector §€ T3.V 
B=E (ar), (4p, 
this proves that 
(Gta) p= (a; © py) (p) (Get Ly (dz') p. 


Therefore 


~~, 


(91a)p—ap=[ (ayo) (p) (Sr) —% (») | (@2')p 


and hence 
(£x~@)p = B; (p) (dz') p, 
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where 
aq? 
es oa) P) (sor Axi -) (P) 
[OSS 


Let, in particular, « = dz*,i.e. a; = 6}. Then (a, o @,) X 
(p) = 8} for any ¢t and hence 


09: _+ gk k 
ot a ), 1 2 (9) | 
= (55 (= 0) )p" 


7) 
(Notice that i= (44 Ari les since Mo (x1, ..., 2") =z") 


But if, as above, z* = zx‘ (t) are parametric equations 
of a curve ft +» q; (p) in a chart (U, h), then by definition 


x* (t) = gy (at, oy at), bed, oe oy My 


where z), ..., 2” are the coordinates of a point p, and 
hence 

det dzk (t) hk 

Tn =X*(p), k=4, ..., 7, 
where X*,k = 1, ..., nm, are the components of a vector 


field X in the chart (U, h). In the case at hand therefore 


axk 
B; (p) = (> i ° 
This proves that 


£y dx® — 
and hence (see (15)) 


£ x (a, dx") = Xa, dz* +a, 2 ~ dat , 


oat 


(16) £ya= (Xa, +o, ~) ax’ on U, 
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which can be written in a more cranial form: 


IG: 
# xa = (X" 7 + On Sar on +) dz’ on U, 


In particular, we see in complete agreement with the 
above general statement that the covector field £ya 
is smooth. 

A Lie derivative £,Y of a vector field Y with respect 
to a vector field X can be obtained by similar compu- 
tation. It is easier. however, to consider a tensor field 
a & Y for an arbitrary covector field « on a manifold & 
and make use first of the fact that by general formula (11) 


£, (a @Y) = £ya @Y+a @#exY 


and second that the operation £, commutes with the 
contraction operation of tensor fields for any pair of 
indices (see Problem 5 above). Since contraction of a 
field @ ® Y obviously results in a smooth function 
it follows that 
(17) £y la (Y)] = (£xa) (Y) + @ (£xY). 
In an arbitrary chart (U, hk) the function @ (Y) can obvi- 
ously be expressed as follows: 

a(Y)=a,Y' on U, 
where-a; and Y', i = 1, ..., m, are the components of 
a field @ and a field Y, respectively, and hence, by for- 
mulas (14) and (16) already proved, formula (17) assumes 
the form 


X (a,Y'] = (Xa, ‘veges a + )¥i+a,z' on U, 


where Z', i = 1, .... nm, are the components of a vector 
field £,Y in a chart (U, h). . 
In particular, it follows for a; = 8; that 


xyin 2X pis zi, 


‘1.e. 
= ; OY? OX) yg, ; 
Y'=X a ae 


Zi = XYi— 
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Comparing this result with (22) of the preceding lecture, 
we immediately see that Z? = [X, Y)? and consequently 


(18) £yY =([X, YI. 
In an arbitrary Lie algebra g the mapping 
tr>fa, zl, a, r€g, 
is designated ad a. Using this notation we can rewrite 
(18) as 
£, =adX on aX. 

We have thus learnt to compute the operation £, on 
functions, on covector fields, and on vector fields. Since 
an arbitrary tensor field S in every chart (U, h) can be 
expressed as follows: 


S= see 2 dx @ ... @ dri 


we can uSing (11) (and its special case (15)) to calculate in 
(U, h) all components (£8) 3" Hs of a field £,S. 
Without writing out an explicitly corresponding for- 
mula, we can a priori say that it yields an expression 
for the components (£ x8)" as a sum of the products 
of the components of the fields S, X and their derivatives. 
These components are therefore smooth functions, and 


hence the field £,S is smooth. 
Problem 7. Prove that 


Jre- Sy 
(£ ot a Wt Seg oxk 
> Ge ines ig Ozk Ris...i, Oxi! 
» OXh 
Jide. - 
“Si. to errr 


+. + Site ‘Jp 
sa, jah. ..5, OXI 


woe Rjs Jg aed 
ies i, Oxk Sigiy. mee Oak 
j 
a — gh Ib 1% OX 
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Linear differential forms. Differential forms of arbitrary 
degree - Differential forms as functionals of vector fields- 
The inner product of a vector field and a differential form- 
Pullback of a differential form via a smooth mapping 


We now proceed to study covector fields on 2. Every 
such field a@ in an arbitrary chart (U, z', ..., 2") can 
be written as 

a=a;dz* on U 


{see (13) of Lecture 16), i.e. as a linear form of differentials 


dz}, ..., dz" of local coordinates. For this reason covec- 
tor fields are generally called linear differential forms 
{and functions a;, i=1,...; m, are their coefficients 


in a chart (u h)). A vector space T,.% of linear differential 
forms is also designated Q2°.%. 

For any linéar differential form @ and any vector field X 
the formula 


a (X) (p) = Gp (Xp), PED, 
defines a function a (X) on %. This function is desig- 
nated (a, X), ixa and X _ja@ and called the inner 


product of a form @ and a field X. In every chart (U,h) = 
(U, z', ..., 2”) the function a (X) is expressed as 

(1) a (X) = a,X*,. 

where X* are the components of a field X and a, are the 
coefficients of a form @ in (U, A), from which it follows 
directly that the function a (X) is smooth on &. [In Lec- 


ture 17 we have already considered this function ad hoc 
when computing the Lie derivative of a vector field.] 
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For any differential form @ € Q'2 the formula 
X a (X) 
defines some mapping 
(2) a: a> FL 


which is obviously a morphism of F.%-modules, i.e. 
satisfies the relation 


a ({X) = fa (X) 


for any function f€ FY@ and any field X €aZ%. 

We shall say that morphism (2) is generated by a 
differential form <. 

Proposition 1. For any Hausdorff smooth manifold Z 
the correspondence 


(3) form a => morphism (2) 


is an isomorphism of a vector space Q'Z% onto a vector space 
Homeq (a2, FX) of morphisms (2). 

Before proving this proposition we establish some 
simple lemmas on morphisms of the form (2). In these 
lemmas 2 will be assumed to be a Hausdorff manifold. 

We shall say that vector fields X and Y coincide near a 
point p € XY, if they coincide on some neighbourhood of 
that point. (Cf. a similar definition for functions in 
Lecture 16.) 

Lemma 1 (the property that morphisms a% > FZ 
are local). Jf vector fields X and Y coincide near a point 
p€2, then for any morphism (2) functions a (X) and 
a (Y) also coincide near the point p. 

Proof. (Cf. the proof of Corollary 2 to Lemma 1 of 
Lecture 16.) Let X = Y ona neighbourhood U of a point 
p, and let m be a smooth function 2 — KR such that 
@ = 0 outside U and mg = 1 on some neighbourhood W 
of p contained in U (see Corollary 1 to Lemma 1 of Lec- 
ture 16). Then the field m-(X — Y) is zero on 2, ioe. 
is the zero of a vector space a2. Since the morphism a 
is linear, 


ale-(X — Y)]=0 
and w-a(X — Y) = 0. Since p = 1 on W, this proves 
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hat a (X — Y) =0 on W and hence a@ (X) = a (Y) 
nw.g 

Lemma 2. Let U be open in Y, and let py € U. For any 
vector field X' on U there is then a vector field X on 2 such 
hat X’ = X near Po. 

Proof. (Cf. the proof of Lemma 1 of Lecture 16.) By 
?roposition 2 of Lecture 14 there are open sets V and W 


n &% such that 
pew, WoVv, VU, 


and for a pair (_V, W) there is a Uryson function q. For 
an arbitrary point p € 2% we put 

af CUS» if p€U, 

= 0) if pq U. 
[t is clear that the field X: p -» X, is smooth on Z and 
coincides with the field X’ on W. 


Corollary 1. For any point py of a manifold 2 and any 
vector A € Ty, there is a vector field X on XL such that 


X p, — A. 
Proof. Let (U, h) = (U, 2x1, ..., 2") be a chart such 
that p,€ U, and let 
a 
A=a' (sci) » 


Define on U a vector field X’ mite 
, -{ @ 
Xp = a‘ (<7 ) 


Ozt 
for every point p € U. By Lemma 2 there is a field X on 
® such that X' = X near the point p,. In particular, 
Xp, =X, =A. O 
Corollary 2. For any open set U — & every morphism a: 
a®—-+>FD induces a unique morphism 


(4) ay: aU + FU 
for which there is a commutative diagram 
(5) a® + aU 

a + 1 Qy 


F2>FU 
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whose horizontal arrows are restriction mappings, i.e. such 


that 

a@(X) ly = &y (X |v) 
for any vector field X on 2. (Cf. Proposition 1 of Lec- 
ture 16.) 

Proof. Let a morphism @ , exist, and let X be an arbit- 
rary vector field on U. By Lemma 2, for any point 
p€U on @& there is a vector field X’ coinciding near p 
with X. If X’ = X on a neighbourhood W of p, then 


au (X) lw =@ (X’) lw 
and, in particular, 
(6) &y (X) (p) = & (X’) (p). 
Moreover, by virtue of the property that a morphism a 


is local for any two fields X’ and X” on 2 coinciding 
near p with X there is an equation 


(6’) a (X’) (p) = a (X”) (p) 


which shows that the right-hand side of (6) is independent 
of the choice of the field X. This proves that the morphism 
“zy is unique. 

To proye that the morphism ay exists we define for 
any vector field X on U a function a y (X) by formula (6). 
According to (6’) this definition is correct. Moreover, if 
X' = X on a neighbourhood W of p, then ay (X) = 
a (X’) on W, from which it follows that the function 
@ y (X) is smooth on U, and hence the formula ay: X —> 
ay (X) defines some mapping 


ay: aU +> FU. 

If now X €aU and fE FU and X,€a® and f, € 
FY, with X = X, and f = f, near p, then fX = f,X 
near p and therefore 

@y (fX) (p) = @ (f,X1) (p) = (fie (X)) (Pp) 

= f, (p)-@ (X;) (p) = f (p)-au (X) (p) 
= Ifay (X)] (p). 


Consequently, ay ({X) = fay (X) and hence ay is a 
morphism of modules. 
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Finally. since every field X on 2 may serve as a field 
X' for a field X |, (with respect to an arbitrary point 
p€U), we have 


ay (X |v) (p) = & (X) (Pp) 


at every point p € U. Consequently, diagram (5) is com- 
mutative. J 


Lemma 3. In any chart (U, h) = (U, zx}, -.., 2”) 
every morphism (4) acts by the formula 
(7) Au (X) = a,X?*, 
where a;, i = 1, ., nm, are some functions smooth on U, 
and X', i=, , m, are the components of a vector 


field X in the chart (U, h). 
Proof. Since X = Xi < on U, we have 


ay (X) = ay (gr) Xt = a, Xi, 


where a; =a(z7). 0 


Corollary 1. Morphism (4) is generated on U by a differ- 
ential form 


(8) ay =a, dz. O 


Now we are in a position to prove Proposition 1. 
Proof of Proposition 1. In order not to get entangled in 
identifications, in this proof we shall denote morphism 


(2) generated by a form a by a. It is clear that mapping 


(3) is linear. Let a = 0, i.e. ap (Xp) = O for any vector 
field X on Z and any point p € 2. According to Corol- 
lary 1 to Lemma 2 there is a field X € a% for any point 
Po € # and every vector A €T;,,%, such that X,,, = A. 
Consequently, ap, (A) =0, ie. @, =0 on Tp 2%. 
Therefore a = 0. 
This proves that mapping (3) is monomorphic. 
Let B be an arbitrary morphism 1.2 > FZ. By Cor- 
ollary 1 to Lemma 3, for any chart (U, I) (03 Be cy 
xz") the morphism By: aU ~ FU is generated by form 
(8), where a; = B{ : a Cee oie eee 


Oz! 
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z™’) is another chart and the morphism By: on U’ is 
generated by a form ay = a; dz’’, then, the morphism 
6B being local on the intersection U (| U’, there is an 
equation 


a,x? = a;,dz. 
This shows that putting 


ap =(eu)p if DEU 


we correctly define on 2 a covector field a@ having the 
property that a |y = @y for any coordinate neighhbour- 
hood U. This means that @ is smooth and generates a 


given morphism 6 (i.e. is such that a = 6). 

Consequently, mapping (3) is epimorphic. 

In what follows we as a rule identify linear differential 
forms (covector fields) on 2 and morphisms (2) they 
generate. 

Remark 1. Note that mapping (3) is itself a morphism 
of F Y-modules, i.e. in the notation introduced in proving 
Proposition 1, for any form a €Q2'2% and any function 
f€ F&@ there is an equation 


fo = for, 
where the morphism fa is defined, as it is customary in 
algebra, as follows: (fa) (X) = fa (X). 


Of particular importance are tensor fields @ associating 
every point p € Y with a skew-symmetric tensor wp, i.e. 
(see Lecture I[1.8) a (r, 0)-tensor whose components 
change sign under any transposition of indices. (The 
number r is called the degree of a field w.) For any fields 
8 and w of skew-symmetric tensors the formula 


(8 A O)p = On A Op, 


where 6, /\ py is an outer product of tensors 0, and ,, 
(see Lecture [1.8), defines a field 6 A w of skew-sym- 
metric tensors, the degree of which is equal to the sum 
of the degrees of 6 and w. Since the components of the 
outer product of two tensors are algebraically expressible 
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in terms of the components of cofactors, for smooth fields 
8 and w the field © /( @ is smooth. 

All algebraic properties of external multiplication of 
skew-symmetric tensors (for example, associativity and 
skew commutativity; see Lecture I[1.8) remain valid for 
their fields. It is thns possible not to write brackets in 
the outer product of any number of fields of skew-sym- 
metric tensors. and for any fields 8 and w of skew-sym- 
metric tensors we have 


wo A 6 = (—1)"0 A o, 


ae r is the degree. of the field w and s is the degree 
of @. 

‘When r = 0 the field w is a function f and the outer 
product w / 8 is the usual product f0 of f by 8. 

The familiar expressions of skew-symmetric (r, 0)-ten- 
sors in terms of outer products of covectors of the con- 
jugate basis (see Proposition 8 of Lecture II.8) show that 
every field of skew-symmetric tensors on an arbitrary 
coordinate neighbourhood U can be expressed as 


1 . i 
(9) O =F 1... dz: \ ... fA dzv 


=>...) 04.4. dri A... A dz’, 
1<i,<...<i, <n ‘ 
where o;,...;, are a!-multiplied components of the field 
in a chart (U, z', ..., x") (which are smooth functions 
on U). For this reason fields of skew-symmetric tensors 
are also called differential forms on a manifold Z. 

When r = 1 we obtain linear differential forms con- 
sidered above, and when r = 0 we obtain smooth func- 
tions on %. 

Differential forms of degree r> 0 form a linear sub- 
space Q7.% of the space T,2% of all (r, 0)-tensor fields. 
Thus Q°@ =F2 and Q'% = 7,2 (whereas when 
r > 1 the inclusion. QO’? Cc T,Z is trivially strict). The 
symbol Q2?2@ has already been.used by us earlier. 

Notice that 

Q'R = 0 


for any r> An. 
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Interpreting (r, 0)-tensors as multilinear functionals 
of vectors we can associate any differential form w of 
degree r and any vector fields X,, ..., X, with a func- 
tion w (X,, ..., X,) on 2B whose value at pE D is 
given as follows: 


@ (X), nL a X,) (p) == Dp ((Xy)p, a (X,))). 
If in a chart (U, 2’, ..., 2”) 


o= D+ d Oi,...4, dat A... A da’r 


{<i< oe -<i,gn 


and 
X=xX) —— eee X,.= 7 g 
ar i, ? , r r ar’? ? 
then 
xi... X} 
w(X,, ...,X)= De-- D @4..4, -. ee. -fonU 
1Sis<...<i,<n x: a, Os 


(see formula (5) of Lecture II.8). Consequently, the func- 
tion w (X;, ..., X,) is smooth. 
The obtained mapping 


(10) ow: ax... xX ao > FI, (X,...., X,) 
| 


r times 
——P (X,, o 8 8g X +) 
is obviously F.%-multilinear, i.e. it is a morphism of 
F.2-modules in every independent variable. Moreover, 
it is skew-symmetric, i.e. changes sign under any trans- 
position of independent variables. 
Just as for r = 1 (see Proposition 1 and Remark 1) if 


2X is a Hausdorff manifold, then for any r > 1 the corres- 
pondence 


(11) form of degree r = mapping (10) 


gives an isomorphic mapping of an F 2-module Q"2 onto 
the F2-module of all skew-symmetric F2%-multilinear 
mappings (10). The proof repeats practically word for 
word that of Proposition 41 and will be left to the 
reader (do not fail to carry it out in detail). In what 
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follows we shall as a rule identify differential forms with 
the corresponding mappings (10). 

Remark 2. Similarly, arbitrary (r, 0)-tensor fields 
on @, r>0, can be identified with (not necessarily, 
skew-symmetric) F2-multilinear mappings 


a®x...X aL+FR 
cae a1) ae 

and (r, s)-tensor fields, r>0. s>0, with F2-multi- 
linear mappings of the form 


(12) S: aM... XaDKUNMK 1. XANVWOFD. 
Sine : s times | 


In particular 
aX = Homey (2'2, FLX) 


(corresponding to a field X is an F2-linear mapping 
ix: @e» X _Jja). Therefore, when s = 1 every field (12) 
can be interpreted as an F2%-multilinear mapping 


S:aDx ... XAaN>aDL 
r times | 


associating vector fields X,, ..., X, with a vector field 
S (X,, ..., X,) such that 


S (X;, on osy X,)_ ja = S (X, sos X;, a) 


for any differential form @ € Q'.2Z. 
Problem 1, Give a similar interpretation to (42) for s>1. 
By virtue of identification (11) every vector field X 
allows an arbitrary form w of degree r > 0 to be asso- 
ciated with a form i,w' = X _| w of degree r — 1 whose 
value on vector fields X,, ..., X,-, is given as follows: 


(X _ J w) (X1, es 8 0g X,-1) = & (X, Xi Sr) D, are 


A form X _} w is called the inner product of a fleld X 
and a form w. [For r = 1 it has already been considered 
at the beginning of this lecture. ] 

When r = 0 (i.e. in the case where the form @ is a 
function) we assume by definition that X _|J wo = 0 for 
any field X. 
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Now notice that in the interpretation of differential 
forms as mappings (10) the inner product 8 A o of a form 
8 of degree r by a form w of degree s is given as follows: 


(13) (8 A @) (X), ea X +s) 
= pa £0 (Xo) ry 993 X o(r)) wW (X o(r+1)s a 
oa 
X g(r+s))s 
where the summation is taken over all (r, s)-permutations 
o, i.e. over all substitutions prescribing the order of the 
first r and the last s subscripts (prove this !). 


It follows that for the inner product X _|(8 A @) of a 
vector field X by a form 8 A w we have 


(44) X_1@A o) =(X _16) A o + (-1)"8 
A (X _1o), 


where r is the degree of the form 8. Indeed, by (13) for any 
fields Xi; o 8 84 A pie 


X _J(8 A o) (Ai, ~~ +) Xpts-1) = (8 A ) 
ae ©. Ge, Cre rer ame, arr | 
= 2 59 (You) + +1 Yotr)) 
x o (Yortis ae 29 Yotr+s))s 
((X 18) A @) (Xy, «~~, Xp4s-1) 
= p2 £69 (Yi, Yon + - +» Yon): 


x @ (Yotr+n)s +e 84 Yocrts))s 


where Y, =X, Y, = X,,..., Yrag = Xp45-1 and 
where in the first sum o ranges over all (r, s)-permutations, 
and in the second it ranges only over those for which 
o (1) = 1. Since o (1) = 1 or o (7 + 1) =1 for every 
(r, s)-permutation o, it follows that 


(15) (X __1(8 A @) — (X _19) A @) (Xi, ~~ -, Xp45-1) 
== ps E09 (Yea) Se cay Y g(r) 


x oO (4, Y o(r+2)1 ¢ 2 93 Kotte): 
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where the summation is taken over all permutations o 
for which o (r + 1) = 1. 

But every (r, s)-permutation o with o (r + 1) =1 de- 
fines by the formula 


t(a) = {5 ane “oi i ee ae we 
..rts—it 
an (r, ¢ — 1)-permutation t for which 
Yo) = X41) yosiesy Y or) a X x(n) 

, Y o(r+2) =. X e(r+1)s o8 09 Yo(rts) =a X (r+8-1) 

and ° 
&, = (—1)’ e,. 

Therefore the right-hand side of (15) is equal to 

(—1)" 2 €,0 (X¢x1 eee X (ry) @ (X, X a(r+1)> 

+; Xa(rt+e-n) 


= (—1)"(8 A (X A @)) X (Xa, - ees Ket e-a)s 


which proves formula (14). 0 
A linear operator D carrying forms into forms and satis- 
fying for any forms 0 and w the relation 


D(® A o) =D@ A w + (1) 8 A Da, 


where r is the degree of the form @, is called an anti- 
differentiation. In this terminology the proved statement 
means that for any vector field X the operatoriy = X __| of 
internal multiplication by X is an antidifferentiation. 


“Let f: 2 + yY be an arbitrary smooth mapping and 
«® be an arbitrary differential form of degree r >0O on 
a manifold +. We associate every point p € Z with 
a skew-symmetric tensor (/*@), of T,2% assuming on 
vectors A,,...,A,-€T,® a value 


(f*w)p (Ay, ..-, Ar) = Oy, (df)p Ai, -- +, (Bf)p Ar), 
where as’ever g = f (p) and 
(df)p: Tp® > Tpy 
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is the differential of f at p. If 
(U, h) = (U, x’, ..., 2") and 
(VV, k) = (Vi ys. y™) 


are charts of manifolds 2 and ¥Y such that fUCV 
and if 


y=f(,..., 2%, joi, ..., m, 


are functions expressing in charts (U, hk) and (V, k) 
a mapping /, then 


> (et) = (Fe) pl Geile Et 


and hence 


(f*@) p ((=}, Re oe ( ae ),) 


afi : ) 
“(), (2) lle gf 


for any indices i,, ..., i, =1,..., n. But by defi- 
nition 


“(Sale a. bs: )) =n. 5, 


= (0;,., jr°f) (PD): 


where ;,...;, are the coefficients of the form in a chart 
(V, k). Introducing by analogy functions 


(f¥0), in pr> (f*o), ((=5-),. ee ( : ),) 


Ox T 
we see that for any indices i,,..., i, =1,...,27 
we have on a neighbourhood U 
* ' os Va jy 
(16) a age eee eee Ce) 
Ox ax‘? r 
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which shows in particular that functions ({* ©)i,.. 4, are 


smooth on U. 
Therefore the formula 


(17) PO Re Pai. de A A dae 
defines on U a differential form /*w. 

Comparison of the definitions shows that at every 
point p € U this form assumes a value (f*) ». This proves 
that the correspondence 


p> (f* 0) p 
defines a differential form f*w on 2. In every chart 
(U, xi, ...., 2") the form /*w is expressed by formula 


(17) (i.e. in other words the coefficients of this form 
in the chart (U, z', ..., 2") are- functions (16)). 
Definition 1, A form f*@ is said to be obtained from 
a form @ by a pullback via a smooth mapping f. 
It is clear that the mapping 


* OY +L, we f*o, 
is linear and commutes with an external multiplication: 
f* (0 A o) = f*8 J fro 

for any forms 0 and w» on ¥Y. 

Moreover, if f: 2 > ¥Y% and g: ¥—>@2, then 

(go f)* = 7* o Bt, 

and if f =id: ®2— WZ is an identity mapping, then 
fF: Q)nH + Q’™Z is also an identity mapping. 

For r = 0, when the form w is a smooth function 
g: ¥ >R, we have 

fg = gef. 

When f is a diffeomorphism g, the construction of /*w 
iS a special case of the general construction o*S of Lec- 
ture 17. (Cf. Remark 1 of Lecture 17.) 


For an arbitrary submanifold % of a manifold 2 and 
the corresponding emhedding 1: Y¥—T2Z the mapping 


uU*: QTL > QTY 
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is nothing but a restriction mapping carrying a form wo 
on 2 into a form o |y on Y, for which 


(@ la) p (Ay, eo 89 A ,) = Wp (A,, s Re eg A ,) 


at any point p €Y and for any vectors A,, ..., A,€ 
T,Y (where the space T,% is naturally regarded as a 
subspace of a space T,.2). 

Remark 3. The construction of a form /*w can be imme- 
diately carried over to arbitrary (r. 0)-tensor fields, 
r > 0. For every such field S on Y a field f*S on Y@ can 
be given as follows: 


(f{*S)p (Ay, ..., A,) = S, ((df)p Ai, .--, f)p Ar), 


where p€ XY, gq =f (p) and A;....,A,€Tp2, and 
the components (/*S);,.;, of f*S are expressed in terms 
of the components S;,..; of S as follows: 


afaa afr 
(f*S)s,.04,= ae “Sa... 


Note that this construction cannot be extended to 
(r, s)-fields, with s> 0, (unless f is a diffeomorphism). 


Lecture 19 


Exterior differential of a differential form- The Lie de- 
rivative of a differential jorm 


As we already know from Lecture 12, every smooth 
function f on a manifold @ defines at any point p€ 2 
a covector (df), acting by the formula 


(df)pA = Af, A ETL 
and hence defines a linear differential form 
df: p> (df) p 


called a differential of j. In every chart (U, z', ..., z”) 
this form can be expressed as 


and is therefore a smooth form. As a morphism of F 2- 
modules of a% ++ FZ the form df acts by the formula 


(1) df (X) = Xf, X €a%. 
It is clear that the mapping 
d: OV +QI2, fred, 
is linear and has the property that 
d (fg) = df-g + f-dg 


for any two functions f and g. 
It turns out that the mapping d can be extended in a 
natural way to differential forms of any degree. 
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Proposition 1. For any smooth manifold Y and any r > 0 
there is a unique mapping 


d: OD > Q7™UNL 


having the following properties: 

1° The mapping d is linear. 

2° The mapping d is an antidifferentiation, i.e. for any 
two differential forms 8 and @ there is an equation 


d(® A wo) = 49 A wo + (—1)' 4 A dao, 


where r is the degree of the form 9. 
3° For any smooth mapping f: 2 ~ Y and any form 
w@ on &Y there is an equation 


df*w = f*do. 


4° For every function f € Q°2L the form df is its differ- 
ential (41). 
o° «If w = df, where f € 2°Y, then 


dw = 0. 


Proof. As always in similar situations, we first prove 
uniqueness. 

Let (U, h) = (U, x’, ..., 2") be an arbitrary chart 
of the manifold 2 and let 


oly = 2 >») @; 


1<i.<..<ic<n 


{dx A... A dz’. 


Denoting the form 
d(@ |y) = do ly 
by dw y we immediately get by Properties 1°-9° 
(2) doy= Dd... d dwi,...i,dz f\ ... A dz’? 


Isis<...<i.gn 
_ ee oe ; ; 
>) mie > ———+dzr'f\ dzif... A dz'r. 
1iy<.. _<i,gn Oxt 
Consequently, the form dw y = dw |y and hence the 
form dw (U being an arbitrary coordinate neighbourhood) 


can be uniquely defined by the form w. This means that 
d is a unique mapping. 
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To prove the existence of d we define on every coor- 
dinate neighbourhood U a form dw y with the aid of for- 
mula (2). If (U, 2, ..., 2”) and (U’, x’, ..., 2™) 
are two charts of the manifold 2% and if 

o= DY. .d wi..4 dz A... \ dz’ on U 


1<i,<...<i,<n 


O = 20% oy ¢azit A... A dar on U, 


and hence 
Tr rit ; 
OO; , van’ gzr'® Ox" 


ae 


k= 

«? 
Oz or ™ ipess iy 
Axis ax? 


+ 


On the other hand, for any function f 
(3) a oa dz* f\ dz? 
a 2 sarah ax! aaa dar’ \ dz? 
atte Bats a ee dz’ \\ dx? 
= igh — _ dx* \\ dx? 
+ b) i dzi f\ dx‘ 


= >) (—- ca ) dx \ dzi =0, 


Oxi Oz) =—s Ax Ox? 


i<j 
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since dx’? A dx = —dz’ A dz* and the second partial 
derivatives are independent of the order of differentiation. 
Therefore, in particular, for any K=1,...,r 
a 
-~— dz’ \ dz =0 
dzi az 
and hence 
iy 2..ik iv | 
Oz ee ie ic oo @ d ().- 7 dz‘ 
as dx" dzi ax'k pr Stee 


Adair... \ dre A... A dz =0. 
Consequently, on U () U’' | 


had ere ee ; 
a7 aa’ A dais A... A da'r 


= aa't or az‘? ie ii... 4) d 
Ox" axis = xt 
A dz A... A dz’t 
dw ; 

Pe ./ ; Ox"! ; 
= tr dat : dz) 
a Oat ) M ki | 

axir 


and hence 


OO, 
Seer > sar dat f\ dat N ate \\ dxir 


1<i,<...<i,<n 


— ee Ot _fe tr gyi? A dati N... A date 


i<iy<. .-<i,gn ax" 
on Uf U’,7 i.e 
dw y = dwy on U () U’. 
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Forms dw y are thus compatible on intersections and 
make up a differential form dw of degree r + 4 on a mani- 
fold 2 with the property that 


dw ly = do y 
for any coordinate: neighbourhood JU. 
We have thus constructed the mapping 
d: DH > QTD, 


It is clear that this mapping has Properties 1° and 4°. 
In addition, for any function f€ F.2% in every chart 


(U, z', ..., 2") there is by (3) an equation 
Ql a3 os = 
d(afy=a(— dzi) = sar ds’ A dzi=0, 


which proves Property 5°. 

It suffices, of course, to verify Property 2° in an arbit- 
rary chart (U, z', ..., 2"). Moreover, since the oper- 
ator d is linear, it suffices to verify this property only 
for “one-term” forms 


=fdz* and wo = g dz§, 
where it is assumed that 
dz® = dz'* A ... A dz*t and dz6 = dz A ... A das. 
But for such forms 
d (8 A o) = 4d (fg A dz* dz?) 
= d (fg) A dat A dz® 
= (df-g + f-dg) \ da A dab 
= df A dt \ g do + (4) 
x (f A da*) A (dg A az?) 
= dO Aort (—1)" 6 A dao, 


which proves Property 2°. 

Similarly, it suffices to verify Property 3° only on coor- 
dinate neighbourhoods (U, hk) and (V, k) which satisfy 
the es fU c V. But in this case if 


2 O;,.. , dy’ Ns A dy’? on V, 
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then (see formulas (16) and (17) of Lecture 18) 
d(f*w) = pige 2 d(f*w)i,...i,dzs A... A dx’, 


i<i; <. .<iSn 


where 
afi af’? 
a (f20)s,...4,=4 ($5 eat ani? (01,...5,2 DY 
r : : 
aoe a af” 
ax" dri ax'® ax’? 


s=1 


X (0;,...4,° f) dz’ 


SAO hoy oe | 
bats ax? dy? Gx? ; 


and hence (see similar computations made above when 
constructing the operator d) 


d (fra) | 
= aS DM (Fe +1) afi a8 
AR t.°3 } Oxi 
i<i,<...<i,<n ou" dx 7 dy’ ce 


A dzit A... A dz’. 
On the other hand, 
0. 
da = > eae D> 5 dy! A dy A... . A ay’r 
1<ji<...<j,<n y 
and 


{* (do) 
= 2--- 2 <a ef) f* dy) A f* dys 


i<i<. ++ <i,Sn 


A... A f* dy? 
oft apr ( 93,...5, afi, 
> eee > Ort eo ee a oye of Oat dx? 
1<i,<...<i,<n Ox y 


A dai A... A dar. 
Consequently, d (f{*o) = f{* (dw). O 
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Definition 1. A form dw is called the exterior differential 
of a form wo. 

For the coefficients (dw);,..;,, of dw in a chart 
(U, h) = (U, xz}, ..., x") to be expressed in terms of the 
coefficients Oi. of w we first notice that in sum (2) 


we may restrict ourselves to the summation taken only 
over distinct indices i, i,, ..., i,, since if an index i 
coincides with one of the indices i,, ..., i, (which are 
all distinct under the hypothesis), then the corresponding 
term of sum (2) is zero. If, however, all indices i, i;, ..., 
i, are distinct, we arrange them in increasing order and 
denote by j,, ...-, Jrq;. Thus, if ¢ = ja, where a = 
4,...,7+14, then 


ty — li eo 8 8g or a= Faens ig = Jats ee 09 i, = Trea 
{recall that under the hypothesis, i<o... <ci;,), with 
dat \ dz fA . _ Naz r= (1) dxis 


IK se tea ict A dxiret 
and 
d® A 
ect a ce 
Oxt aria 

where the sign * points out that the corresponding index 
must be omitted. Since for any sequence j,, ..., fra, 
of increasing indices the index i may turn out to be any 
one of them, it follows that 


hed 
dyer Dy sat da! \ dz \ ... Adz® 


1<Si,< 1+. Sipgn 


r+i 6. 4 
— > aot » (3 (— aye et 
{<ii<...<j,,,<0 \a=1 dx 
xX dxis Pcie JX dx?r+t, 
i.e. that 
r+i de , 


(4) (do);....4,, ‘ae {yor aren 


az’e 
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For example, for a linear form a=a, dz‘ 
06 0a; ‘ 
epee OE peg, 
<a) axt Ox) ed 
Proposition 2. Considered as an F 2-multilinear func- 
tional of vector fields, the form dw is given as 


(9) (dm) (Xj, ..., Xp44) 


r+i 


=). (— 1)! Xo (X,, ...; x sees Mp4) 
rr Oorti 
st 2 (—1)2*8@ ({X,, Xy); 


X;; see es oe ee X,,, a | X 544): 


where the sign * points out that the corresponding field must 
be omitted. 
Proof. Let 6 (X,;, ..., X,4,) be the right-hand side 

of (5). Clearly, 

6(X, + Xy, Xe. .- 6, Xrar) 

= 6 (X,, Xe, -.-, Xrgr) +9 (X}, Xo, 

+89 X +41) 
for any fields X,, a Xo, .. +, Xpy,- Moreover, for 
any function f € FZ 


O(fX1, Xe, ~~.) Xear) = fX,@ (Xe, ~~~, Krai) 
r+i , 
+ pa Ga NG Xi: aca Mga, aoadae Apa’) 


r+1 . 7 
spe (—1)?*2@ ((fXq, Xol, Xo... -, Xo, 
2 99 X +41) 


r r+i 


+ 2 > ( ye? @ (Xa, X yl, fX,, 


a=2 b=a+ 


e 08 49 ) oe X,,...,X Xia) 
= {X,o (Xo, ee 69 XK 44) 


r+t a 
+ Pee ae Xo (fa (X,, a | Xa: ee 49 X r41)) 
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r+{t . ; 
+ 2 [fo ([X,, Xo], Xo, ..-, Xo, 

a) Aras) — Xf: @ (X,, ed ey X,, ee X y4)] 
+> 5 (A fo (Xa, Xeh Xi, 


a=2 basa 
oo) Xa, eo Migs a) X 41) 
= 1X (Xo, ee 8y X p+) 
ag (1 X,f-o (Xj, es Xai 2 ey X41) 


r+i A 
gg oa {[X,@ (X,, ae Xa: e 8 ey X p41) 


r+t 7 
+ 3 (1) fo (Xi, Xol Xa +o Xe 
r+i 
e 09 Keay) = X pf+@ (X,, eo 6 8g X35, 


r r+i 
sy X rar) +2 2 fe fo (Xa, Xo, 


> eo 2 649 X,, op 09 X», ee 09 X r41) 
(here we make use of the relation [{X,, X,] = f{X,, X,] — 
Xpf-X,; ‘see formula (23) of Lecture 16) and hence 


O (FX, Xe, - 5 Xoyi) — (0 (Xi, Xa, ~~ 0) Xai) 


A 


rti 
= 2 (te Xaf*o (X,; o @ 04 Kas eo © 99 X +41) 


r+1 - 
= 2) Ki Xie aie XM ihy Hake ep 
= 0, 


This proves that the right-hand side of (5) is F 2-linear 
in X,. 

It can similarly be proved (do not fail to carry out 
the appropriate calculations!) that it is also F.2-linear 
in the other fields X., ..., X,y4,. (This can be proved 
in another way, which is just a little bit easier, by show- 
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ing that 0 (X,, ..., X,4,) is skew-symmetric in X,,. 


r+i- : P) 
It is therefore sufficient to verify formula (5), in every 


e *9 


chart (U, 2}, ..., 2"), only for basis vector fields 
0 0 
= — 9 s e ey »,¢ — Sg ee 
nie Oz)! fe az htt 


But computing both sides of (5) on these fields we obtain 
the coefficients (dw);,,. fis of the form dw on the left 
and a sum 

r+i 


(ipo. «.. 
gi az’@ JaceeDeeIpgy 


; , ; 0 0 
on the right (the second sum vanishes since Ee sai | = 0 


for any i and i). By virtue of (4) this proves Proposi- 
tion 2. 9 

Remark 1. We may try to prove Proposition 2 by 
verifying that the form d@ defined by formula (5) has 
Properties 1°-5° of Proposition 1. Property 1° (linearity 
of mapping d) and Property 3° (permutability with a 
transition mapping f*) are trivial, When r= 0 (and 
«o = f) formula (5) goes into formula (1), which proves 
Property 4°. When r= 1 formula (5) becomes 


(6) dw (X, Y) = Xo (Y) — Yo (X) — o ([X, Y}). 


Therefore if = df (and hence w (Z) = Zf for any field 
Z), then 


dw (X, Y) = XYf —YXf —1iX, Y)if = 0, 


and Property 5° is proved. However, a check of the re- 
maining property 2° (carried out using formula (13) of 
Lecture 18) requires simple but rather cumbersome com- 
putations with double sums. 


Problem 1. Carry out these computations (and thus reprove 
Proposition 2). 


It turns out that for differential forms the operation of 
taking a Lie derivative £, can be expressed in terms of 
inner products on a field X and an operator d. 
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Proposition 3. For any vector field X and any differential 
form w there is an equation 


(7) £y@ = X _sjdw+d(X _}o). 


Proof. If @ is a form of degree r = 0, i.e. is a function f, 
then, as we know (formula (14) of Lecture 17), the left- 
hand side of (7) is equal to Xf. But on the right there 
remains only the first term X __|df = df (X).. Since 
df (X) = Xf formula (7) for r = 0 is thus proved. 

Further, it follows immediately from Property 3° of 
d that the operator d is commutative with the operator 
£y, 1.6. 


(8) d& yo = £x do 


for any form o. In particular, 
&y df = d£xf = d (Xf) 


for any function /. 
On the other hand, if o = df, then 


X _jdw + d(X _j}o) = d(X _)df) = d (Xj). 


Consequently, formula (7) is true for m = df as well. 

Since an outer product of forms is obtained by anti- 
symmetrization of their tensor product the analogue of 
formula (43) of Lecture 17 holds for external multipli- 
cation of differential forms as well, i.e 


(9) £x (6 A wo) = £x8 A o+6 A £xo 


for any forms 6 and o. By Definition 1 of Lecture 16 this 
means that the operator £ x is a differentiation of an alge- 
bra of forms on Z. 

On the contrary, we know that operators d and X _} 
are antidifferentiations. But it can easily be seen that 
for any two antidifferentiations D, and D, changing 
degrees by +1 (or, more generally, by any odd number) 
the operator D,D, + D,D, is a differentiation. (Indeed, 


(D,D, + D.D,) @ A o) = D, (D,0 \ @ + (—4)" 8 
(A D.o) + Dg (D8 A @ + (—1)' 8 A Do) 
= D,D6 \ o+ (—1)"#!? D,6 A Dio 
+ (—4)" D,@ A Dw + (—1)"*76 
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A D,D,o + D.D,b A wo + (—1)"*! D6 
A Do + (—1)’ D8 A D,wo + (—1)"*0 
| D,D,o = (D\D, + DD) 8 A o 

+@ A (D,D, + D,D,) o 


for any forms 9 and w.) In particular, a differentiation 
is the operator 


(10) wo X _jdw +d(X _jo) 


appearing on the right of relation (7). 

Since on any coordinate neighbourhood U an algebra 
of forms is generated by functions and forms dz‘ on which, 
as we have already seen, operators £, and (10) coincide 
and since the fact that two differentiations of some 
algebra act in the same way on generators obviously 
implies that these differentiations coincide everywhere, 
this proves that formula (7) holds on every coordinate 
neighbourhood U. It is true therefore on the entire mani- 
fold @ as well. DO 

In operator form relation (7) is as follows: 


Ey =ixyod+doiy. 
Problem 2. Prove that 
{£ x, iy] = ltx,y] 


for any vector fields X, Y. [Hint. Both sides of this for- 
mula are antidifferentiations decreasing the degree by 
—1. Moreover, they are zero on functions and act in the 
same way on all forms df.] 

Problem 3. Prove that 


[£x, £y] = £rx,¥) 


on any tensor fields. [Hint. Both sides of this formula are 
differentiations of an algebra of tensor fields acting in 
the same way on functions, vector fields, and linear 
differential forms.] 
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Lecture 20 


The de Rham complex and cohomology groups of a smooth 
manifold - The group H°® - Poincaré lemma - The group 
H'S?: The group H’S'- Computing H'S! using inie- 
grals- The group H*S*- Groups H'§" for n>2- 
Groups H™S", m< n+ Groups H"S" 


The equation 
(1) dw = 98 


can be written for a given form 6 and an unknown form w 
in every chart as some system of differential equations 
with the coefficients of w. Keeping in mind that differ- 
ential equations of this sort occur in mathematics and 
physics we deal in this and subsequent lectures with 
conditions ensuring the existence of their solutions. 


Proposition 1. For any differential form w there is an 
euuatian 


ddw = f). 


Proof. It suffices to verify this equation in an arbitrary 
chart and only for forms om = f dz*, where dzx* = 


dzi: A... A dz't. But by definition 
d (f dx*) = df f dx 


and according to Properties 2° and 5° of the operator d 
{see Proposition 1 of Lecture 19) 


dd (f dx) = d (df \ dx%) = ddf A dx 
—df \ ddz* =0.0 
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Proposition 1 implies that the equation d8 = 0 is the 
necessary condition for the solvability of equation (f). 
The determination of conditions under which it is suf- 
ficient requires a general study of interrelations between 
forms dw and forms @ for which d@ = 0. 

Definition 1. A sequence 

ae a gut a™ 
C*: C8 —» Ch > 2. =e C*™ > CM 
of groups (or, in particular, of vector spaces) and their 
homomorphisms is said to be a cochain complez (the origin 
of the term will become clear in Lecture 29) if 


(2) d™od™-!' =0 for any m> 1. 


It is usual to write d rather than d”™. 

The kernel of a homomorphism d™ is designated Z"C°, 
and its elements are called cocycles of degree m. The image 
Im d”-! of a homomorphism d™-! is designated B™C° 
and its elements are called coboundaries of degree m. (When 
m=O it is conventionally assumed that B°C’ = 0.) 
Since by condition (2) B"™C’ <c Z™C’, a quotient (or 
factor) group 


(3) H"C* = Z"C*/B"C: 


is defined. It is called the mth cohomology group of a com- 
plex C° and its elements are cohomology classes. Cocycles 
belonging to the same cohomology class, i.e. such that 
their difference is a coboundary, are called cohomologous. 

According to Proposition 1 vector spaces Q"2 and 
exterior differentials d: Q*Z—~+Q™*'ZD make up a 
cochain complex 


a7: eT 57+ ...5a"7F¥ SQ™7~... 


This complex is called the de Rham complez of differential 
forms of a smooth manifold 2. Its cohomology groups 
are designated H”™2% and called the de Rham cohomology 
groups of a manifold 2. (Notice that as a matter of fact 
they are vector spaces, but the term “vector space of 
cohomology groups” is not used.) 

The coboundaries of a de Rham complex, i.e.forms do, 
are called exact differentials or, more briefly, exact forms. 


3* 
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The cocycles of a de Rham complex, i.e. forms @ for 
which dw = 0, are called closed forms. A cohomology 
class of a closed form w is designated [ol]. 

Thus the necessary condition for the solvability of 
equation (1) is that the form 6 should be closed, and the 
sufficient condition is that it should be exact. In partic- 
ular, equation (1) is solvable for any closed form 0 of 
degree m if and only if H™2% = 0. [These statements 
are of course tautologies. They will become meaningful 
when we learn to compute the group H™2% geometrically. | 

Let C* = {C™, d™} and D* = {D™, 65™} be two co- 
chain complexes. 

Definition 2. By a cochain mapping 


go’: C’ +D° 
of a complex C° into D* is meant a sequence 
o™: C™+D™, m>O, 
such that 
o™t!od™ = §” o w”™ 


for any m > 0, i.e. such that the diagram 


ae q™ 
Co —_——> Ci_—+» tee SS Cc” ne a c™i ee gee 
: | : | ™m | | m+1 
va A @ | ®@ 
0 gm 
Di ——> Di! ——» ,,, ——» D® ——+ D™!—--+ ... 


is commutative. It is usual to write @ instead of q’ 
and ”™. 

It is clear that any cochain mapping g: C°* — D* carries 
every group Z"C° into a group Z”D* and every group 
B™C* into a group B™D*. For any m > O therefore it 
induces some mapping 


o*: H"™C* +> H™D’. 
For any cochain mappings g: C’ ~ D° and yp: D* > E* 
there is an equation 
(peo p)* = p* o g*. 
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Moreover, if @ = id, then o* = id. {These properties 
ex press the so- -called functoriality of the correspondence 
~ — o*. We have already encountered them repeatedly. | 

Property 3° of the operator d in Proposition 1 of 
Lecture 19 implies that for any smooth mapping f: ® > y 
homomorphisms f*: Q'’Y —+Q"™2X make up a cochain 
mapping 

fi: SYA OL 

of de Rham complezes. The homomorphisms of cohomology 
groups induced by this*cochain mapping are denoted by 
the same symbo] f* (this does not lead to any confusion) 
and called homomorphisms induced by mapping f. 

Thus by definition 


‘7{* [o)] = ‘Tf*ol 


for any closed form w of degree m on a manifold ¥. 

Clearly, if f= id: @— @ is an identity mapping, 
then f*: H" Y ~ H"™®@ is also an identity mapping, 
and for any smooth mappings /: 7 —~>ywyandg: y¥>Z 
there is an equation 


(gof)* = f*o g*: H"& i H"Z. 


[The correspondence jf -> f* has the property of being 
functorial. ] 

In particular, when &% is a submanifold of a manifold 
Yy and fis an embedding 2 — ¥y, the cohomology class 
{* [w] is desigriated [w] |q- and called a restriction of a 


class [w] on 2. Thus by definition 
[wo] lo = | lar 


for any cohomology class [w] € H™%. 
The dimension _ 


h°Z = dim H"Z 
of the group H”™2 (which is, recall, a vector space) is 
called the mth Betti number of a manifold 2%. (It is also 


common in the literature to designate it as b"@.) 
Of course, if dim 2 = n, then 


h™"2% =0 for m>n 
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(since Q"2 = 0 for m>n). Of interest are thus only 
Betti numbers 


WL, ..., h™Z, = dim Z. 


Notice that the equation h"2 =O is necessary and 
sufficient for equation (1) to be solvable on a manifold ® 
yor any closed form 8 of degree m. 


Let us first consider the case m = 0. (Although (t) 
makes sense only for m>0, the case m = 0 is still 
worthy of some attention.) 

Let 1,V% be the set of all connected components of a 
smooth manifold 2. 

Proposition 2. The vector Lead H°2 is naturally iso- 
morphic to the vector space R*™~ of all possible mappings 
ot —>R. If therefore nL is a finite set, then the zero 
Betti number h°\& of a manifold Z is equal to the number 
+r 92 of its connected components: 


hf = = = aw a 


In particular, h}X > 0 and We = 1 if and only if ® 
is a connected manifold. 

We first prove one geometric lemma. 

Let 2 = {U} be an arbitrary open covering of a mani- 
fold 2. We shall say that elements U and V of that 
covering are chained if there is a chain of elements U4, 
U,, ..., U,, in WU such that U, = U, U,, == V and for 
every i= 1, ..., m the sets U;_, and U; intersect: 


Ui, NU; #S. 


Lemma 1. Every connected component C of a manifold 7 
is contained in the union O of a subfamily of a covering 
consisting of all the elements of U chained to a certain ele- 
ment (and hence chained to one another). If the elements of 
the covering i are all connected, then C = O. 

Proof. Let p, be an arbitrary point of the component C 
and U, be an element of U such that p, € Uy. Further, 
let O be the union of all elements of U chained to U4. 
It is clear that O is open (and contains the point p,). To 
prove the inclusion € < O it therefore suffices to estab- 
lish that O is simultaneously closed. 
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Let a point p be in the closure O of the set O, and let U 
be an element of U such that p€ U. Then Uf) O+ @ 
and hence there is an element V of WU contained in O 
such that Uf] V4. The eiement U is therefore chained 
to U,, and consequently Uc O. Thus p€ Uc), and 
hence O is closed. 

If all the elements of & are connected, then the set O 
is connected since so is the union of connected intersecting 
sets. Therefore C = O. 

Proof of Proposition 2. By definition 

H°D = Ker {d: O° + 212}, 
i.e. 
H°LT = {f € FX; df = 0}. 
But the condition df = 0 implies that in any chart 


—_ 
— 


(U, h)=(U, x', ..., x") there are equations at 


OS se era wi =0, and consequently if the coordinate 


neighbourhood U is connected, then f = const on JU. 
If f =cy on U and f =cy on V, thenfor UU) V4O 
Cy = Cy. 

Bearing this in mind consider an arbitrary covering tt 
of a manifold 2 consisting of connected coordinate neigh- 
bourhoods. According to what has been proved the fun- 
ction f assumes the same value on any two intersecting 
elements of UW. It therefore assumes the same value on any 
two chained elements of U as well. By Lemma 1 it fol- 
lows that f is constant on every connected component of 7. 
Since, conversely, every function f constant on a con- 
nected component of a manifold 2% is smooth on Z and 
satisfies the relation df = 0, this proves that the vector 
space H°@ consists of all functions f: 2 — R constant on 
every connected component of the manifold 2 and is 
hence naturally isomorphic to the vector space of all 
mappings 1,07 > R. 0 


Computing numbers h”Z for m > 0 is as a rule quite 
a difficult problem. In order to set forth the basic prin- 
ciples of solving the problem we must first compare for 
any manifold 2 its cohomology groups with cohomology 


336 Semester II! 


groups of a manifold VY x I, where I = B! is an inter- 
val (—1, 1). 
Recall (see Definition 2 of Lecture 15) that points of 


the manifold 2 x {are pairs (p, t), wherrep€V, 1< 
t <4, and for every chart (U, h) of a manifold Z the pair 


{U x 1, h xX id), where 
(h X id) (p, t) = (h(p), t) ER" = R" X R, 
is a chart of Z x J, charts of this form making up an 


atlas on 2 x I. Ifz!, ..., x” are the local coordinates 
of a chart (U, h), then the local coordinates of a chart 
(U x I, h X id) are the functions z'on,..., zon, ft, 
where x is a projection (p, t) —> P: However, one would 
generally write simply z}, ..., z” instead of z'on,..., 
xz" on without fearing any confusion. 

If the local coordinates xz}, ..., 2” and 2”, ..., 2” 


of charts (U, h) and (U’, h’) of the manifold 2 are con- 
nected on..U {| U' by the relations 


BO eae (a sais ae i’ =1,..., 27, 
ede the local coordinates z', ..., x", ¢ and zx”, ” 
, t of charts (U x I, h x id) and (U’ x I, h’ x id) 
a a manifold ® x Tare connected on (Un U’) xt 
{U x ne (U' X x I by the relations 
(4) ye ia cr a) PR es (PE 
f= ft. 

It follows that for any chart (U, h) and any point q, 

(po, t)) € U X I the last vector (a). of the basis 


) Fy a 
(ser) oo (ae) (ee, 
for a space T,, (V X 1) is the same for all charts (U, h) 
with py € U. Therefore the correspondence 


7] 
0 (a), 


correctly defines on ZY xX I some vector field z ; 


I 
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Similarly, the covector (dt),, of the conjugate basis 
(dx* ) ae» "3 » (d2™ ) qo» (dt) g, 


for T?  (% xX I) is also independent of the choice of the 
chart. (U, h), and hence the correspondence qy +» (dt) ¢, 


correctly defines on 2 X I a linear differential form dt 
(which is nothing but the differential of a smooth func- 
tion (p, t) — ?). 


Among differential forms on 2 X I there are forms @ 


in every chart (U X 1, zi, ..., 2", t) which are of the 
form 


(5) O== DL... dD) By...4,, dr A... A da'm, 


i<i,<...<i,<n 
where 96;,..;,, are smooth functions of Rs Saag, ue 


and t. Such forms are said to be independent of dt. 

For every fixed t, —1 << t<( 1, form (5) may be as- 
sumed to be a differential form on a coordinate neighbour- 
hood U in a manifold 2 and it is clear, formulas for the 


transformation of 21, ..., 2" on @ XT and being 
the same, that all such forms (constructed for all pos- 
sible (U, h)) are compatible on intersections and hence 
make up some form @,; on 2. 

Obviously this establishes a one-to-one correspondence 


between forms 8 on 2% X I which are independent of dt 
and families {6,} of forms on 2 which are smoothly de- 
pendent on ¢, —1 << ¢ < 1 (i.e. such that in every coordi- 
nate neighbourhood their coefficients are smooth func- 
tions of ¢). As a rule, we shall identify @ ard {0}. 

For any form 9 independent of dé and for all charts of 


the form (U x I, gi, ..., 2", t) the forms 
t t 
| 6de= Dorr ay (| ee 
0 1<i,<...<i,<n\0 
A... A dam 


are compatible on intersections and hence make up some 
t 


form | 8 dt which is also independent of dt. 
0 
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Similarly defined can be the form 2 given in every 


chart (U x I, zt, ..., 2%, t) as follows: 
a 


ao. , 
08 edt : j 
we De DH at A... A dam, 


Ot 
: t 
a ( ear) — 


for any form 9 independent of dt. . 
Moreover, for any fixed ¢ a form dQ; is defined on 7. A 


family of forms d0,, —1 << t <1, which is considered as 
a form on L xX I is designated 00. The form 0 is of de- 
gree m-+1, where m is the degree of 0, and connected with 
the exterior differential dO of 6 as oe 


(6) d8 = 00 + (— Ayn = A di. 


with 


In particular, 


t t 
(7) d\ edt=a | Odt+(—1)"6 A dt. 
0 0 
Among differential forms on 2 X I independent of dt 


there are in turn forms independent of t, i.e. such that in 
their expressions (5) the coefficients O;,...i, are inde- 


pendent of ¢. These forms can be naturally identified with 
the forms on 2% (in fact we have n*@, where @ is a form 


on & and x is a projection 2 x I> 2), so that by 
virtue of this identification 
(8) Q"T — Q™ (& x }) for all r>0. 

Forms independent of ¢ are obviously characterized by 
the relation A es 0, and hence for them dé = @0. 
This means that embeddings (8) make up a cochain map- 
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ping 

(9) QL + QA(L x I) 

and hence, for any m > 0, induce a homomorphism 
(10) H"X + H™ (x x I) 


of cohomology groups (which is nothing but a homomor- 
phism x* induced by zx). 

Proposition 3. For any m>=>0 homomorphism (10) is an 
isomorphism. 

Proof. It is easy to see that an arbitrary form @ on 


% x I can be uniquely represented as 

(41) wo = 0,/A dt + 49,, 

where 6, and @, are forms independent of dt. (A repre- 
sentation of the form (11) is of course possible in every 
coordinate neighbourhood U and it is clear that the 


resulting forms 0, and @, are compatible on intersections. ) 


Putting 
t 


0, = (—1)™ | Q, dt 
0 

we get by (7) 

o = dd, + 8, 
where 

6 = 0, — 06, 
is a form independent of dz. 

This proves, in the case where the form is closed, that 


[o] = (8), 


i.e. any cohomology class of a manifold 2 X I contains a 
form 8 independent of dt. The form 9 is closed together 
with the form «, i.e. 


oe + aA dt = 
and, in particular, = 0. Consequently, the form 0 


is in fact independent of ¢ as well, i.e. is an image under 
the mapping m* of some form on Z. This proves that 
‘mapping (10) is an epimorphism. 
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On the other hand, if 6, being independent of ¢, has 


the form dw, where w is some form on 2 X 1, then re- 
presenting w as (11). and noticing that 


d(8, \ d+ 8,) = ( 20,-+(—1)"-S2 2) A dt+ 0, 
we immediately get 


60,-+(—1)"-S2=0 and 00, =6. 


The equation 00, = 8 holds identically in ¢ and, in par- 
ticular, at t = 0. Since @ is independent of ¢, this proves 
that 0 (8,)) = 9, where (6,), is the value of the form 
8, at ¢ = 0, and hence that 0 (8,)) = 9 in 2. Consequent- 
ly, mapping (10) is an isomorphism. 0 
" Let I” be an open cube of the space R” consisting of 
points t = (ft, ..., ¢,) for which —1 <t, <1, 
—1<t,<1. © 

Corollary 1 (Poincaré lemma). Any closed differential 


form @ of degreem > 0 ona cube {” is an exact form, i.e. 
h™[”? = 0 for m > 0. 
Proof. Noticing that 
I? ={pt}x Ix... xI, 
TE 
nm times 
where {pt} is a zero-dimensional manifold consisting of 
one point, it suffices to apply Proposition 3 n times. 
(Clearly, H™{pt} = 0 for m >0.) O 
Problem 1, Prove that a cube I” is diffeomorphic to an open 
ball RB" = {x ER"; |x| <1}. [Hint, Consider a restriction to 
Br of the homeomorphism §R” — I” constructed in the proof of 
Corollary 1 to Theorem 2 of Lecture 9.] 
Problem 2, Prove that a cube I” is diffeomorphic to R”. [Hint. 
Construct a diffeomorphism R” + B7.] 


It follows that in Corollary 1 a cube I” can be replaced 
either by a ball B” or by a space R”. 
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Using the Poincaré lemma we now compute cohomology 
eroups HS” of a sphere §” of dimension n. 

First let nm = 2 and m = 1. 

We know (see Example 9 of Lecture 6 for n = 2) that 
the sphere S’ has an atlas consisting of six charts which 
we now denote by (U;, h,), where kK = +1, +2, +3. 
The supports 


U_s, Us, U_,, U,, Us, Us 
of these charts are hemispheres consisting of points 
(xz, y, 2) € §* for which 
z<0,y<0,2<0,2>0,y>0,2¢>0, 
respectively. Since each of these supports is diffeomorphic 


to an open disk B?; for any closed linear differential form 
a on §? there are by the Poincaré lemma smooth functions 


fri Un >, EK = 41, +2, +3 


such that @ = df, on U,. For any k and / (for which the 
intersection U, {| U, is not empty) the forms df, and 
df, coincide on U; {| U,, and hence, the set U,f{\ U, 
being connected, there is a constant c,,; such that 


(12) fh —fi = Cri on Ux (| U;. 


Conventionally representing neighbourhoods U, by dots 
and joining dots corresponding to intersecting neighbour- 
hoods we graphically present a combinatorial scheme of 
intersections of neighbourhoods of the form 


(13) , 
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which is nothing but a system of edges of an octahedron, 
triples of neighbourhoods U, with a nonempty intersec- 
tion corresponding to the octahedron faces. 
We now prove the following combinatorial lemma. 
Lemma 2. Let every oriented edge kl of octahedron (43) 
be associated with a number c,,, the following conditions 


holding: 
(a) edges kl and lk are associated with opposite numbers: 
(14) Cih = —tCruv 
(b) for every face klm there is a relation 
(19) Chi + Cim + Cm = 9. 
Then there are numbers b; such that 
(16) b, — bp = Cr 


for any edge kl. 

Proof. It is necessary to prove that a system of 42 lin- 
ear equations (16) (in 6 unknowns b,) is compatible. 
To do this we first use relations (15) to reduce the number 
of these equations. For any face kim of octahedron (13) 
relation (15) states that of the three equations (16) cor- 
responding to the edges of that face one is a consequence 
of the other two. Therefore each of these relations allows 
the number of equations (16) to be reduced by one. Con- 
sequently, using all these relations (and excluding, say, 
equations corresponding to the edges converging at ver- 
tices 1 and —1) we obtain four equations 


b_, — b_; = C33; b, — b., = Cy 


b, — bs = Czq, b-3 — be = Ca5 


(17) 


for the four remaining unknowns D_;, b_2, 02, b, (here and 
in what follows we write 1, 2, 3 instead of the indices —1, 
—2, and —3). Putting in these equations, for example, 
b_,; = 0 we obtain for the unknowns b_,, 6,, and b, the 
equations 


b_2 = C33, bs — b_2 = Cya, by — b3 = Cse 
from which they can immediately be determined. {The 


thing is that equations (17) are linearly dependent: their 
sum is identically zero (check it!). The geometrical rea- 
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son why in summing these equations all unknowns are 
cancelled is that equations (17) correspond to edges of 
octahedron (13) that form a closed path, and the reason 
why free terms are cancelled is that that path is an edge 
of a pyramid consisting of faces with vertex at the point 1.] 

Thus if conditions (15) (and (14)) hold, equations (16) 
are. in fact compatible. 

Remark 1. Lemma 2 obviously remains valid, together 
with the proof, if c,,; are elements of an arbitrary (addi- 
tively written) group (for example, a vector space). Of 
course, we mean here that b, are sought in the same 
group (vector space). 

Since numbers c;,; given by formula (12) obviously 
satisfy relations (14) and (15), there are by Lemma 2 num- 
bers b,, k = +1, +2, +3 such that for any edge kl of 
octahedron (13) 


fr —f, = 6; — by on Uz] U;, 


fr + 6, =f, + 0; on URN) Uy. 
It follows that putting 
f=fr +t 6, on U, 


we uniquely define on a sphere 5? a smooth function f, 
with df =d (fx, + b,) = df, =a on U, and, conse- 
quently, df = @ on the entire sphere §? 

This proves that any closed differential form « of degree 1 
on §° is an exact form. This means that H'S? = 0, i.e. 


(18) hts? = 
Note that besides the Poincaré lemma we have also used 
the combinatorial lemma 2. 

Let us now try to use the same method to compute the 
group H'S', where S} is a circle z* + y? = 1. 

Let 
U _s, U_, U;,, U, 

be semicircles characterized by the inequalities 


z<0,y<0,y>0,2r>0, 
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respectively. The scheme of intersections of semicircles is 
a square: 


(19) 


By virtue of the Poincaré lemma, for every linear form 
® on §' (notice that the form is trivially closed) and any 
k = +1, +2 there are functions f, on U, such that 


w = df, on U,. 
For any side kl of square (19) 
d (fz —fi) =9 on U,) Ui, 
and therefore, since the set U,{ U, is connected, 


fer—fi=Cro 


where c,; are some constants. These as before satisfy rela- 
tions (14) (but relations (15) are empty for them). 

We shall call functions c: kl —» c,, defined on the sides 
of square (19) and satisfying relation (14) (i.e. such that 
Cik = —Cp;) one-dimensional cocycles of square (19). (Sim- 
ilarly, functions c: kl +» c,, defined on the edges of 
octahedron (13) and satisfying relations (14) and (15) 
are called one-dimensional cocycles of octahedron (13), but 
in the foregoing we went along without this term.) Clear- 
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ly, cocycles c: kl -»c,, form a vector space Z! of di- 
mension 4. 

Cocycles c for which there is a mapping b: k +» 6b such 
that 


(20) b, — 6, = er 


for any side kil of square (19) are called coboundaries. 
They form a subspace 8! of Z'. The corresponding quo- 
tient (or factor) space Z'/B! is designated H'. Its ele- 
ments (cosets of Z! modulo 8") are called cohomology 
classes of square (19). Cocycles belonging to the same 
cohomology class are said to be cohomologous. 

[The terminology suggests that we do in fact deal here 
with some cochain complex in the sense of Definition 1. 
We develop this idea in the next lecture. ] 

The construction of a cocycle c € Z! from a form w € 
QS} is to a certain extent arbitrary due to the choice of 


function f,. But if. o = df, and w = df» on U,, then 
d Fp — fx) = 0 on U, and hence fr =f, + bn, where bp 


are some constants. If cz; = fy —f, and Ch = fs = 
on UN U,, then 


Crt — Cnr = by — bj, 
i.e. cocyclesc: kl-»c,, and c: kl Ch are cohomologous. 
This proves that the formula 
@ -—> [c], 


where [cl is the cohomology class of a cocycle c, correctly 
defines some mapping 


(21) Q'S! — At, 
If w = df, then we may take as functions f, restrictions 


f lu, of a function f. Since with such a choice of func- 


tions numbers c,;, are obviously equal to zero, we see 
that on exact forms mapping (21) is equal to zero. It in- 
duces therefore some mapping 


(22) HS), HY 
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It turns out that mapping (22) is a monomorphism, i.e. if 
a cocycle c: kl +» c,; corresponding to a form w € Q'95} is 
a coboundary, then the form is exact. Indeed, if c,; = 
Tr —f; on On U, and if Chi = bp — 6, then Tr + 
b, =f, + db; on U;,) U,, and hence the formula 


f= fr + bd, on U, 
correctly defines on §' some function f. Since 
© = df, = (fx + br) = df on U, 


we have w = df on §}, and hence the form @ is exact. 
._ So far we have in fact followed word for word the com- 
putation of the group H'S*. Continuing the analogy we 
must now prove the analogue of Lemma 2 (which in the 
present terms obviously states that for octahedron (13) 
we have H' = 0). To this end we must more closely ana- 
lyze equations (20) (coinciding in form with equations 
(16) of Lemma 2). 
These equations form a system of four 


b, — bg = ya, 


(23) b, —b_, = Cet) 
b_, — b_. — CT3: 
b_» — by = CF; 


involving four unknowns b_,, b_,, 0,, b, (as before we 
replace indices of the form —* by k) and the statement 
that a cocycle c is a coboundary implies that these equa- 
tions are compatible. 

But adding equations (23) together and putting 


Ind ¢ = G2 + Cy + Cra + MH 


we immediately see that for these equations to be com- 
patible it is necessary that Ind c = 0. 

The function Ind is a linear mapping Z' — R and the 
statement that Ind c = 0 is necessary for equations (23) 
to be compatible implies that the mapping is zero on a 
subspace B'. Therefore the formula 


Ind {c] = Ind C, 
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where [c] is the cohomology class of a cocycle c, correctly 
defines some mapping 


(24) Ind: H' — R. 
From the first three equations (23) we find successively 
by = b; — typ, 
(2) b_, = b; — Cy, — Cy, 
bg = by — yg — CG — Cy. 


Thus for any 0, formulas (25) give a solution of the first 
three equations (23). If, however, Ind c = 0, then the 
number b_, given by the last formula (25) obviously sat- 
isfies the fourth equation (23) as well. Consequently, the 
condition Ind c = 0 is not only necessary but also suf- 
ficient for equations (23) to be compatible. For mapping 
(24) this implies that it is a monomorphism. But since 
this mapping is obviously epimorphic, it follows that 
mapping (24) is an isomorphism, and hence 


dim H! = 1. 


[Thus if for an octahedron H! = 0, then for a square 
HH ~ &.] 

‘In contrast to the case of the group H'S? the result obtai- 
ned does not yet allow the group H'§' to be completely 
defined; it only suggests that either H1S’ = 0 or A'S! ~ 
R. It turns out that in fact the latter case holds, i.e. 


(26) high — 4, 


For this to be established, it suffices to produce a form 
@,) € Q'S! for which the cocycle c: kl —»>c,; is not a co- 
boundary, i.e. has the property that Ind c <0. | 
Introduction of coordinates for a circle §', known from 
school, consists in that a number t¢t € R is associated with 
a point p = (cost, sin ¢) of that circle (geometrically 
the coordinate ¢ is an angle made by the radius vector of 
p with the positive direction of the axis of abscissas; 
for this reason we shall call it an angular coordinate on 
the circle). The coordinate t, appropriately restricted is a 
local coordinate in the sense of Definition 1 of Lecture 6 
on every coordinate neighbourhood U, (but not on the 
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entire circle §', of course).. Namely, the coordinate ¢ 
restricted to 


um 2 m 3x 
(0, a), (—z, 0), (—5. +), (+, >} 
is a local coordinate on 


U;, U1, Us, U _», 


respectively. This local coordinate is denoted by fy. 
Thus 


(27) t; = t_, on U,f] U-s. t_y=t, on U_,f] U, 
t_, = t_, + 2n on U_,f) U_, t, =t, on Uz) U;. 


Considering the coordinate ¢ on the entire circle §} 
means in fact that by the mapping 


R-—> S}, t + (cos ¢, sin 2), 


we go over to the straight line R. Functions on §' thus 
turn out to be periodic (with period 2) functions on R, 
and linear differential forms on S} to be forms f (t) dt 
on R with periodic coefficients f (t). 

Thus, in particular, a form w, = dé is defined on S? 
(although ¢ is not a function on §'), with 


ab = dt, on U»,. 


According to relations (27) the cocycle c = {cx,} for Wy 
will be expressed as follows: 


2 if k = 2, bed, 
Chr = —2n ifk =1; 1 = 2, 
O for all the other & and l. 


Hence Indc = 2n <0. 

The form @, can be constructed without resorting to 
the angular coordinate ¢. 

It is clear that z and y are smooth functions on §', and 
hence differential forms dz and dy are defined on S?. 


Problem 3. Show that | 
®O, = cdy — ydz 
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and 
dx 
—— on VU, and U.,, 
Wy = 


— on JU, and U.,. 


Rederive from this that Ind c= 2n. 


The group H'S' can also be computed by an easier 
method which uses no covering {U;} but appeals instead 
to analytic considerations. 

This method is based on associating every form wo = 
f (t) dt on §! with an integral 


2m 


Iu=\ f(t) dt. 
0 


The resulting mapping 
(28) Q1S$! — R, wo -> Jo, 


is obviously linear and epimorphic (since Iw, =0 for 
the form wo = dt). If w = dg, where g is a function on §! 
(a periodic function on R), i.e. if f (t) = g’ (t), then 


To = g(t) [* = 0. 


Conversely, if Jwm = 0, then the function 
t 
g(t)=\ F(aae 
0 


is periodic and is therefore a function on §' for which 
dg = ow. 

Thus the kernel of mapping (28) is a subspace of exact 
forms and hence this mapping induces an isomorphism 
H'S* — R. 

Therefore hiS} = 1. 

The simplicity and conciseness of this proof demon- 
strates the strength of methods of integral calculus. 

Now let us compute the group H?S?. 

Again let {U,, k = +1, +2, +3} be the cover of S? 
the scheme of mutual intersections of whose elements is 
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octahedron (13), and let w be an arbitrary (trivially 
closed) form of degree 2 on the sphere S?. 


Since every set U; is diffeomorphic to a disk B?, accord- 
ing to the Poincaré lemma there is for every k = +1, 
+2, +3 on U, a form a, of degree 1 such that w = da, 
on U,. For any k and | (for which U;, (| U,; 4 @) the 
form a, —a@, is closed on U; {| U;, and since the set 


U;, {| U, is also diffeomorphic to the disk B2, again, ac- 
cording to the Poincaré lemma, there is a smooth function 
fri: Unt) U,; > R such that 


(29) A, —Q@, = df,; on U, [| U, 
(we may of course assume without loss of generality 
that f,,; = —/,» for any & and J). 


For every three indices k, 1, m (for which U,() U,() 
Um ~ SO) we have 


A (frit fim + fmn) = Ge —G% + @) —GQn +A, — 


—a, = 0, 


and hence (since U,f| U;{\ Um is.a connected set) 
there are constants c,,,, such that 


fai t+ fim + fm = Chim on Ont} Ui) Um 


(of course, it may be assumed without loss of generality - 
that numbers c,;,, are skew-symmetrically dependent on 
indices k, 1, and m, i.e. they change sign whenever trans- 
posed). 

There is of course an element of arbitrariness in this 
construction. Indeed, first, instead of forms a, we may 


take any forms ap having the property that dap = dar, 
i.e. such (we again use the Poincaré lemma here) that 


an = a, + dg, where g,: U;, — R are some smooth func- 
tions. Second, functions f,,; can be similarly replaced by 
functions f,; + b,;, Where 0b,; are arbitrary constants 
(satisfying the relation b,, = —b,,). Allowing for both 
possibilities results in the:replacement of the functions 
fr. by the functions f,,; + gr — gi + 5x1, and hence 
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Chim by numbers 


(30) Chim = Chim + (0x1 + Dim + Omn)- 


(Notice that the dependence on functions g; disappears at 
the last step.) 
Thus the form defines a skew-symmetric function c: 
kim —> chim Up to equivalence described by relation (30). 
We shall call skew-symmetric functions c: kim ->cpim 
two-dimensional cocycles of actahedron (13) and call co- 
cycles of the form 


(31) Chim = Oni + Oim + Omp 


coboundaries. Cocycles form a vector space Z* (whose di- 
mension is equal to the number of faces of octahedron 
(43), i.e. to 8) and the coboundaries form its subspace 
B?. The corresponding quotient space Z?/B? is designated 
as H*. Its elements, i.e. cosets of Z* modulo the subspace 
B?, are called two-dimensional cohomology classes of octa- 
hedron (13). 

Since relations (89) precisely mean that cocycles c: 


klm —> Cri, and c: klm > Ch im belong to the same coho- 
mology class [c], we see that we have constructed some 
(obviously linear) mapping 


(32) Q?9? > H?, @ +> [cl. 


If w is an exact form, i.e. has the form da, where 
a € Q2'S?, then we may take as forms a, restrictions 
aly, of the form a on coordinate neighbourhoods U,. 


Then differences a, — a, are zero, and we can satisfy 
relations (29) by taking as /,; identically zero functions. 
Since with this choice of functions f,, all numbers c;,;,, 
are obviously zero, this proves that under mapping (32) 
all exact forms change into the zero of the space H* (the 
cohomology class [0] of a zero cocycle) and therefore 
proves that that mapping induces some (also linear) 
mapping 

(33) H’S’? — H’. 


By analogy with the case of H'§' it is natural to ex- 
pect that this mapping is a monomorphism, i.e. if a co- 
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cycle c: klm +> c,), corresponding to w is of the form 
(31), then wm is an exact form. But if relation (31) is satis- 
fied, then, replacing functions f,, by differences f,; — b,, 
we get Cry, = 0. Consequently, in this case we may 
assume without loss of generality that for any face kim 
of octahedron (13) there is a relation 


(34) far tfim +fme = 9 0n U, 1 Ui N Un. 


Lemma 3. If functions f,, = —f», satisfy relation (34) 
then there are functions gy: U, —R such that 


fri = 8m — 8g, on U, VU, 


for any edge kl of octahedron (13). 

In Lecture 22 we shall prove the general Theorem 1 of 
which Lemma 3 is a special case. For the time being, 
however, we shall take this lemma for granted. 

Problem 4. Relation (34) is identical in form with relation 


So Lemma 2. Making use of this (and of Remark 1) prove Lem- 
ma 3. 


It follows from Lemma 3 that forms —, = a, — dg, 
satisfy relations 


B, = B; on U, aa 


for any edge ki of (13) and make up-therefore some form Bh 
on §*. Since for any k 


ap, = da, = @ On C;, 


we have dB = w on §?, and hence o is an exact form. 

Thus mapping (33) is indeed a monomorphism. (1 

Further the computation proceeds along the already 
familiar lines. We first prove that H? ~ R (with the aid 
of the functional Ind: Z* > R equal to the sum of num- 
bers Crim over appropriately oriented faces of (13)) and 
then produce a form w, for which the cocycle c has the 
property that Ind c ~ 0. Finally we get H*S? ~ R, i.e. 


(35) nS? = 1, 


Problem 5, Carry out in detail the sketched proof of equa- 
tion (35), (Hint. Take as , a form 


@) = «dy \ dz—ydz f\ dz+2zdzr f dy. 
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To establish that this form is not exact is easiest if we first prove 
using the Stokes formula (we may get along with Green's formula 
as well) that the integral of an exact form over the sphere S? is equal 


to gf then compute that the integral of the form o, is equal 
to 47. 


We see that even for the simplest manifolds computing 
cohomology groups runs into certain difficulties of a 
combinatorial and of an analytic nature. As to combina- 
torial difficulties, however, it is sometimes possible to 
successfully overcome or at least reduce them, by an 
appropriate choice of cover. For example, computing the 
group H'S? becomes significantly simpler if we make 
use of the two-element atlas {(U, hk), (V, k)} of Example 
10 of Lecture 6. We obtain for this atlas a segment 


eet] 


rather than an octahedron and the proof of equation (18) 
becomes trivial. [According to the Poincaré lemma a = 
dfy on U and a =dfy on V, with fy —fy = 0 on 
U (| V, where b is some constant. Therefore the formula 


ae on U, 
r= 1 4, on V 


correctly defines a function f on S? such that df = a.] 

Since the last proof can be carried over word for word 
to the case of a sphere §” of an arbitrary dimension n > 2 
we even get 


(36) h1§" = 0 for n> 2. 


If, however, we try to compute numbers h”S" for 
m > 2 by this method, then among other things we en- 
counter the difficulty that the Poincaré lemma does not 
dirrectly apply to the intersection U (| V of charts U 
and V (since this intersection is diffeomorphic to a punc- 
tured space R” \ {0} rather than to a ball). Nevertheless 
computation turns out to be possible if instead of the 
Poincaré lemma we make use of the general Proposition 3 
and proceed by induction on 7. 
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First consider the case where 0 << m< n. | 

Proposition 4. When 0 <1 m <n there is an equation 
(37) h™S” = 0. 

Proof. For n = 2 (with m = 1) equation (37) is alre- 
ady known to us (see (18) or (36)). We proceed by induc- 
tion on n. We may assume that m > 2, since for m = 1 
equation (37) has been already proved above. 

Suppose it has already been proved that k"§""' = 0 
for O<: m<_n—1, and let w be an arbitrary closed 
form of degree m on §", where 0 < m <.n. Consider the 
two-element cover {U, V} of a sphere §" of Example 10 
- of Lecture 6. 

Problem 6. Show that the set U 1 V = §"N {Do, Qo} is 


diffeomorphic to the product §"-' x I. (Hint. Construct 


diffeomorphisms U {| V—>R”\X {0} and §""? va (eee 
R"\ {0}.] ° 

According to the Poincaré lemma there are forms 0y 
and 0, of degree m — 1 on U and V such that o = dO, 
on U and = d@y on V. The form 6y — 8, is closed on 
U | V and is of degree m — 1. But according to the 
statement of Problem 6 and to Proposition 3 the Betti 
number h™-'S"-! of U f) V is equal to the Betti number 
h™-!§"-! of the sphere §”-? and hence under the induc- 
tion hypothesis is zero. There is therefore a form a of 
degree m — 2 on U {} V such that 

Oy —_— Oy — da. 

Problem 7. Construct on §” a smooth function f assum- 
ing values in the interval [0, 1] and equal to zero near 
a point qo (i.e. in some neighbourhood of that point) and 
to unity near a point py. [Hint. Cf. Corollary 2 to Lem- 
ma 1 of Lecture 1 and Proposition 2 of Lecture 14.} 

Using the function f of Problem 7 we define a form 
&y on U and a form ay on V by putting 


Uv’? \O otherwise (i.e. if p= p,), 


(ay), = {0 (ey) es if pev fl, 
v/P ~ \0O otherwise (i.e. if p =4q,). 
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Clearly forms ay and ay are smooth and we have on 
U- (| V an equation @ = ay — ay and hence an equation 


6y — day = Oy — day on U nV. 


Therefore the formula 


= {po dae on U, 
~ (0,—day on V 


correctly defines on the entire sphere §” some form 6 for 
which d8@ = w on S”. Since w was an arbitrary closed 
form of degree m on §” this proves that h"§” = 0. 

This completes the proof of Proposition 4 by induc- 
tion. O 


The case m = n can be treated in a similar way. 
Proposition 5. For any n > 1 there is an equation 


(38) nS" = 4. 
Proof. Since for n = 1 equation (38) is already proved 
(see formula (26)) we can again make use of induction 


on 7. . 
Let {U, V} be the same cover of §” as that above. Since 
under the induction hypothesis k"-'S"-" = 1 and hence 


ne (UV) = het (Sh? x DP = hg" = 4, 


there is a closed but not exact form 0 of degree n — 1 
on U (| V having the property that any form of degree 
n—1onU (\ Viscohomologous to a form a0), where a 
is some number. | 

Using the function f of Problem 7 we can represent the 
form 6 by the already familiar method as 


(39) 8 = 6 — OY on U 1 V, 
where 6{? and 0‘? are some forms of degree m — 1 on U 


and V, respectively. Since under the hypothesis dO — 
0, according to (39) 


dh}? = dd? on U 1 V, 
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and therefore equations 


0) 
vin on U, 
de on V 


correctly define on §” some form w of degree n. 

Now let w be an arbitrary form of degree n on 5” (tri- 
vially closed). According to the Poincaré lemma there are 
forms 8 ,, and 0, of degree nm — 1 on U and V such that 
wo = d8, 0n U and w = dé, on V. The form 0, — 60, 4s 
closed on U (| V, and there are therefore a form a of 
degree » — 2 and a number a € KR on U () V such that 


6, — Oy = da + a8 on U f\ V. 


Representing as earlier the form a@ aS @ = ay — Gy, 
where @,, and ay are forms on U and J, respectively, we 
can rewrite the equation as follows: 


Oy — day — abi? = by — day — ad?’ on U 7 V. 
Therefore the formula 
0,,—day — abl’ on U, 
= S —da,—ad on V 
correctly defines on S” some form 6 of degree n — 1, with 
dB = ddy — adh” = wo — aw on U 


and 
dB = d0y — add}? = wo — aw on V. 


Hence dB = w — aw on the entire sphere 5”, i.e. the 
form » is cohomologous to aw. 

To complete the proof of equation (38) it remains to 
he shown that the form @(® is not cohomologous to zero 
(is not an exact form). But if w) = dO, then there is an 
equation dOt?’ = d(8@|/y) on U and hence an equation 
6 = 8 |y + dy, where gy is a form of degree n — 2 
on U. Similarly 6f’ = 6 |, +dgy, where gy is a 
smooth function on V. 

Hence on U 1) V 


9°) = Of — oO =—d (py — Oy), 
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i.e. the form 6 is, contrary to the assumption, an exact 
form. The equation w®) = d@ is therefore impossible. | 


Using the example of spheres S', §”, and §” this lecture 
has demonstrated the three major ways of computing co- 
homology groups of a manifold (with the aid of coverings 
in which intersections of any subfamilies are diffeomor- 
phic to a ball, with the aid of more general coverings fail- 
ing to satisfy this condition, and with the aid of inte- 
grals). In the lectures to follow we consider these methods 
more systematically. The example of spheres will serve 
as a pattern and a starting point although as a rule there 
will be no explicit references to this example. 
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Simplicial schemes and their geometric realizations- Coho- 
mology groups of simplicial schemes-The double complex 
of a covering-Cohomology groups of a double complex: Aug- 
mented double complexes-Edge homomorphisms: Acyclic 
complexes: Row acyclicity for p = 0. 


We begin by describing in abstract form combinatorial 
schemes of mutual intersections of elements of coverings 
of smooth manifolds (or, more generally, of topological 
spaces). 

Let 2 be an arbitrary topological space and JY = 
{U;,, k € K} be its arbitrary open covering. A finite sub- 
set. {ky, ..., km} of an index set K is said to be distin- 
guished if the intersection U,, 11... Un, is not 
em pty: 

Uy, N--- 1 Ung FD. 


Definition 1. A set K in which some finite subsets are 
distinguished is said to be a simplicial scheme if any sub- 
set of a distinguished subset is distinguished. 

It is clear that distinguished subsets of the index set K 
of 9 satisfy this condition, and hence K is a simplicial 
scheme. This scheme is called the nerve of the covering J. 

It is said that m+ 1 points of an affine space are 
affinely independent if they are not contained in any 
(m — 1)-dimensional plane, i.e. if for their radius vec- 


tors k,, k,, ..., k,, vectors k, — ky, ..., k, — ky are 
linearly independent. 
For any m ++ 1 affinely independent points ky, ..., kn 


of R” (or more generally, of an arbitrary vector space 
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over the field R) the set of all points k of the form 
k = tok, + 2 « + tke: 
where f,, ..., tm are real numbers such that 


Or 2) = 1, ccs OT, 
and 


bt... th = 


(we as ever identify points of R” with their radius vectors) 
is called an m-dimensional simpler with vertices k,, ... 
k,, and designated as k, . k,,. This is a point k, for 
m = 0, a segment kk, ‘for m= 1, a triangle kkk, for 
m = 2, and a tetrahedron k,k,kk, for m = 3 

Numbers t,, ..., tm for a point k of a simplex k, 
k, are called the barycentric coordinates of the point. 

A point k of a simplex k, . . . k, is said to be an in- 
terior point of the simplex if O<t; <1 foralli=0O, ..., 
m. (Such a point is an interior point of k, ..-. k,, in the 
general topological sense with respect to the m-dimen- 
sional plane containing the simplex.) 

A simplicial scheme K is said to be realizable if its 
elements can be represented (with nm sufficiently large) by 
points of R” such that: 


(i) for any distinguished set {k), ..., km} K the 
corresponding points k,, ..., km are affinely indepen- 
dent (and hence define a simplex k, ... k,,); 

(ii) simplexes k, ... k,, and k, . . . k},, corresponding 
to two distinct distinguished subsets {k), ..., km} and 
{kj, -- +: km} of K have no common interior points. 

In this case the union of all simplexes k, ... ky, 
corresponding to all possible distinguished subsets 
{ko, .--, km} is called a geometric realization of the 


scheme K. A geometric realization is designated | K |. 
The pictures we drew in the preceding lecture were just 
the geometric realizations of the nerves of the correspon- 
ding coverings of the sphere S* and of the circle §'. 
According to a tendency in mathematics to transfer 
terms it is customary to call distinguished subsets of a 
scheme K its simplexes. [To distinguish when necessary 
simplexes in K from simplexes in RR”, the former are 
called abstract (or scheme) simplexes and the latter Eucli- 
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dean (or geometric) simplexes.] Scheme elements involved 
in at least one simplex of the scheme are called its ver- 
tices, and a simplex {ky, ..., km} is called a simplex 
with vertices ky, ..., km. 

Elements of K that are not vertices will not be in- 
volved, in what follows, in any construction (just as in 
the geometric realization | K|) and can be safely ignored. 
[In defining schemes many authors introduce an additio- 
nal axiom which requires that each element of a scheme 
should be its vertex. But then in defining the nerve of a 
covering it is necessary to require that the covering should] 
consist of nonempty sets, which is not always convenient. 

Remark 1. Actually, we shall nowhere need geometric 
realizations. We have described them just in order to be 
able to use a geometric language with respect to simpli- 
cial schemes. Therefore we shal] not, in particular, con- 
sider here a rather delicate question of what simplicial 
schemes are realizable. We just notice that any finite 
simplicial scheme is realizable in the obvious way. 


Problem 1. A simplicial scheme K is said to be realizable 
as an embedding if there is a geometric realization | K | 
of the scheme such that a subset Fc | K | is closed (in the 
induced topology), if and only if so is the intersection F (\k, . 

k,, for any simplex {k,, .. ne} }c K. Show thata simplicial 
scheme is embedding-realizable and only if: 

(a) the set of its vertices is finite or countable; 

' (b) each of its vertices only belongs to a finite number of sim- 
exes; 
: (c) there is an n such that every simplex of K contains at most 
n-+ 1 vertices. 


Remark 2. Subsets of R” that are geometric realizations 
of simplicial schemes are called polyhedra or polytopes. 
Their topological theory, which is generally called piece- 
wise linear topology, ‘is closely related to the topological 
theory of smooth manifolds (it can be shown—this is a 
difficult theorem!—that any smooth Hausdorff manifold 
with countable base is homeomorphic to some polytope) 
and highly advanced, constituting one of the most geom- 
etry-oriented parts of modern topology. Unfortunately, 
this theory is entirely beyond the scope of this course of 
lectures. 
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Let K be an arbitrary simplicial scheme, and let K,,,. 
m > 0, be a subset of 


KX 223 XK 
nel times 
consisting of sequences (ky, ..., km), ko, ---, km EK, 


such that the set {ko, ..., km} is a simplex of K. (Ele- 
ments of K,, are generally called m-dimensional ordered 
simplexes of a scheme K.) 

Also let G be an arbitrary Abelian group (in additive 
notation). 

Definition 2, A mapping 


c: Km —~>G, (ko, ..~.; Km) > c (Ko, -- «> Km) 


is said to be an m-dimensional cochain of a scheme K over 
G (or with values in G) if this mapping is skew-symmetric, 
i.e. ifc (ky, ..., k,,) changes sign when any two adjacent 
arguments k,, k,1,, 0<a<m—1, are interchanged. 
In other words, the mapping c is a cochain if 


(4) c (Koco) wey koun)) = &,C (Ko, oe 8g km) 
for any ordered simplex (ky, . .., km) € Km and any per- 
mutation o of indices 0, 1, ..., m (where as ever e, is 


the sign of permutation 0). 

The set of all such cochains is obviously a group. This 
will be designated C™ (K; G). 

When G is a field the group C™ (K; G) is a vector space 
over that field. In particular, for G = R (the only case 
of interest to us now!) C™(K; R) is a vector space over 
the field R. 

It can easily be seen that for any cochain c € C™ (K; G) 
the formula 

| m+1 
(2) (5c) (ko, + Sey km +1) ee 2 (—1)*e (ko, ae a eg 
re ae 5 
where * indicates that the corresponding element k; 
must be omitted, defines some cochain 6c € C™** (K; G). 
(Indeed, when two adjacent vertices kh, and kgi,, OX 
a < Mm, are interchanged all terms of sum (2) change sign, 
4 3ax. 529 
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except for the ath and (a + 1)st terms which, entering 
as they do into the sum with different signs, are inter- 
changed.) 

Clearly, the mapping 

8: C"™ (K; G) + C™* (K; G), c++ &e, 

is a homomorphism. This is called a coboundary operator. 

Since § is defined for any m > 0, we can make up a 
sequence 


O° (Ks @): O° (Ks G) > C(K: @) 


>... >C"(K; G) “> C™+l (K; G) > 
Proposition 1. A sequence C (K; G) isa chat com p- 


lex, i.e. 
§ (6c) = 0 
for every cochain c € C™ (K; G) and every m > 0. 

Proof. .For any ordered complex (ky, ..., km+e) € 
Km+2°the element 8 (8c) (ky, ..-., Km+2) of a group G 
is the sum of elements of the form 
(3) OAR ps sense x SIGs eee BGS), 


0O<icgcjxcm+2, 
each occurring twice: the first time in computing the term 
(—1)? (6c) (ko, 5 Scag kj, ..+, km+2) and the second time 


in computing the term (—1)é (8c) (ko, ..., Ki, - 
km4+z). In the former case the term (3) has a sign (— 1)it3 


(since in the simplex (kp, .. ., kj, .. +, km+_) the ver- 
tex k; has a number i) and in the latter case it has a sign 


{—1)**)-1 (since in the simplex (Koy. - 0y Bay oo ey km+e) 
the vertex k; has a number j — 1). Therefore all terms 
in (3) are cancelled. 0 

Cochains c € C™ (K; G) for which 5c = 0 are called 
cocycles of K over a group G, and cochains of the form 
6c, where c € C™-! (K; G), are called coboundaries. Co- 
cycles make up a subgroup Z™ (K; G) (the kernel of a 
homomorphism 6: C™ (K; G) > C™*' (K; G)) and co- 
boundaries make up a subgroup B™ (K; G) (the image of a 
homomorphism 6: C™-1(K; G)—»C™ (K; G); it being 
assumed by convention that for m = 0 B® (K; G) = 0). 
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Since B™ (K; G)c 2” (K; G), a quotient group 
H™ (K; G) = Z2™ (K; G)/B™ (K; G) 
is defined. 

This quotient group is called an m-dimensional (or 
mth) cohomology group of K over G, and its elements are 
called cohomology classes. (Compare with the general 
definitions at the beginning of Lecture 20.) 

Remark 3. It can be shown (it is a difficult theorem!) 
that cohomology groups (and dually defined homology 
groups; see Lecture 29 below) of two schemes are isomor- 
phic if geometric realizations of those schemes are homeo- 
morphic. This allows the device of cohomology (and ho- 
mology) groups of simplicial schemes to be applied to 
the study of topological properties of polytopes. The 
corresponding branch of mathematics is called combi- 
natorial topology. Some fifty years ago it was entirely 
independent, but nowadays combinatorial topology has 
almost completely dissolved in a more general algebraic 
topology. [The term “combinatorial topology” is some- 
times applied to the entire algebraic topology, but at pres- 
ent this no longer corresponds to the actual situation.] 


When K is the nerve of a covering YM = {U,, k € K} of 
4 smooth manifold @ the construction of a cochain com- 
plex C° (K; G) (designated in this case as C° ({; G)) may 
be generalized. Let for definiteness G = R. 

By a cochain of dimension p > 0 of YU with values in 
functions is meant a mapping c, defined on K,, which as- 


sociates every ordered simplex (ky, ..., Kp) € Kp of 
the nerve K of 2 with a smooth function 

oe (era kp): Os A) ears NOrp > 
defined on a (nonempty) open set U,, ()... 1 Ux, and 


satisfying the skew-symmetry condition (1). Such cochains 
form a vector space which is designated C?,° (Y). The 
coboundary 6c € C**',® (9%) of a cochain c € C?,® (Y) is 
defined by the same formula (2) (in which m is replaced 
by p), the only difference being that every terme (ky, ..., 


ke, . «+, Kp+,) of the right-hand side is assumed to be 
bounded on U;, 1... U ie (formula (2) makes no 
sense without this). Clearly, the relation & (6c) = 0 (to- 


4* 
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gether with the proof) remains valid in this case as well, 
i.e. the family C°,® (Q) = {C.° (QM), 5} of. vector spaces 
C?,° (%) and homomorphisms 
6: CP.° (MY) —> CP+,° (gf) 

is a cochain complex. 

More generally, for any g >O we can introduce into 
consideration a cochain complex 

C*.4 (Mf) = {CP (U), 8} 

consisting of cochains with values in forms of degree q, 
i.e. of mapping c, defined on Ky, that satisfy the skew- 
symmetry condition (1) whose values c (ky, ..., ky) are 
forms of degree g defined on U,, (}..- {) Ux. (elements 
of a vector space Q7 (U,, f) ... 1 Ux_)). In this case the 
operator § is defined by the, same formula (2) (with the 
same refinements concerning ‘the boundedness condition). 
For gq = 0 we obtain the same complex C: ° (%). 

Any cochain c € C?,4 (Q%) can be associated with a co- 
chain de € C?,%*! (9) assuming by definition that 

(dc) (ko, . «+, Kp) = de (kg, ..., kp) 

for any ordered simplex (ko, ..., kp) € Kp. 

Mappings 
. (4) d: C?,4 (QM) + C?,2** (Qf) 
clearly commute with operators 6, i.e. for any p, g >0 
the diagram 


CP,9 (2) ae cpr, (1) 


d d 

CP.9 (q) Creat (Mt) 
is commutative. This means by definition (see Definition 
2 of Lecture 20) that mappings (4) make up a cochain 
mapping 

d: C°s% (Y) + C°.4* (A) 
of a complex C’,? (QY) into a complex C°,%+' (Q{). 

Notice that dod = 0, i.e. for any p >O the family 

CP,* (1) = {C?.7(9), d} is a cochain complex, with 


mappings 
5: CP57 (YM) — CP*.4 (9) 
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making up a cochain mapping of a complex C?,° ({) 
into a complex C?t!,° (Qf). 
Definition 3. A family C’°.’ = {C?,?, 5, d} of groups 
C?,7, where p, g>>0 and of mappings 
6: CP, —» CPtH,7, d: CP, —> CP,a+h 
is said to be a double complex if 


§0§ =0, dod =O and do§ = 6 od, 
je. if 
1° for any g >O (for any p > = 0) the family C°.? = 
{c?, 7, 6} (the family CP," ={C?,4, d}) is a cochain complex; 
2° mappings d make up a cochain mapping 
d: GC’ 2 _> Cc atl 
of a complex C’*.? into a complex C’.?*!, and hence map-~ 
pings 6 make up a cochain mapping 
6: CP,° —_> CPi, 
of a complex C?.* into a complex C?*',’. 
Thus we see that for any covering WY of a smooth mani- 
fold 2 we have constructed a double complex 
C*s* (A) = {C2 (A), 6, ad}. 
We shall call this a double complex of a covering Y. 


Double complexes will be represented as arrays of the 
form 


(9) 
t t _t 
C% q+ => cl.qtl > gene ap cp.q*l > cpe+latl —> eee 
, ¢ at ; td 
c4 age 1ENRO 1 vine CRS + CPtla i.e. 
t t ' t 
c9,9 > ci.0 —> eee wy CP. 0 —_> cP+i,o —p eve 


Accordingly, weshall call complexes C*.? rows of a dou- 
ble complex C’»* and complexes C?;" columns of C’;". 
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Putting for any m > 0 
ce = (°,™ @ C1,m-2 @ a ae @ Cm,0 


we define a mapping 
b. Co SCF 
dDe=6c+d’c, 


= (—1)? de if c€ C?:"-?. 

Elements re a group C™ are thus chains c=(c,, ... 
Cm) of the cochains of a complex C’,’ which lie on its mth 
antidiagonal: 


as follows: 


where 


and the mapping Dd eranetonns every such chain into a 


chain dc = (€), -.., €m+;) for which 
€9 
_— 
€y=d'Cy, 
é,= 8ce,+d’c,, a ait 
(OF. Se Gesen are 


Cm = 5emn—4 ae d'Cm, . 


Cm+i = Sem, 
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In particular, be = 0 if and only if 


0 
t 
C) > 0 
d'c,=0, t — 
Sc) -+ d’c, = 0, : 
(De hove we iin eho: 4 
Be n—1 + d’cm = Q, ' 
a Cm-1 > 9 
f 
Cy— 0. 


Since d’&c = (—1)?*! d&c and 6d'c = (—1)?8dc, we 
have ad’ 06 +§od’ =O and therefore 


Ded= (6 +4')o6 +d’) =6 08 +6 od’ 


+d'o§ +d’ od’ =0. 


This means that the family {C”, Dd} is a cochain complez. 
Cohomology groups of this cochain complex are called 
cohomology groups of a double complex C*:* and designated 
as H™ (C*s*). 
In the special case C*»*>’ =C';° (QM) these groups are. 
called cohomology groups of a covering &% and designated 
as H™ (Q). 


A double complex of % = {U,, k € K} can be augment- 
ed in a natural way by a de Rham complex {07.%, d} of 
a manifold Z at the left and a complex {C? (WY; R), 6} 
of the cochains of Y with coefficients in the field R at the 
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bottom: 
(8) 
‘ e . e 
t 4 at t d 
ae | . 
07 PL _ cody) >see > ce IW 5 cet hay) eee 
t + t t 
: ' e ° e 
. t ° 
t , of t 
o> A # col ay “e chlay > eee 
| 
t t t t 4 
030 Be 1 €%% G2) > C'S8Q) +. cP: My) > cPt+lo(y) a... 
bees oe eke Se eee ee a ee ee ee ie et a, ee ee me ee 


CORR) > CHUUER) ee CPCUER) CPTI CUR) ee 


t 1 t T 
0 ¢ 0 0 


where i are embeddings resulting from identifying an ar-. 
bitrary number A € R with a constant function assuming 
a value 4, and mappings j are defined as follows: 


(jo) (A) = @ | op: 


where wm €Q27 VY and k€E K. 
Mappings i and j clearly commute with operators § and 
d, respectively, i.e. make up cochain mappings 


i: C’ (Y; Ry> CA), Fs QV > Cs” (A). 
Besides, they are monomorphisms and satisfy the relations 
doi=0, &ej=0. 

(The relation doi —O follows from the fact that if 
f =const, then df = 0 and the relation 6 o j = 0 follows 

from the fact that by definition 
(5c) (eo, Ki) = © (Ay) — ¢ (Ko) on On, 1 Ua, 


for any ordered simplex (ky), k;) € K, and hence if 
c (k) = @ on U;,, then (8c) (ko, k,) = 0.) 
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This situation is worthy of.a special definition. 
Definition 4. By an augmented double complex is meant 
an array of groups and homomorphisms of the form 


(9) 


t 
e a . 
e tt. ° 
e le 4 
® | 
d | ‘| d 
1 ! ! .) 
Cc- BA _- C4 _ > cry —~ crtl.g > 
{ 
: it t D 
: ! e 
e | e 
e q e 
1 
‘ an 9 t t t 
t 
: 
t ‘ft t t t 
1 
i 
Oo -— B° ~ 1¢0.0 > c!.9 > + cr.9 ~~ cPe+ t,o ~ 
it it it tt 
A° + A! ~ + AP > Apri > 
t t t t 
0 0 0 0 


where the portion inside the frame is a double complex 
in the sense of Definition 3 and where 

1° the families A* = {A?, 6} and B° = {B%, d} are 
cochain complexes; 

2° the mappings i make up a cochain mapping of a 
complex A’° into a complex C’,®, which has the prop- 
erty that 
(10) doi=Q; 

3° the mappings j make up a cochain mapping of a 
complex B° into a complex C°::, which has the property 
that 

6 fa) j = 0; 
4° all the mappings i and j are monomorphisms. 

It follows directly from (10) that identifying for any 
element a € A an element ia € C™,° with a chain (0, ..., 
O, ia) €C™ yields a cochain mapping i of a complex A’ 
into a complex {C™, d}. Indeed, since (do i) a = 0, we 
have d(ia) = (0, ..., 0 6 -t) a)=(0,..., 0, i (8a)) = 
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i (6a). Homomorphisms 
(41) it: H™(A*) > H™(C°;") 


induced by this cochain mapping are called lower edge 


homomorphisms. 
Similarly defined are left edge homomorphisms 


(12) j*: HB’) >» HC"; '). 


For a double complex C’," ({) of a covering Y of a 
manifold Z lower edge homomorphisms are of the form 


it: H™(9; R) > A") 
and left ones are of the form 
j*: H™®@ > H™(%). 

We shall say that an augmented double complex (9) is 
acyclic in columns if each of its columns is an exact se- 
quence, i.e. for any p, g >0 there is an equation 

Ker (d: C?,2?-—» C?P,4*1) 


={ Im (i: A? + C?,°) if q=0, 
Im (d: C?,tt + C?,2) if g>0. 


[For g = 0 this equation means that the monomorphism i 
isomorphically maps a group A?” onto a group H® (C?,") = 
Ker (d: C?,° —C?,‘!) of a complex C?:* and for g > 0 
this means that the cohomology group H? (C?,*) of that 
complex is equal to zero.] 

Similarly defined are double complexes acyclic in rows 
for which 


p P+ 4 Tm (i: BY —> C%, 4) if p=0, 
Ker (6: C?,%-> CP", m= | in CP-1,9-+C?, 9) if p>O0. 


A key to the computation of de Rham cohomology 
groups of smooth manifolds is the following algebraic 
lemma: 

Lemma 1. /{ an augmented double complex (9) is acyclic 
in columns (in rows), then for any m > 0 the lower edge 
homomorphism (11) (the left edge homomorphism (12)) is an 
isomorphism. 
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Proof. Suppose for a cocycle a € A™ of a complex A’° 
there is an equation i* [a] = 0, i.e. there is a chain ec = 
(Co, » » +) Cm) € C™ such that dc = ia. By deanition 
this means that 


0 

f 

Co —> 0 

d’'c,=0, t 
5c,+ d'c,=0, ae 
(13) eG seein i oe as 
5¢m-2 + 4’Cm_, = 9, ee 
5c,,-1 = ia, f 
Cm-2 > 0 

Daeg 
Cn-1—> ia. 


Since under the hypothesis the first column of a complex 
C’;° is an exact sequence, there is a cochain b, € C®,™-1 
such that db, = cy. Then the cochain c’ = c — db, (more 
exactly, the cochain c — d (by, 0, . . -, 0)) is of the form 
(O, cj, ..., Cm) and as before satishes the relation 
de’ = ia. Therefore we may assume without loss of 
generality from the onset that c, = 0. 

But then the second relation of (13) will be of the form 
de, = OQ, and since the second column of C’;’ is exact, there 
will therefore be an element 6, € C',”-' such that db, = 
7 Replacing c by c — db, we therefore get c, = 0 and 

= 0 (preserving the relation de = ia). 

' Moving in this way along the antidiagonal downwards 
we finally get a chain c of the form (0, » Oy Ca): 
where c,,_, is a cochain of C™—!,° such that dems = 0 and 
Scem-, = ia. But since dc,,_, = 0, again in view of the 
corresponding column being exact, there is an element 
‘a’ € A™-* such that ia’ = c,,_, and hence such that 


i (5a’) = 6 (ia’) = bc,,-, = ia. 
Since under the hypothesis the mapping i is monomorphic, 


this proves that 6a’ = a, i.e. [a] = 0 in H™%A’). Con- 
sequently, homomorphism (11) is a monomorphism. 
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Now let c = (€9, ...; Cm-1) be an arbitrary m-di- 
mensional cocycle of a complex {C™, d}. Then relations 
(7) hold for cochains c), ..., cm. In particular;-de, = 0. 


Again there is therefore a cochain b, such that for a co- 
cycle c — db, the component c, is zero, and hence, by 
virtue of the second relation (7), there is for this cocycle 
an equation dc, = 0 and, consequently, there is a cochain 
6, such that in the cocycle c — db, — db, the component 
¢, is also zero. 

Continuing the process we ultimately get a cocycle 
satan Se to the given one all of whose components 

++) Cm are Zero and the last component c,, is of 

ie form ia, where a is some cocycle of a complex A’, 
i.e. which is the image of a cocycle a under a mapping 
i: A™ + C™, This means that homomorphism (11) is an 
epimorphism. 

A symmetric statement about double complexes acyclic 
in rows can be proved in a similar way. 0 

Corollary 1. If an augmented double complex (9) is 
acyclic in rows and in columns, then for any m a 0 the 
group H™(A’) is isomorphic to the group H™(B" ). 

Corollary 2. If for an open covering YU = {U;,, E € K} 
of a smooth manifold ® the augmented complex (8) is 
acyclic in rows and in columns, then for any m > 0 the de 
Rham cohomology group H's of a manifold “£ is iso- 
morphic to the cohomology group H™(M; R) of a cover- 


ing Y: 
H"™® =~ H™ (WM; RK). O 
In this case we can thus compute the group H”Z% in 
a purely combinatorial way from the nerve K of J. Com- 
pare with computing the group H™§” in the preceding 
lecture. ) 


The acyclicity condition for rows of the double com- 
plex (8) for p = O means that every cocycle c € C°,1(q) 
is of the form iw, where w € Q°2, i.e. c (k) = w on U, 
for any k € K. But this is really the case since the con- 
dition that the cochain c: kc (k) € Q79U; should be 
a cocycle implies that 


c (ky) =c(k,) on Uz, Un, 
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for any two indices ky, k, € K (for which U,, {| Un, + 
O), i.e. forms c (k), k € K, are compatible on intersections 
and hence make up some form ow €9%’2. Thus the 
acyclicity condition for rows holds, with p = 0, for complex 
(8) of an arbitrary covering Y. 

The conditions ensuring that rows and columns of (8) 
are acyclic (for p > 0 and gq > 0, respectively) are con- 
sidered in the next lecture. 
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Row acyclicity of the double complex of a numerable cover- 
ing + Row acyclicity of the double complex of a Leray cover- 
ing - The de Rham-Leray theorem - Generalization - Groups 
Ep. - Groups F?,4 - A group adjoined to a graded group 
with filtration 


Definition 1. A family {n} of smooth nonnegative func- 
tions yn,: &—-R is said to be locally finite if for any 
point of a manifold 2% there is a neighbourhood of the 
point in which only a finite number of functions yn, are 
nonzero. A locally finite family {n,} of functions is said 
to be a partition of unity if 


dm = 4 
k 


(this sum makes sense due to the local finiteness condi- 
tion). A partition of unity {n,} is said to be subordinate 
to an open covering {U;} (with the same index set) if 
Nr = O outside U;, for any k. (Notice that there is another, 
more restricted definition in the literature, one that re- 
quires that U;, should contain not only a set where yn, = 0 
but also its closure.) An open covering {U;} is said to be 
numerable if there is a subordinate partition of unity 
{nx}. A manifold 2 is said to be paracompact if each 
open covering of it is numerable. 

It turns out that if a covering MW = {Un; k € K} of a 
smooth manifold ® is numerable, then its double complex 
C’*,’ (MY) is acyclic in rows. Indeed, according to the 
remark made at the end of the preceding lecture, it is 
only necessary for us to prove that for any g > 0 every 
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p-dimensional (p > 0) cocycle c of a cochain complex 
C*,4 = {C?, (Q), 5} is a coboundary. To this end we 
associate an arbitrary cochain c € C?,’ (Q) with a cochain 
De € C®-1,2 (9) defined (obviously correctly) by the 
formula 


(1) (De) (Ky «++: Kept) = 21 Mae (hy ley. tube hea), 
(Ay, ae Keys) € Koa 


where {n,} is a partition of unity subordinate to a cov- 
ering Q. Then for any simplex (hk), ..., kp)E Kp 


(8Dc) (Koy .. +> Rp) 


ig A 
= SHH Bae Bas oes Be oo 
RE K 


i=0 


p A 
= > mdi (—Aie(k, Kg oe es is oe es Kp) 


REK i=0 
and 
(D&e) (Ky, «+ «3 kp) = 2a Ms (8c) (k, ko, ..+, Kp) 
NV! i 
=D male (hor «+++ hp) FDL (— AEE (ky 
REK 2=0 
seedless kp) | 
: P Z e 
=0(h, ..., kp)— Dd) tay (—A)ic(k, fp, 
REK i=0 
ne a 
=C (ky, aE kp) —(6Dce) (ko, ae Kp), 
1.e. 


Dée + 6Dce=c 


for any cochain c. Hence if 6¢ = 0, then c = 6Dc. 


Now consider conditions ensuring that the complex 
C*,* (W) is acyclic in columns. 
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Recall (cf. Definition 1 of Lecture 10) that for an arbit- 
rary family of sets {%,} by II @, we denote the set 
a 


of all possible families {r,}, where rz. € Y,. When all 
L , are vector spaces that set is a vector space with respect 
to componentwise operations ({z,} + {Ya} = {ta + Ya}; 
A {z,} = {Ax,}) and called a direct product of vector 
spaces 2,. Similarly defined are direct products of 
groups, cochain complexes, double complexes, etc. 

_It is clear that, for example, cohomology groups of a 
direct product of complexes are direct products of cohomology 
groups of factors. 

A comparison of the general definition of a direct prod- 
uct of vector spaces with the definition of vector spaces 
C?’,7 (1) shows immediately that every vector space 
C?,2 (Q) is nothing but a direct product 

J] a(n... NU n,) 
Ree (ont 
of vector spaces Q7 (Ux, [| ..- [| Un) over all p-dimen- 
sional simplezes {ky, ..., kp} of a simplicial scheme K. 
The mapping d: C?,% (Q) —C?,%*' (Q) carries each 
factor Q7 (Uz, [| ... | Unp) of a vector space C?,? (q) 
into a factor Q7*'(U,,f) .-- 1 Un,) of C?2** (QW) 
and is nothing but an exterior differential 

d: Q7 (U2, ..- 7 Un») a tT (Oe) x ee} U;,,)- 
This means that for any p >0O the complex C?,° (Q) 
is a direct product of de Rham complexes Q2° (U,;, ... 
(} U,,) and hence its cohomology groups are direct pro- 
ducts of groups H? (U,, {| .--f| Ux,). Therefore for 
the complex C’,* (MY) the row acyclicity condition for 
q > 0 holds if and only if for any simplex {ky, ..., kp} 
K all cohomology groups H% (Uz, f\ -.. f\ Ur) q>0, 
are zero. Similarly, since for any p > O the group 
C? (MY; R) is nothing but a direct product of vector 
spaces R over all simplexes {ky, ..., kp} C K, the 
column acyclicity condition for the complex C’;,’ (Qf), 
with g = 0, is equivalent to the requirement that for any 
simplex {ky, ..., kp} C K the group H° (Uz, ... 
U kp) should be isomorphic to R. 


{k 
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Since by virtue of the Poincaré lemma (and Proposi- 
tion 2 of Lecture 20) both conditions are trivially satisfied 
when all intersections U,, (| ... | U hp are diffeo- 


morphic to an open ball B" of R"™ (where as ever n = 
dim 2), we see that the complex C*,s’ (MY) is acyclic in 


columns if for any indices ky, ..., ky € K the intersection 
eth), ae Un, if not empty, is diffeomorphic to the 
ball B". 


Definition 2. An open covering Q = {U;; k € K} of 
a smooth n-dimensional manifold & is said to be a Leray 
covering if for any indices ky, ..., kp € K the inter- 
section U,,f| ...f\ U hp is either empty or diffeomor- 


phic to a ball B". 
Thus, for any Leray covering MY the complex C’,° (A) 
is acyclic in columns. 


On comparing the results obtained we immediately get 
the following theorem by virtue of Corollary 2 to Lemma 1 
of the preceding lecture. 

Theorem 1. For any numerable Leray covering of a smooth 
manifold 2 cohomology groups H™(M%; R) are iso- 
morphic to de Rham cohomology groups H™Z of the mani- 
fold 2. 

This theorem is called the de Rham theorem in the 
Leray form (or briefly the de Rham-Leray theorem). 

It is not hard either to point out an explicit formula 
giving an isomorphism 


(2) H™(; R) > H™L. 


Problem i. If an operator doD, where D is an operator 
CP,9(N) +¢CP1,9(QY) defined by formula (4), is applied m times 
to a cochain ic € C™,9 (Y%), where c€ C™ (QY; R), then a cochain 
of C°,™ (Y) is obtained. Show that: 

1° when c is a cocycle, the cochain (doD)™ ¢ is of the form jw, 
where @ is a closed form of Q™Y; 

2° the cohomology class [w] of depends only on the coho- 
mology class [c} of the cocycle c; 

3° up to a sign the mapping [c} -> [w] is an isomorphism (2). 


Corollary 1. For any numerable Leray covering & of a 
smooth manifold 2 cohomology groups H™(Q; R) are 
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independent, up to isomorphism, of that covering and are 
defined exclusively by the manifold &% itself. 0 

Remark 1. It can be shown, on the basis of other con- 
siderations not related to~differential forms, that Corol- 
lary 1 is valid for cohomology groups H™(Q; G) also 
over an arbitrary group G. 

Definition 3. Groups H™(%; G), where Y% is an arbit- 
rary numerable Leray covering of a manifold 2%, are 
called Cech cohomology groups of the manifold 2 and des- 
ignated H™(.2%; G). They are defined if the manifold & 
has at least one numerable Leray covering. 

By virtue of Remark 4 this definition is correct. It 
allows Theorem 1 to be restated as follows: 

Theorem 1a. If for a manifold ® there is a numerable 
Leray covering, then its de Rham cohomology groups are 
isomorphic to its Cech cohomology groups: 


A"Y ~ HL; BR), mDo. 


While in practice the question of the existence of a 
numerable Leray covering usually causes no trouble for a 
given particular manifold 2, it is nevertheless interesting 
to consider it in the general form. 

Theorem 2. Any Hausdorff manifold satisfying the second 
axiom of countability (in particular, any Hausdorff compact 
manifold) is paracompact, i.e. each of its open coverings is 
numerable. 

Remark 2: It can be shown that, conversely, any con- 
nected paracompact Hausdorff manifold satisfies the second 
countability axiom. 

See Remarks 2 and 3 of Lecture 24 below. 

Theorem 3. Any paracompact Hausdorff manifold has a 
Leray covering. If a manifold is compact, then it has a finite 
Leray covering. 

Corollary 14. Cech cohomology groups H™(2; G) are 
defined for any paracompact Hausdorff manifold 2. For a 
compact manifold these groups have over G a finite number 
of generators (for G = R they are finite-dimensional). 

Corollary 2. De Rham cohomology groups H"™& of an 
arbitrary paracompact Hausdorff manifold ® are isomorphic 
to its Cech groups over the field R: 


H "4 ~ HL; BR). 
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Corollary 2 is generally called the de Rham theorem 
for Cech cohomology groups. 

{In general, a variety of theorems describing groups 
H"® in topological terms are known as de Rham the- 
orems. The name is justified by the fact that the very first 
of these theorems has indeed been proved by de Rham. 
It will be discussed in Lecture 29.] | 

Corollary 3. For a compact Hausdorff manifold & all 
vector spaces H™&% are finite-dimensional (and hence Betti 
numbers h™® are defined). 0 

We prove Theorem 2 in Lecture 24. As far as Theorem 3 
is concerned, just as with the Gauss lemma of Lecture 90 
we are compelled to put off its proof until the next se- 
mester. 


Generally speaking, even for the most primitive manl- 
folds 2 Leray coverings Y contain quite a lot of ele- 
ments, which makes the problem of computing groups 
A™ (Y; R) = A™(L; R) if not difficult, but awkward 
and tedious. Of interest therefore are ways of computing 
groups H™(%; R) with the aid of coverings that are 
not of the Leray type. (As we see from the examples of 
Lecture 20, this approach may turn out to be quite effec- 
tive.) In view of Theorem 2 (true, not proved by us as yet) 
we may, being interested practically only in manifolds 
satisfying the second countability axiom restrict ourselves 
to numerable coverings 2 = {U,, k € K} for which the 
augmented complex C’,’ (Q%) is known to be acyclic in 
rows, and hence its cohomology groups H™([) are iso- 
morphic to de Rham cohomology groups H"@% of a mani- 
fold 2%. The problem of computing groups H”@% is thus 
reduced to computing groups H™(Q). 

We assume that 

(a) we know the nerve K of a covering Y (i.e. we know 
for which indices ky), ..., kp €K the intersection 
ove a ee ee Uno is not empty); 

(b) for any simplex {k , ..., kp} of K all de Rham 
cohomology groups H? (U,;,f.) ...f} U;,) of an open 
submanifold U,,f| ...f| Un, are known; 

and seek an algebraic procedure which allows us, if 
not to completely compute groups H™(Y) ~ H"™@ on 
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the basis of these data (which continues to be an unattain- 
able ideal) at least obtain sufficiently ample information 
about these groups. 


Suppose C’,* = {C?,2; 6, d} is as yet an arbitrary 
double complex. Since columns C?,* = = {C?»?; d} of 
C*,* are the usual cochain complexes, their cohomology 
groups H? (C?.°) are defined. By tradition it is customary 
to designate these groups as 7,7. (Note the order of the 
superscripts!) 

Since by definition horizontal coboundary operators 
6: C?,;2 -—» CP*1,2 make up a cochain mapping C?,° — 
C?*1,* they induce homomorphisms 


(3) 6*: Ep. —> Epts,9, 


Since 605 = 0, we have 6*o 6* = 0, and hence for 
every gq > 0 the family E£7.4— {E?,4; 8*} of groups and 
homomorphisms is a cochain ‘complex. (In what follows 
we shall write simply 5 instead of 5*.) Cohomology 
groups H? (E;;7) of complexes £},% are, also by tradi- 
tion, designated £7,? and arranged i in an array of the form 


By convention E®.t = H3H4 (C'.') (and E?,% = 
ASH4 (A) if Cr = = ¢*, - (q)), where subscripts indicate 
the cuboandaa with respect to which cohomology groups 
are computed. 

Notice that in the special case of a double complex of 
the form C’°; * (Y) the information contained in (a) and 
(b) (see above) is in principle enough for groups E®:1 to be 
computed. Indeed, as we know, each column CP," (4) 
of a complex C’:; (M1) is a direct product of de Rham com- 
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plexes of the form ° (U;, 1] hy ») and hence its 
cohomology groups £7,7 = Ha (CP, (a1)) are direct pro- 
ducts of de Rham cohomology groups H2(U,,f| .. 
 U;,)- This means that going from group C?:? (qf) to 
group £7,7 consists in that, restricting ourselves to co- 
chains 


Cc. (Ko, o 8 eg kp) (ko, oe ey kp) € 27 (Ux, Q eee N U;,,) 
whose values c (ky, ..., Kp) are closed forms, we go to 
their cohomology classes 

le (pe ccc Rp) ot (Unt) eae (| U;,,)- 


Consequently, we may regard as elements of E<:7 the 
skew-symmetric functions - 


€: (kg, . . «) Kp)e> cc (key, . . +s Kp); 
defined on K p, for which c (Ko, .. +, Kp) € H? (U,, 1) 


1) U; ») (cochains with values in cohomologies). Sperator (3) 
is given as follows: 


(8*c) (Ko, wie 8S Kat) -3 (—1)? c (ko, os 99 kj, a) Kpss): 


where omitted on the right are implicit homomorphisms 
of a restriction 


He (Teel sc Uae oe Oe) 
—> 4 (Uz, 1 a es U,,) 


(cf. formula (2) of the preceding lecture). All this leads 
to an algorithm, quite efficient in not very cumbersome 
cases, for computing groups E?.? —. 

Thus, for double complexes of the form C’*,* (Q) groups 
E?;2 may be assumed to be known, at least theoretically. 

‘Example 1.14 & = {U, V}is the two-element covering 
of S” considered in Lecture 20, then among the groups 
A™ (U), H™(V), and H™(UQ V) only the groups 


Ho (U)~R, H°(V) XR, (UN VR 
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and 
eo HH" (Uf) V) ~ A719" 1 +R 

are nonzero. The complex £}:° is therefore isomorphic 
to the complex C* (Q; R), and hence groups EP? are 
_ isomorphic to groups H? (WM; R). (This is a general fact 

alid for any manifold Y and any one of 7 ore ner I 
with connected intersections U;,f] ... Un, .) 

On the other hand, it can easily be seen He H e (MW; Rx 
R (again this is a general fact valid for any con- 
nected—in the obvious sense—simplicial scheme) and 
that H? (W%; R) =O for p >O (the nerve of a covering 
Wf, or, more exactly, its geometric realization is a segment 


(9) a 


and hence for p > 1 even the group C? (Y; R) is zero, 
and for p = 1 any element of ‘the group C! (%; R) = 
Zi (A; R) is uniquely defined by a number A = c (0, 1) 
and hence equal to de, where e is a zero-dimensional co- 
chain defined as follows: e (0) = 0, e (1) =A. 

Thus 


Epo f R if p=0, 

(0 if p>O. 
As far as sada Ey 7 for gq > O are concerned, only the 
group £),""! C! Ot: R) Sonor nme to R is nonzero. 


Therefore among: groups E%,%, g>0, the only nonzero 
group is £3,"! ~ R. 

Thus the array of groups £%2,? for a covering {U, V} 
of the sphere §” is of the form 
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(there are zeros in all the other cells, except for the indi- 
cated two). 0 


It remains to learn how to go from groups £7?,% to 
groups H™(C’."). To do this we first describe groups £7, 
directly in groups C?,%. In order to avoid the numerous 
reservations, we assume that groups C®,? are defined 
also for negative p, q and in this case are zero: 


cha =0 if p<O0 or q<0. 


By definition each element z of a group £4 is a 


5-cohomology class of some 6-cocycle c € E?,% which in 
turn is a d-cohomology class of some d-cocycle c € C?,4, 


(In a complex of a covering % the element c is a cocycle 


with values in cohomologies and ¢ is obtained from c 
by choosing some representative in each cohomology class 


c (ko, ..., kp).) Thus every element zx € E®,4 is given 
by some element c € C?,2. We shall write x = [c], (and 
ce = [c],). 


For an element [c], to be defined it is of course necessary 
that dc = 0. Besides, the element dc € C?*1,2 must be 
of the form dc,, where c, € C?*',?-' (for the element 
[c], € £%:7 to be a 6-cocycle). It will be more convenient 
for us, however, to replace d by d’ and represent 6c as 
—d'c, (which is of no fundamental significance, of course). 
Conversely, if de = 0, then an element [cl], is defined, 
and if dc = —d’c,, then 6 [cl, = 0 and hence an element 
lc], is defined. Thus an element [c], is defined if and only if 
there is a two-dimensional chain. (c, c,) of the form 


0 
a é d'c =O, 


(6) c— ; 
t as c+ d'c,=0. 


Cy 


Similarly it can be shown that [c], = I[c’], if and only 
if there are cochains a € C®-1,9 and b € C”,9-! such that 


d’'a=0 and c’ —c = 6a —d'bd: 
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or, diagrammatically: 


0 
f 
(7) a—->c'—c 
f 
b. 


On the other hand, we know (see formula (7) of the 
preceding lecture) that cocycles of a complex C’>* (with 
respect to the operator dD) are chains of the form 


0 
t 
Co 
f d'c,=0, 
Cy "4 8c, + d’c, =0, 
(8) Co ia ze 
’ Sem + d'Cm, == 0, 
t 5c, = 0, 
Cm-1 —> 
Cm > 0 


having the greatest possible length (or terminating at 
the lower row of the complex C’,"). If therefore cocycle (8) 
has the property that cy = 0, ..., ¢p_, = 0, then for its 
component c, an element [cp], of a group E%,"? is de- 
fined. 

Thus c +> [cp], defines some mapping 


(9) ZP,m-P _, EP,m-p, 


where Z?,™-P is a subgroup of a group of )d-cocycles 
Z™(C°;’) of a double complex C°;* that consists of cocycles 
Cc = (Cy, ..., ¢,) for which co = 0, ..., cp-, = 0. It 
follows directly from the definition of the operator b 
(see formula (6) of the preceding lecture) that if cocycles 
e=(0,..., 0, ep, ..., Cm) and ec’ = (0,..., 0, 
Cy) - ++) Cm) of the group Z?,:”? are cohomologous, then 
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there is a chain (a), a, ..., @p, 0, ..., VU) such that 
0 
f 
a) —> 

joo 1 
Sa,+ d'a,=0, : 
(10) o © © @©& © © @ © © @© © @ r) : 
6ap-.+ d’ap,=0, t 


FA , 
Sap1+d’ap=c,—Cp, 


Aap-1 > Cp—Cp 


Ap: 
This relation becomes a relation expressible by diagram 
(7) for a, = 0, , Gp-g = 0, but in the general case 
it is weaker than relation (7). This forces us to introduce 
into consideration a quotient group Ep.™-P of a group 
E?,™-P with respect to the subgroup of all elements of 
the form [Sa,_, + d’ap], and a composition 


(11) ZP,mP E?.m-p 


of homomorphism (9) with a factorization homomorphism 
E®,m-P _» B,™-P, Homomorphism (41), unlike homo- 
morphism (9), makes all coboundaries contained in 
Z’,™-P_ vanish and hence induces some homomorphism 


(12) FP,m-P _, EP,m-P 


where F?,™-P is a subgroup of a group H”(C°;") and is 
the image of a subgroup Z?,”™? under a factorization 
homomorphism Z™(C°,*) > H™(C’;*), i.e. consists of 
cohomology classes [c] containing a cocycle c of the form 
(Oem. 35 Oe On, eo 

It is clear that under homomorphism (12) the subgroup 
FP+1,"-P-1 of the group F?,”™-? vanishes. This homo- 
morphism induces therefore some homomorphism 


(13) FP ,™-P/FP+i1,mM-P-1 _, EP,m-?, 


On the other hand, the statement that a cohomology 
class [c] € F?:"-?, c=(0, ..., 0, Cp, ---: Cm-p), Van- 
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ishes under homomorphism (12) implies that there is a 


chain a = (a), ..., @p, 0, ..., 0) such that 
0 
, ay —> 
d ag= 9 f 
§a,+d’a, = 9 a, —> 
Sap.+ d’'a,_,=9, 
§a,-,+d’ap=Cp, Tl = 
p-2 
Ap-1 > Cp 
Ap: 


But for a cocycle c’ = c — da the component c, is then 
zero, i.e. that cocycle is in the subgroup Z?t!,™-?-!, 
Since [c] = [c’], this proves that the subgroup F?*!,"-?-1 
is the kernel of homomorphism (12) and therefore that 
homomorphism (13) is a monomorphism. 


Subgroups F?,”-? make up a series of embedded sub- 
groups 


(44) H™C's*) = FP" > Fm | 
=>. => Fm,0 + FM+i,-1 {0} 


which begins with the entire group H™(C’.’) = F®,™ 
and ends with a zero subgroup F™*!;-! = {0}. 

At this point it is convenient to introduce the corre- 
sponding general terminology. 

Definition 4. By a graded Abelian group is meant an 


arbitrary sequence 

= {H°, H}, me ere ee 
of Abelian groups H™. A jini of H°* is a family 
{F?,7} of Abelian groups, where —i < p, g < o~, such 


that: 
(i) every group F?;7 is a subgroup of a group H?*?; 
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(ii) for any m > 0 there is an inclusion 
HY =] PSS ht S466 D fuss: fe {Q}. 


A group adjoint to a graded group H° with filtration is a 
graded group Gr (H*) = {Gr (H#™)} for which 


(45) Gr (A") = FX"/FL™ ® ... @ FMF, 7, 


In general, groups (15) do not yet allow groups H™ 
to be reconstructed, but if a group H™ is a finite-dimen- 
sional vector space (and groups F?,™-? are subspaces of H™), 
then the group Gr (H™) is isomorphic to the group H”™. 
Indeed, both H™ and Gr (H™) are then finite-dimensional 
vector spaces of the same dimension (equal to the sum of 
the dimensions of quotient spaces F?,"-P/FPt1,™-P-1, 
p=0,..., m), and we know that vector spaces of the 
same dimension are isomorphic. {For an isomorphism 
H™ -—» Gr (H™) to be constructed, it is necessary to 
choose in every subspace F?,“-? a subspace R?,;™? com- 
plementary to the subspace F?*!,;"-?-1 (i.e. such that 
FP, ™-P  — FPH,m-P-t © RP,™-P). Then 


H”™ = RO" OH" Oo..0 8 AR! 


and factorization mappings F?;"-? —» FP,™-P/FPti,m-P-t 
induce isomorphisms R?,"“-P —> FP,™-P/FP+ti,m-P-t 
making up an isomorphism H™ — Gr (H”). (Notice that 
the isomorphism H™ — Gr (H™) is thus constructed with 
a considerable arbitrariness which is in principle impos- 
sible to avoid.[ 

Remark 3. The statement that vector spaces H™ and 
Gr (#™) are isomorphic is true without assuming their 
being finite-dimensional since the existence theorem for 
any subspace complementary to a subspace does not re- 
quire that this should be assumed. 


Indeed, let Y° be an arbitrary vector space. Recall (see Defini- 
tion 5 of Lecture 1.3 and Definition 4 of Lecture i.4) that a family 
*(set) of vectors of 7 is said to be linearly independent if any of its 
nite subfamilies (subsets) is linearly independent, and complete 
if any vector of 7 is a linear combination of vectors of some finite 
subfamily (subset) of it. A linearly independent and complete 
family of vectors is called a basis. It is clear that a union of any 
family (chain) linearly ordered with respect to inclusion of a family 
(chain) of linearly independent subsets of V is linearly independent. 
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Therefore, by the Zorn lemma (see Lecture 10) there are maxima] 
elements in the set of all linearly independent subsets of 7°. Since 
every such element is obviously a complete subset, this proves 
that every vector space VY has a basis. By the Zorn lemma every 
linearly independent subset of /° is contained in some basis. In 
particular, if # isa subspace of /, then any basis {z,} of # is con- 
tained in some basis {z,, yg} of the entire space 7°. The span @ 
of complementary vectors y, is obviously the subset of /°comple- 


mentary to . 


Our immediate object is to compute adjoint groups (15) 
for the graded group H° (C’>*) = {H™(C°>*)} with filtra- 
tion (14). To do this we must, first, characterize the image 
of every homomorphism (9) and, second, describe the 
transition from groups £%,7 to groups E%,%. We shall 
deal with this in the next lecture. 
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Groups E?,7 - § pectral sequences - Spectral sequence of a 
double complex + Spectral sequence of a covering 


We proceed to study groups E%,7 for a double complex 
C's" = {C?,9; §, d}. 

As we know (see the preceding lecture) 

(a,) An. element [c], € E?:7, c € C?:% is defined if and 
only if d’c = 0 and there is a cochain c, such that 5c + 
d'c, = 0; diagrammatically: 


0 
t 
(1) c—> 
f 
Cy. 


At the same time 
(b,) The equation {c] = [c’], holds if and only if there 


are cochains a and b such that d'a = 0 and c’ —c = 
Sa — d’b; diagrammatically: 
0 
f 
(2) a—->c’—c 
t 
b. 


On the other hand, the element [c], is in the image of 
a homomorphism Z?,"-? -—» £2,™-P if and only if there 
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is chain (1) which can be extended to a chain 


0 
I 2. 
c—> 
t d'c=0, 
cy 5e+d'c,=0, 
(3) Se 
‘ §eo-1 + d’c, = 0, 
t de, = 0, 
Cg4 > 
C, > 0 


of length g + 1, which goes down to the bottom row of 
Among all chains of the form (1) we must thus choose 
chains that can be extended to a chain of the form (3). 
It is natural to do this by extending step by step chain (1). 
To extend chain (1) by one term we consider a cochain 
5c, € CP+2,9-1 


0 

i 

c—> 
c, —> c,. 

Since d &c, = 5 de, = +6 dc.= 0 and 6 (&c,) = 0, for 

a cochain 6c, there is a diagram 


0 
I 


bc, > 
0 
which shows that the cochain defines some element 


[éc,], € £2*2,2-!, Since the cochain ¢, in (1) can be re- 
placed by any cochain of the form c; = c, + a, where 


Lecture 23 391 


d'a = 0, the cochain dc, is defined up to a term da: 
0 
a 
a ~> Se, — 8c, 
0. 


This shows (see (b,)) that the element [5c,], is independent 
of the choice of cochain c, and is uniquely defined by 
cochain c. Moreover, if [c’J, = [cl,, i.e. (again see (b,)) 
if 


then 


ae 
1 


where ci = c, + 6b, and therefore bc! = 6c,. Conse- 
quently, [5c,], depends only on {[c],, and hence the formula 


d, {c], = [8e,], 
correctly defines some mapping 
(A) do: E?,2 —» Ebt2,9-1; 
diagrammatically: 


p pre 
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It immediately follows from the definition of the map- 
ping d, and statement (b,) that 

(co) The equation d, la], = lc], is equivalent to the exis- 
tence of a chain of the form 


0 
t 
a—> 
(9) t 
a,c 
t 
b. 


In particular, d, {c), = 0 if and only if there is a chain 
of the form 


0 
f 
c—> 
(6) f 
C,> 
f 
Co. 


But if (5) holds, then so does (6) withc, = Oandc, = 0. 
Therefore 
(7) d, ° d. = 0, 
i.e. for any p and gq there is an inclusion 
Bra ae 234, 
where 
2594 = Ker (d,: EP 4 —_> Ept2,9-1) 
is the kernel of the mapping d,: E2.9 — E?*2,71 and 
BP = Im (d.: Ep-2, 944 —_> E?,4) 
is the image of the mapping d,: Ez-?,2+1 — £2,2. We put 
Epa = ZP;9/Bp»4, 
For an element [c], € 22:7 the corresponding element 
of the group £?,1 (the coset [c], + B?:*) is designated 
[c]}. 
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By definition an element [c], is defined if and only if 
an element [c], is defined and d, [c], = 0. By virtue of 
the second statement of (c,) this-means that 

(a,) An element {c], € E2:7, cE C4 is defined if and 
only if there is a chain of the form 


(8) 


Cy > 


According to the first statement of (c,) 
(bs) The equation (c], =I[c'], holds if and only if there 
is a chain of the form 


For any chain (8) the cochain 6c, has the property that 
0 
dc, — 
0. 


An element [d5c,], € £e*3,0-2 is therefore defined, with 


d, [5ce,], = 0, 


5 3ax. 529 
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and hence-so is an element [5c,],. Since the difference of 
two chains of form (8) has the form 


0 

t 

a, —> 
f 
Qo, 


an element [6a,], = d, [a,], is added to [8c], when 
chain (8) is changed, and the element [5c,1, remains there- 
fore the same. This means that the formula 


ds Ic], = [Seq], 
correctly defines some mapping 
(9) d,: Z?,1 > Bets, 32, 


To achieve here a complete analogy with the previous 
case we notice that if [c], € BP.%, i.e. if 


0 

I 

a,—> 
t 
ao, 


then for c, there is chain (8) with c, = 0 and c, = 0. 
Consequently, d, [c], = 0, and therefore mapping (9) 
induces some mapping: 


(10) d,: EP;2 —» Ep*3,9-2, 


‘From the definition of mapping (10) and statement (b,) 
it follows immediately that 


Lecture 23 395 


(c3;) The equation d, lal, = Ic], is equivalent to the 
existence of a chain of the form 


0 
f 
a—> 
f 
(11) a, 
t 
Ay —>C 
f 
b. 


In particular, d, (cl, = 0 if and only if there are chains 
of the form 


0 
t 
c—> 
(12) ! —> 
f 
Co > 
f 


Since it follows from (11) that for a cochain c there is 
chain (12) with c, = 0, c, = 0, c; = 0, we see that, like 
the mapping d, the mapping d, satisfies the relation 

d,od, = 0, 
and groups 
pr, = ZP,9/BPs4 
are therefore defined, where 
ZP,4 = Ker (d;: Ep,4 > E’p+3 9-2), 
Bet = Im (d,: Ee-3,4+2 —» Ep,4), 
Continuing the process, for any r > 2 we obtain groups 


E?,? consisting of elements of the form [c],, where c € 
C;2, with the following statement holding: 


5* 
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(a,) An element (cl, is defined if and only if there is 
a chain of the form 


0 
f 
c—> 
(13) - 


Cri4e 
(b,) The equation {cJ, = [c’J, holds if and only if there 
is a chain of the form 


a,-> 


(14) : 
bs 
a>_9 —~ Ct —C 
b. 
For any chain (13) the element [5c,_,], depends only 
on [c],, so that the formula 
d, (cl, = [6c,_,], 
correctly defines some . mapping 
(15) d,: EP,2 —> Eetr, arts, 


g-r+l 


at the same time 
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(c,) the equation d, la], = Ic], is equivalent to the 
existence of a chain of the form 


0 

f 

a—> 
f 
a,—> 


In particular, d,'{c], = 0 if and only if there is a chain 
of the form 


ts 
Cr 
C2 

Therefore d,od, = 0, and hence groups 

EP,a = Zp,1/Bp,4 

are defined, where 

Ze.1 = Ker (d,: Ep? ay. Eptr,a-r+t) 
Bet = Im (d,: Eptt,t-7-1 -» Ep,’), 


etc. 
The constructed object deserves a special definition. 
Definition 1. By a spectral sequence (or, more exactly, 
a cohomologous spectral sequence of the first quarter) is 
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meant a family 


(16) {EP,4; d,} 
of groups (or vector spaces) E?.4 and homomorphisms 
(17) d,: Ep,2 —> YN a a 


where r > 2 and 0< p, g< oo (in order to avoid the 
numerous reservations it is convenient to assume, how- 
ever, that groups E?.?7 are defined for negative p and q 
as well, with £?.2 = 0 if p< 0 or g <Q) that have the 
property that for any r>2 


(18) d, od, = 0 

and | 

(18) Ep: = Zp.9/Bp,8, 

where 
ZP,2 = Ker (d,: Ep.t —> Eptr, drt) 
Bret = Im (d,: Epr,itr-t + EP,4) 


(according to (18) we have an inclusion BP. c Z?P,%, and 
hence quotient group (19) is defined). 

It is customary to call homomorphisms (17) the differen- 
tials of a spectral sequence (16). 

For every fixed r > 2, it is convenient to arrange groups 
#e,t in an array of the form 


This array is called the rth term of a spectral sequence (16). 

The passage from array £, to array £,+, consists of 
two steps. At the first step (“scavenging”) we retain in 
each cell (p, q) only elements that vanish for differential 
(17). This step leaves the contents of the cell. (p, q) 
unghanged when the cell (p + r, g —r + 1) differential 
(17) hits contains only zero. Since the cell (p +r, q — 
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r +1) isr — 1 rows lower than the cell (p, ¢), scavenging 
trivially stops in (p, q), so that on the differential dj,, 
we obtain 


The second step (“cancellation”) consists in factoring 
scavenged contents of the cell (p, q) by the subgroup of 
elements coming from the cell (p —r, q +r —41) which 
is r columns to the left. Hence, this step leaves the con- 
tents of the cell (p, q) unchanged when p —7r < 0, i.e. 
for r>p+1 

Bea = Bpa = .... 


Thus, for any p and q the initial contents £?.7 of the 
cell (p, qg), gradually decreasing as r increases, become 
sooner or later stabilized, i.e. there is ro >2 (namely, 
To = max (p + 1, gq + 2)) such that 


Ent = BR = 


We put 
Epa = Epa. 


By (19) each element y of a group £?:1 is the image of 
some element of a group EP-7 (that belongs to a subgroup 
ZP»2 ) which in turn is the image of some element of a 
group £P.@ (which belongs to the inverse image of the 
subgroup ZP:7 in EP-2), etc. The fact that as a result 
of this backward movement we get to an element z of the 
group £?,? is written as follows: y = [z],. When r = r, 
we write [z]. instead of [z],,. (Thus, for elements [c], 
of the spectral sequence constructed above from a double 
complex, [x], has the same meaning as [c], does, with c 
being a cochain such that z = [c],.) 

If for an element x € E2,7 the element [z], is defined, 
then z is said to attain the age of E,. An element z attains 
the age of E,,, if and only if it attains the age of E, 
and..d, [z], = 0. 

If is convenient (particularly in oral, informal discus- 
sions) to assume every differential d, to be a partial and 
many-valued mapping from £?:7 into Eptr,r+t. 
[The word “partial” implies that in fact d, is only defined 
on some subgroup of £?;7 (namely, on the subgroup of 


400 Semester II! 


elements that attain the age of E,), and the word “many- 
valued” implies that the values of d, are in fact not in the 
group £p*",7-rtt hut in some quotient group of it 
(or, more precisely, some subgroup of that quotient 
group).! Accordingly, the element d, [zx], is generally 
designated as d,x. It is defined if and only if dz = 
O50 5 Ope == 0. 

If d,x = 0, then the element z is said to be a cycle of 
the differential d,. In particular, if d-z = 0 for any r > 2, 
then the element z is said to be the cycle of all differentials. 
This is the case if and only if an element [z]J,. is defined 
{the element zx attains the age of £..). 

The cycles of all differentials form a subgroup Z?.4 
of a group £2;7. A group £?.4 is an epimorphic image 
of the group Z?:4 under a mapping 


xxl, x2 E ZP%, 


Thus, if B?.7 is the kernel of that mapping, then 


Epd = ZP,9/BP.4 


for any p and gq. 


Now let us return to the double complex C’;’ = 
{C?,4; 6, d}. The problems set at the end of the pre- 
ceding lecture, those of characterizing the image of a 
homomorphism 


(20) Z?. —» Ep,9 
and the kernel of an epimorphism 
(21) Ep? —» Ep,4, 


can be trivially solved in terms of the spectral sequence 
{Ep,7; d,} constructed from that complex. Indeed, by 
definition the element x = [c], of £2,7 is in the image of 
(20) if and only if for a cochain ¢ there is a chain of the 
form (3), i.e. (see statement (c,)) if z is the cycle of all 
differentials. Hence the image of homomorphism (20) is 
a subgroup Z?:4, 
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Similarly, the kernel of epimorphism (24). consists of 
elements [c], for which there is a chain 


0 

t 

ay > 
f 
ay 


a p-1 —> C 
b 
of length p + 1 that begins in the first column of a com- 
plex C’,’. Since, as a direct comparison of the definitions 


shows, these are precisely the elements of a subgroup 
Be.4, this proves that 


E?,9 = Ee .4/ Ba". ls 


Hence E%? c E2,2 and monomorphism (13) of Lecture 22 
is an isomorphism of a quotient group F?,™-P/FP+,™-P-1 
onto a group E?.4, 

The group Gr (#™(C°:°)) adjoint to a group H™(C°,*) 
is thus a direct sum of groups on the mth antidiagonal 
of an array &,: 


Gr (H (C*")) =E." ® Etim! @ 1.2, @ EMAL @® Emo, 
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Definition 2. Let H’ = {H™} be a graded group with 
filtration 
FE SPS PA See a PO = {0}. 


We say that a spectral sequence {E?,7; d,} converges to 
the group H* and write 
Epa => A”, 
if. 
Epa = FP,4/PFP+1,9-1 


for any p and g. . 

This definition allows the study we have made to be 
summed up in the following final theorem. 

Theorem 1. For any double complex C’:* = {C?,9; 6, d} 
there is a spectral sequence {F?,%; d,} such that 


. Ept = HS 4 (C’>*) 
and 
Ept = H™C’,). O 


This theorem was in fact known to Leray (although he 
does not appear to have formulated it explicitly). 


Corollary 1. For any numerable covering Y of a Haus- 
dorff smooth manifold ® there is a spectral sequence 


(22) {E2,9; d,} 
such that 

(23) Epa = H3H§(t) 
and 

(24) Fett > A "ZZ. O 


As already noted, for groups (23) to be computed it is 
enough to have the information contained in (a) and (b) 
on p. 379, and hence these groups may be assumed to be 
known. It is important that as a rule we can get no other 
information about the spectral sequence (22). In particular, 
in the general case we cannot say anything about how 
differentials d, act (except that they hit a cell (p + 7, 
q —r-+ 1) from (p, q)) or about what filtering subgroups 
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F?,7 are like. Briefly speaking, the only thing we know 
and can use is the naked fact that there exists a spectral 
sequence (22) with initial term (23) that has property 
(24). : 

It is surprising that this information should be enough 
in many interesting and important situations! (Though, 
if one stops thinking the fact over, the suprise will be 
gone just because the situations where thi information 
is not sufficient are so hopeless that they !ose the status 
of being important and interesting.) 

Example 4 (continued from Example 1 of Lecture 22). 
As was shown, for a spectral sequence of 4 two-element 
covering {U, V} of asphere 5” the term £: }§ of the form 


All differentials d, act therefore either from °F into a cell 
containing only a zero. So they are all zero, and hence 
E, = Ew. (A spectral sequence having th/S property is 
called degenerate.) Thus, all antidiagonal$ of an array 
E.. consist of only zeros, except for the zeroth and nth 
ones which contain a group R each. Therefore 


R if m=O OF m=", 


ust=| 


This is the same computation as in Pecture 20, of 
course, but presented with the depth we have now reached. 

Example 2. If 9 is a Leray covering, then £74 = 0 
and, all the more, £2,.4 =O for q>0. Therefore, the 
spectral sequence of the covering again becomes dege- 
herate and 


0 otherwise. 


A" & = Em,9, 
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On the other hand, it is clear that in the tase under con- 
sideration the complex {Z°,°; 6*} is nothing but a cochain 
complex C’ (%; R) of the covering %, and hence 


Emo = H™(Y; R) for any m >O. 


Thus we again obtain Theorem 1 of Lecture 22, which 
turns out to be a trivial special case of Corollary 1. 
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Compactly exhaustible and paracompact topological spaces - 
Paracompact manifolds - Integrals in R"- Cubable sets 
and densities in arbitrary manifolds - Integration of den- 
sities 


Analytic methods of computing cohomology groups require 
that integral calculus should first be constructed on mani- 
folds. We begin the construction by presenting the neces- 
sary facts from topology. 

Recall (see Definition 5 of Lecture 14) that a topolo- 
gical space % is said to be locally compact if any point of 
it has a neighbourhood U whose closure U is compact. 


Any Hausdorff manifold 2 is clearly locally compact. 
(For non-Hausdorff manifolds this is no longer the case, 
for example, a non-Hausdorff straight line with a singular 
point of infinite multiplicity is not a locally compact 
space. ) 

It is also easy to see that if a space D@ satisfies the second 
countability axiom, is locally compact, and Hausdorff, 


then it has a countable base {U,} of a closure U; all of whose 
elements are compact. (To prove this it suffices to choose 
sets with compact closures in an arbitrary countable 
base in 2. Question for control: Why do we require that 
the space should be Hausdorff?) 

Definition 1. A topological space 2 is said to be ez- 
haustively compact if it is a union of an increasing sequence 


OO}; CO ee 45 Oe Oy Se has 
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of open sets (called an exhaustive compactum of 2) such 
that the closure O, of every O, is compact and is con- 
tained in O,,,. 

Proposition 1. Every Hausdorff locally compact topolog- 
ical space XY satisfying the second countability axiom is 
exhaustively compact. 

Proof. Let {U;, 1< i< co} be a countable base of @ 
consisting of sets with compact closures. Setting O, = U, 
assume that for some n > 2 the set O,_, has already been 


constructed. Since sets U; cover Z (and O,-, is compact), 


there is j > 1 (which for definiteness may be chosen to 


be the smallest) such that O,-,c U,; U... U Uj. 
We put O, = U, U... UU;. Thus the sets O, will 
by induction be constructed for all n > 1, and it is clear 
that they make up an exhaustive compactum of 2. 0 

In particular, we see that any Hausdorff manifold satis- 
fying the second countability axiom is exhaustively compact. 

Definition 2. An open covering {U,} of a topological 
space ®@ is said to be locally finite if any point pE€ ® 
has a neighbourhood that intersects with only a finite 
number of elements of that covering. 

Recall (see Definition 1 of Lecture 8) that a covering 
{U,} of ®@ is a refinement of a covering {V3}, if for any 
a there is B such that U, < Vz. 
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Proposition 2. If a Hausdorff space Y is exhaustively 
compact, then for any open covering {V,} of it there is a 
locally finite covering which is a refinement of V. 

Proof. Let {O,} be an arbitrary exhaustive compactum 


of @. For every n>1 sets VE = (On+s\On-1) 1 Vo 
(we assume by convention that O, = @) make up an 
open covering of the set O,,,;\On. Since On4,\0, is 
compact (why?), it is possible to choose in that covering 
a finite subcovering {V@,, ..-, VBminy}. Since the sets 


Ons: \On cover %, all sets of the form V%,,1< 2 < ov, 
4<i<m(n), make up a covering of ® which is obvi- 
ously a refinement of a covering {Vg} and since every 
set O, fails to intersect with sets VB n >k, (and hence 


intersects with only a finite number of sets of the form 
Vé,,%<k), the covering {Vg} is locally finite (for any 
point p € @ there is k such that p € Ox, and hence the 
set O, is a neighbourhood of that point that intersects 
with only a finite number of elements of {V§.}). O 

Remark 1. In general topology a topological space 
is said to be paracompact if a locally finite covering can be 
a refinement of any open covering of %. In these terms 
Proposition 2 implies that any Hausdorff exhaustively com- 
pact space is paracompact. 


For the case where % is a smooth manifold Proposition 
2 can be made more précise. 

An open covering {U,} of a smooth manifold 2 is said 
to be numerably compact if there is a subordinate partition 
of unity {yj,} such that yn, = 0 outside some compact 
set Cg — @ 

Proposition 3. A locally finite numerably compact 
covering {U,} can be made to be a refinement of any open 
covering {V,} of a smooth Hausdorff manifold ® satisfying 
the second countability aziom. 

Proof. Since by Proposition 1 % is an exhaustively 
compact manifold, Proposition 2 applies to it. Let {VB} 


be the covering we have constructed in proving Pro- 
position 2. For any point p € Vg, there is in VE. a Coor- 


dinate neighbourhood U,,;,, of that point with compact 
closure U,;,,. By Proposition 2 of Lecture 14 there are 
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open sets V,;,, and W,,, such that 


Pp E Wind W pian Cc Vain: Vowian C U peas 


and the pair (Vpin, Wp.i.n) has a Uryson function. 
For every fixed i the sets of the form W,,;,, make up an 


open covering of a compact set 0,+,\O,. On choosing 
in that coveririg a finite subcovering and doing this for 
all i, we denote the chosen sets Wp in by Wa. Let Vy 
and U, be the corré&ponding sets‘ V, ;,, and Uy, ijn. 
By construction 
(a) for any a. there are inclusions 


Weve Vee Uz: 


with the set U. « (and hence each of the sets W,, and V,) 
being compact; 
(b) for every pair (V,, W,) there is a Uryson function 


Pa: D>R 


(recall that it has the property that o, = 1 on W, and 
Pa = 0 outside V,); 

(c) the family {W,}, and hence each of the families 
{V,} and {U,}, is an open covering of a space ® (which 
is obviously locally finite and a refinement of a covering 
{V5}). | 

Ne {V.} is a locally finite covering, the family of 
functions {,} is also locally finite. Therefore a function 


¢= 2) Va 
a 


is defined. Since py, = 1 on W, and g, >O on 2, we 
have m > 1 on & and, in particular, gp #0 on 2. Func- 
tions 


are therefore defined. They make up a partition of unity 
obviously subordinate to the covering {U,}. Since ng = 


0 outside the compact set V,,, this proves that the covering 
{U,} is numerably compact. Since {U,} is locally finite 
and is a refinement of the covering {V,}, this completes 
the proof of Proposition 3. O 
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Corollary 1. Every open covering {Vg} of a smooth 
Hausdorff manifold 2 satisfying the second countability 
axiom is numerable. 

Proof. By virtue of Proposition 3 it suffices to show 
that {V,} is a nwmerable covering if a numerable covering 
{U.,} is a refinement of it. Choosing for every index @ an 
index f (a) such that U, C Vag) consider a partition 
of unity {n,} subordinate to the covering {U,}. Let 


Ca 
. B(a)=B 


where the summation is taken over all a for which B (a) = 
8. (If there are no such a, then €, = 0.) It is clear that 
the function Cf, is defined and nonnegative. Moreover, 
since C, (p) £0 if and only if there is @ such that Bp = 
B (a) and 7, (p) * 0, the family of functions {f,} is 
locally finite, and since every function yn, is a term of 
one and only one function €,, we have 


2 be= 2 Na = 1. 


Finally, if p ¢ Vg, then p € U, for all a with B (a) = f, 
and hence 7, (p) = 0. Consequently, Cs (p) = 0. Thus, 
{Ca} is a partition of unity subordinate to a covering 
iV }. Therefore this covering is a numerable covering. 0 

Corollary 4 means that any smooth Hausdorff manifold 
satisfying the second countability axiom is paracompact. 
This statement constitutes the contents of Theorem 2 of 
Lecture 22 which we may thus consider to be proved now. 

Remark 2. It can be shown —a difficult theorem! —that 
every component of a locally compact and metrizable space 
satisfies the second countability axiom. On the other hand, 
we shall show in the next semester that any paracompact 
and Hausdorff smooth manifold is metrizable. In the class 
of connected and Hausdorff smooth manifolds paracompact- 
ness is therefore equivalent to the second countability axiom. 

Remark 3. By Proposition 3 every Hausdorff smooth 
manifold satisfying the second countability axiom is 
paracompact as a topological space (see Remark 1 above). 
Since a topological space is paracompact if and only if so 
is each of its components, it follows immediately, in view 


Nas 
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of Remark 2, that a Hausdorff paracompact manifold is 
paracompact as a topological space as well. On the other 
hand, by slightly complicating the proof of Proposition 3 
it can be shown that the inference of this proposition (and 
hence Corollary: 1) remains also valid for any Hausdorff 
smooth manifold that is paracompact as a topological 
space. Consequently, a Hausdorff manifold is paracompact 
if and only if it is paracompact as a topological space. 

Remark 4. The concept of a numerable covering can, 
of course, be immediately applied to any topological 
space (it suffices to replace smooth functions by con- 
tinuous functions in the definition of a partition of unity), 
and it.is easy to see that if in a topological space DY any 
opeh covering is numerable, then the space is paracompact 
{since for every partition of unity {n,} the sets 0, = 
{p € LZ; ne (p) #0} make up a locally finite open cover- 
ing which is a refinement of any covering the partition 
{n.} is subordinate to). It is interesting that in the class of 
Hausdorff spaces the converse is also true, i.e. in a Haus- 
dorff paracompact space every open covering is numerable. 
[Notice that the statement of Remark 3 does not imme- 
diately follow from this for smooth manifolds, since nu- 
merable open coverings of a smooth manifold as a topolo- 
gical space a priori make up only part of its numerable 
open coverings.}] The proof of this statement is not at all 
easy, and relies on a variety of difficult theorems of gene- 
ral topology. In the first place, we shall need the Uryson 
theorem which states that in a Hausdorff normal space 
there is for any pair (V, W) of open sets satisfying the 
relation W c V a continuous function equal to unity on 
W and to zero outside V, and Proposition 6, of Lecture 9, 
on the existence of contractions (which we have proved 
‘only in part). With the aid of these two theorems it can 
be proved quite easily that any locally finite open covering 
is numerable in a Hausdorff normal space. After that it 
only remains to prove the Dieudonné theorem (also a hard 
nut to crack!) according to which every Hausdorff paracom- 
pact space is normal. 


Now we are in a position to begin constructing integral 
calculus on smooth manifolds. 
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Recall from the course of calculus that a set A of R” is said 
to be a null set in the Jordan sense (oF a set of volume 0) if for any 
¢ > 0 there is a finite family of balls (or equivalently cubes or 
parallelepipeds) of R”™ covering A whose total volume is smaller 
than e. (Cf. the definition of null sets in the Lebesgue sense in Lec- 
ture 14 which admits countable families.) 

A subset Dc R” is said to he cubable (or Jordan-measurable) 


if it is bounded (i.e. its closure D is compact) and its boundary (or 
frontier) Fr D is a null set. (By the boundary (or frontier) Fr D of 


a subset D of a topological space is meant a set D\ Int D.) 

In order to avoid making numerous reservations we shall as- 
sume that all the functions under consideration are defined on the 
entire space R”. This assumption does not decrease generality, 
since every function f defined on a subset D < K™ may be assumed, 
without changing the integral, to be zero outside D, i.e. that 
f (x) = 0 for x ¢ D. 

A function #: R™ — R is said to be finite, if there is a compact 
set C < R"such that f = 0 outside C, locally bounded, if on any 
compact set Cc R” this function is bounded, and almost contin- 
uous, if for any compact set C c R® the function f is continuous 
on C outside some null set, i.e. there is a function fc continuous 
on C and a null set Ac C such that f = fc on C\A. 

It is known from calculus that any locally bounded and almost 
continuous function f is integrable in every cubable set D, i.e. there 
is a finite integral 


(1) \ f (x) dx. 


D 


Integral (1) remains unchanged if we arbitrarily change the func- 
tion f on some null set or add to, or subtract from, the set D an ar- 
bitrary null set. 

{We mean a Riemann integral here. If (1) is treated as Lebesgue 
integral, then the requirement that the set D should be cubable 
may be replaced by the requirement that it should be measurable. 
We do not need this generalization, however.] 

When f is a finite function, integral (1) has the same value for 
every cubable set D outside which f is zero. This common value 
is called an integral of f over R”™ and designated 


\ f (x) dx 
RR” 
or 
(2) \ f (x) dx, 


omitting the indication of R”. 
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Since for any cubable set D and any function f integrable in D 
there is an equation 


( 7¢x) ax= | (f_0) (8) dx, 
D R2 
where yD is a characteristic function of D given as follows: 


4 if x¢e€D, 
x)= {4 if x€@D, 


: follows that it is possible to make use of only an integral of the 
orm (2). | 

If U and V are open subsets of the space R”, then for any smooth 
mapping g: U — V and any null set dc U the set @A is also a 

ll set. [The proof of this fact given in Lecture 14 for null sets 
in the sense of Lebesgue can be repeated word for word for null 
sets in the sense of Jordan.] It follows that for any cubable set 
Dc JU with the property that Dc U, the set pDc V is also 
cubable. In particular, it is true when 9 is a diffeomorphism. More- 
over, as it is proved in calculus, for any function f integrable 
over @D the function (fo @) | J, |, where 

aot 

(3) Jo= det 7 | 


, e=j=i,...,n, 


is the Jacobian of a diffeomorphism q, is then integrable over D 
and there is an equation 


(4) \ £(x) ax= | (09) | Jo | (Dax. 
@D D 


This statement is known as the theorem on the change of variables. 
For integrals (2) formula (4) has the form 


(5) ( f (x) dx= ( (fo q) [Jo | (x) dx, 


where f is an arbitrary finite integrable function equal to zero 
outside the set V, and J, is, by the convention agreed upon above, 
Jacobian (3) assumed to be zero outside U. 


To construct a theory of integration on a smooth mani- 
fold 2 (which we assume to be Hausdorff and paracom- 
pact), it is first necessary to define cubable subsets in 72. 

This can be done without any difficulty. 

Definition 3. A subset A of a smooth n-dimensional 
manifold &% is said to be a null set if there is a finite family 
of charts (U,, h,), ..., (Uy, hy) such that Ac YU U; 
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and foreveryi = 1, ..., N the seth; (A) U;) is a null 
set in R” (cf. Definition 6 of Lecture 14). A subset D c & 


is said to be cubable if its closure D is compact and its 
boundary _ 
Fr D = DN Int D 
is a null set. 
Problem 1. Prove that A is a null set if and only if for 


any finite family of charts (U,, h,), ..., (UN, hn) ee 
covers A ee such thatAc UJ U,) ‘all’ sets hy(A; NU,),1<i< 
N, are null sets in R®. 


The situation with the integrand is more delicate. For 
the integral to be independent of the choice of local coor- 
dinates, it is necessary that in changing the coordinates 
the integrand should be changed in accordance with 
formulas (4) or (5). This results in the following definition. 

Definition 4. Suppose in each chart (U, h) of a manifold 
ZX some function 9Y.): UO +R (to be briefly denoted 
by oY in what follows) is defined and for any two over- 
lapping charts (U, h) and (V, k) there is an equation 


(6) pV = pl | det + on UNV, 


where det = is the Jacobian of a diffegpmorphism go = 


koh (interpreted as a function on Uf] VC JU, ive. 
a to its Jacobian J, in R” by the formula det = == 
o° h). Then the family {oY} is said to be a density ni ex. 
PR 1. An arbitrary differential form of degree n 
on a manifold Y (where as ever n = dim 2) is, in every 
chart (U, h) = (U, x, ..., 2”), of the form 


o=widz' f/f ... fA dz", 


where w¥ is some smooth function on U. For any two 
charts (U, h) and (V, k) the corresponding functions wY 
and wY are connected by the formula 


wY = wU det on UV. 


Consequently, setting pY = | wY | we define on 2 some 
density. 
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A density p = {p¥} is said to be smooth, if all functions 
op” are smooth, locally bounded, if the functions p¥ are 
locally bounded, and almost continuous, if all p¥ are almost 
continuous. | 

Locally bounded and almost continuous densities on a 
manifold ® form a vector space II.Y which is naturally 
a module over a ring of all locally bounded and almost 
continuous functions on 2%. Similarly, the vector space 
Il,m-% of all smooth densities is a module over a ring 
of smooth functions. 

A density p is said to be zero (respectively, positive) 
at a point p € @ if for any coordinate neighbourhood U 
containing the point p there is an equation pY (p) = 0 
(respectively, an equation pY (p) > 0). Since the function 


det is nowhere vanishing, it follows from relation (6) 


that this definition is correct (is independent of the choice 
of coordinate neighhourhood JU). 

{Notice that there is no sense in speaking of the value 
of p at a point p.] 

A density on a manifold @ is said to be finite if there 
is a compact set C' c @ such that p = 0. outsideC. 
Finite densities form a subspace (submodule) [Tting 
of a space (module) I1%. On a compact (and only on a 
compact!) manifold 2 every density is finite. 

A density positive at every point p € 2 is called a 
volume density on 2. By tradition we use dv to denote a 
volume density. For every density p the formula 


id vy 
= on 
j dv¥ 


(with a given volume density dv) correctly defines on & 
a function f with the property that 9 = f dv on 2. Con- 
sequently, if on a manifold Z there is a smooth volume 
density, then vector spaces II® and Ilsm 2% are one-dimen- 
sional free modules (over a ring of locally bounded and 
almost continuous functions and, respectively, over a ring 
of smooth functions). [But their submodules consisting 
of. finite densities are in general neither free nor one- 
dimensional. ] 
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For a given volume density the integral 


\ dv 


D 


is called the volume of a cubable set D. 

Example 2. Let ZY be a two-dimensional submanifold 
of a Euclidean space (a surface). Then (see Lecture 3) 
in every coordinate neighbourhood U <c ® (which is an 
elementary surface in the sense of Definition 2 of Lecture 3) 
functions EZ, F, and G (the coefficients of the first quadratic 
form) are defined with the property that in transforming 
the coordinates the determinant 


E F 
FG 
is multiplied by a square of the determinant of the transi- 
tion matrix. Hence the formula 

p= V KG —F? 


gives on Y some volume (or rather surface) density. This 
is designated do (or in some other similar way, for 
example dS) and called an element of the surface ®. (Cf. 
Lecture 3.) 


Problem 2. Prove that there is a smooth volume density dv 
on every Hausdorff paracompact smooth manifold %. 


= HG—F*>0 


Thus, densities can be identified with functions on a 
Hausdorff paracompact manifold by choosing some volume 
density. 


Now we are in a position to state the basic existence 
and uniqueness theorem for the integral. We shall even 
do this in two versions. 

Let 2 be a smooth Hausdorff paracompact manifold. 

Theorem 1. For every cubable set D < & there is a unique 
linear functional 


(7) |: 12 +R 
D 


with the following two properties: 
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(a) If D=D, UD, (ie. if D=D, UD, and D,O 


D, = &), then 
(o=lo+| 


D Di D3 


for any density 9 € NZ. 
(b) Jf for a density p € I1Z there is a chart (U, h) such 
that p = 0 outside U, then 


Fe= | (poh) (x) dx, 
D h( DIV) 


where on the right is an integral in R”. 
Theorem 1a. There is a unique linear functional 


(8) \ : Tg + R 

with the property that 

(9) J e= | (% oh) (x) dx 
A(U) 


for any chart (U, h) and any finite density » which is zero 
outside U. 


Functional (8) is also designated as y 


XL 
To derive Theorem 1a from Theorem 1 it suffices to put 
for any density p € It"2 


(10) le=\p, 


D 


where D is an arbitrary cubable set outside which the den- 
sity p is zero. (It is clear that such a set does exist and 
that integral (10) is independent of the choice -of it.) 
Conversely, since for any density 9 € I1® and any cubable 
set D < & the density yp p, where yp is the characteristic 
function of D, is obviously a finite locally bounded and 
almost continuous density, putting 


\ 0 = XpP 
D 
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we construct integral (7) from integral (8). (Property (b) 
for integral (7) is trivial, and property (a) follows from 
the fact that yp iw, = xp, + xXp,-) Theorems 1 and fa 
thus follow from each other, and, therefore only one of 
them needs to be proved. We prove Theorem fa. 

Proof of Theorem fa. As ever, we first prove uniqueness. 

Since unde: the hypothesis the manifold 2 is Hausdorff 
and paracompact, it has a numerable locally finite cover- 
ing {U,} consisting of coordinate neighbourhoods. Let 
{yn} be a partition of unity subordinate to {U,}. Then 
for any density o € IIti=2 only. a finite number of den- 
sities 7,0 are nonzero (prove this!), and hence there is 
a formula 


p= 2 Nad. 
a 
Since nop = 0 outside U,, it follows (see (9)) that 
(11) e=D) | (nap o hat) (x) dx, 
a hy Ug) 


where h, is a coordinate mapping U, — R”. Since the 
right-hand side of (11) is independent of the choice of 
functional (8), this proves that the functional is unique. 

To prove existence we define functional (8) by for- 
mula (11). It is clear that this functional is linear. More- 
over, if 9 = 0 outside U, then by the theorem on the 
change of variables (see (4)) 


(ngpV@ ofa) (x)dx= (map » ha!) (x) dx 
ha (Ug) hgWeN) 
= | (np 0h-) [Jg|(x) dx, 
A(U, NU) 
where p=hAohkhg'. Since by definition 


es On sh-3 
J 6 = det Tha oh 


and 


h 


(Nap % o h~1) | det a oh-1|= 7, 0Y oh! 
a 
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(see (6)), it follows that 
| (nap"@ohat)(x)dx-= | (map © h™) (x) dx 
ho(U h(U, NU) 


= J (map 04) (x) dx 
h(U) : 


a) 


and hence 


\ p= > ( (Nap! 2 h-*) (x) dx 


@ A(U) 


=(Dine) § OF or) wdx= | (Mom) ()ax.D 
a h(U) hA(U) 


Given a volume density dv on a manifold 2, for any 
finite locally bounded and almost continuous function f 
on 2 an integral 


\ jdv= \ jdv 
XL 
called an integral of f over 2 with respect to dv is defined. 
Example 3 (continued from Example 2). For any finite 
(and, say, smooth) function f on a surface V of a Euclidean 
space an integral 


(12) ( f do, 
‘top 


where do is a surface element:on .% (sée Example 2 above) 
is defined. Integrals of the form (12) are called surface 
integrals of the first kind. It is shown in calculus that they 
are limits of naturally defined integral sums resulting 
from partitioning of a surface into a large number (let 
it in what follows tend to infinity) -of surface elements. 

{Cf. remarks on measuring surface areas. ] 

Example 4. Let y: [a, b] + R” be an arbitrary smooth 
curve in a Euclidean space R", which is not in general 
subject to any regularity requirements, i.e. in other words 
an arbitrary smooth vector function 


r=r(t), axt<b 
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(see Lecture 1). For. any function f = f (r) on R” whose 
domain contains the support y [a, b] of the curve y we put 


b 
(13) | fas=\ f(r(@) Ir’ WI ae. 
a) a 


This integral is called a curvilinear (or line) integral of the 
first kind of the function f over the curve y. It is a limit 
of integral sums of the form » f (r:) $;, where s; are the 


lengths of segments in an arbitrary partition of the curve 
y, and r; are some of their points. By the general definitions 
introduced earlier this integral is an integral over a 
smooth manifold 2 = (a, b) of a function fo p: t >» 
f @ (¢)) with respect to the density ds given in a chart 
(Y, id) by the formula ¢ +> |r’ (¢) |. In the special case 
where the curve y (or, more precisely, its restriction to 
(a, b)) is simple and regular, i.e. where its support & 
is a one-dimensional embedded submanifold and the 
pair (%, y~') is a chart on &, integral (13) may also be 
interpreted as an integral over Z of the function f (more 
precisely, of its restriction f |, to £) with respect to the 


volume density ds (now called a line element) given in the 
chart (%, y~"') by the function ¢ +» |r’ (f) |. 
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Orientable manifolds « Integration of forms » Poincaré lemma 
for finite forms - The group Hfi, V + An orientable manifold 


To apply integral calculus to computing de Rham cohomo- 
logy groups, we must learn how to integrate forms rather 
than densities. To do this it is necessary to apply the 
notion of orientation of a vector (or affine) space, known 
a us from the first semester, to arbitrary smooth mani- 
olds. 

Definition 1. Charts (U, h) = (U, xz’, ..., x”) and 
(U', h’) = (U’, 2’, ..., x™) of a smooth n-dimensional 
(n > 0) manifold @ is said to be positively oriented if 
either U(Q) U'’ = © or Uf) U' ~@ and 


det ->0 on UNU’, 
i.e. if at every point p€ Uf) U’ bases 
be ns ae, rd (ghee (he) 


of a tangent space T,% are of the same sign. An atlas 
consisting of positively oriented charts is called an 
orienting atlas. A manifold % with at least one orienting 
atlas is called orientable. 

It is clear that a manifold is orientable if and only if 
so are all its components. 

It can easily be seen (cf. Corollary 1 to Proposition 1 
of Lecture 6) that for any orienting atlas A of an orien- 
table manifold ZY the set Atay of all charts positively 
oriented with respect to each chart of A is an orienting 
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atlas containing A, and it is a maximal atlas (i.e. one 
with the property that if an orienting atlas A* contains 
the atlas A, then A* < Ajnaz). 

Problem 1. Prove that orientable are 

(a) spheres 5”, n > 0, 

(b) projective spaces RP2"+1 of odd dimensions; 

(c) realizations of complex analytic manifolds (see 
Lecture 411); 

(d) Lie groups. 

[As far as projective spaces of even dimension are con- 
cerned, and the projective plane RP* in particular, it 
can be shown (a hard nut to crack!) that these spaces are 
nonorientable. | 

Definition 2. An orientable manifold in which a maxi- 
mal orienting atlas is chosen is said to be oriented, and 
the chosen atlas is its orientation. Charts in the orientation 
of an oriented manifold are called positive. 

For every point p € @ the orientation of T,,2% defined 


by the basis 
(sr), ae: (a7), 


is by definition the same for all positive charts (U, 
xz’, ..., 2"). This orientation is said to be induced by 
a given orientation of the manifold 2%. 

Thus the orientation of a manifold is obviously a choice 
of compatible orientations of the spaces tangent to the 
manifold. 

Let (U, h) = (U, z', x, ..., 2") be an arbitrary 
chart in an oriented manifold 2. A point p € U is said 
to be positive if for one (and therefore for every) positive 
chart (V, k) with the property that p € V there is an 
inequality 


det - >0. 


It is clear that both the set of all positive points and its 
complement are open in U. Therefore, if (U, h) is con- 
nected (i.e. the set U is connected), then either all the 
points of U are positive, and hence (U, h) is positive, or 
there are no positive points in U at all and then a chart 
(U, —a', x7, ..., 2") is positive. Thus, for any con- 
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nected chart (U, x', x*, ..., x”) of an oriented manifold 
L one (and only one) of the two charts (U, x}, z*, ..., 2) 
and (U, —z', x”, ..., 2") is positive. 


Problem 2. Deduce from this that there are two and only 
two orientations in a connected orientable manifold of 
dimension n > 0. [These orientations are called opposite. 
It Z is a manifold with one orientation, then given an 
opposite orientation it is usually denoted by —2%.] 

It is clear that orientations on different components of 
an orientable manifold 2 may be given independently of 
each other. There are therefore exactly 2% different 
orientations on a manifold 2 with N components. 


The place orientable manifolds occupy in the theory of 
integration is determined by the following proposition. 

Proposition 1. There is a natural bijective correspondence 
between smooth densities and smooth differential forms of 
degree n on an oriented n-dimensional (n > 0) manifold Z. 

Proof. Let o be an arbitrary smooth density on 2. 
For every positive chart (U, h) = (U, z', ..., 2") we 
define on U a form wy of degree 7n as follows: 


Oy = PUdz' fA... A dz”. 


Since for any two positive (and hence positively oriehted) 
charts (U, h) and (U’, hk’) we have 


pu’ = pU det on UU’, 


there is oy = wy, on Uf U’, and hence 
U 


®O— Wy on U 


correctly defines a differential form w of degree n on Z. 

Conversely, let w be an arbitrary differential form of 
degree n on B®, (U, h) = (U, z', 2’, ..., 2”) be an 
arbitrary chart in 2, and let, 


wo = widz! \... A dz” on U. 
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We define on U a function pY¥, assuming that on every 
component U’ of the set U 


wY if (U', x1, 22, ..., 2") is a 
(4) ‘5 positive chart, 
Be Ne wU otherwise (i.e. if (U’, — zx‘, z?, ..., 2”) 


~ Js a positive chart). 


An obvious check suggests that functions pY make up a 
density and that the constructed correspondences p +> 
and o -»>p are reciprocal. 0 

Forms of degree 7 on an n-dimensional manifold are also 
known as forms of maximal degree. | 

For any form w of degree n on an n-dimensional oriented 
(paracompact and Hausdorff) manifold .% and any cubable 


set D we put 
jo=fo 


D D 


where op is density (1) corresponding to a form w. Similar- 
ly, if w is finite (i.e. zero outside some compact set or, 
equivalently, if the density 9 corresponding to that form 
is finite), then by definition 


jo=fe 


Just as for densities, both integrals reduce directly to 
each other: for any finite form w 


fo={o 


where D is an arbitrary cubable set outside which the form 
wm is zero, and conversely 


Jomf x0 


for any form » and any cubable set D. 
For integrals of forms formula (11) of Lecture 24 is as 
follows: 


(2) Fo= >) [naw oha') (x) dx, 


@ hug) 
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where {(U,, h,)} is an arbitrary numerable locally finite 
covering consisting of positive charts and {y,} is the 
subordinate partition of unity. 


Note that \ w and w depend on the orientation of the 


D 
manifold .% (and on the connected manifold, for example, 
they change sign when passing to the opposite orientation). 

Problem 3. Given on a manifold 2% a family of forms 
{w;} of degree n which are smoothly (or continuously) 
dependent on a parameter t, show that the integral 


( «, 


is then a smooth (or, respectively, continuous) function 
of ¢. 

Remark 1. We assumed throug out the foregoing that 
n> 0. In the degenerate case of n = 0 the manifold 7 
is a set of isolated points, and a special definition of 
orientation is necessary here. We shall say that a zero- 
dimensional manifold 2 is oriented if each of its points p 
is associated with a sign e (p) = +1. Forms w of maximal 
degree on the zero-dimensional manifold 2 are arbitrary 
functions f on %, and finite forms are functions that are 
nonzero at only a finite number of points p € 2. The 
integral of such a function over an oriented zero-dimen- 
sional manifold ® is defined as follows: 


(3) | f= D e(p)f(p), 
PED 


which makes sense because of the assumption of finiteness. 


We first apply integrals of forms to compute the group 
H"® of an arbitrary orientable n-dimensional compact 
smooth Hausdorff manifold 2. In fact we shall compute, 
assuming % to be only paracompact, not the group H"® 
but some other group Hfi,@% which coincides with H"7 
when 2% is compact. To do this we must first apply the 
Poincaré lemma to finite forms given on R”. 
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Every differential form m of degree m on R” can be 
expressed as follows: 


(4) o= See Wi...i, dt \\... \ dz, 
1<i,<. ° -<i,,<7n 


where w;,...;,, are smooth functions on R*. We shall 
consider families {w,} of such forms which depend on a 
point p of some smooth manifold 2. Each form ow, of 
such a family can be expressed by formula (4) with coef- 
ficients dependent on p, i.e. those that are functions on 
the product R” x 2. We shall always assume that all 
these functions are smooth. [Such families {wp} can natur- 
ally be identified with forms on R" x 2 dependent 
only on the differentials of coordinates z', ..., x” (cf. 
oe 20), but we shall not need this identification 
here. 

We shall be interested mainly in families of finite forms 
of maximal degree n. Every such form w, is as follows: 


(5) Wp — W p dz} A eee AN dx”, 


where w, is a Smooth function of x (and p) equal to zero 
outside some cube 


m= {xE€R"; | o]<r,..., [22 1<7} 


whose side 2r is in general dependent on p), with 


+00 +00 
(6) \ Op = \ oe { Wy (x) ax. 
RM —~ 00 — oo 


Proposition 2. Jf integral (6) is identically (over p) 
zero for a finite form (5), then on R" there are finite forms 
0, of degree n — 1, which smoothly depend on p € Y, such 
that 


d0p = Wp for any point p € &. 


Besides it may be assumed that if wp = 0 outside I”, then 


0, = 0 outside 1” as well (in particular, if Op = 0, then 
9, = 0). 


6 3ax. 529 
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Proof. We proceed by induction on nm. When n = 1 the 
form w, can be expressed as {ollows: 


Op = Wp az, 
where wp = Wy, (z) is a smooth (and smoothly p-depen- 
dent) function of z € R which is zero outside some inter- 
val (—r, r). Let 
x 


8p (2) = \ w, (x) dz. 


-fTr 


The function 8, is smoothly dependent on p and d@, = 
Wy. Since \op = @, (r), under the hypothesis 0, (r) = 
0, and hence 8, (z) = 0 for z>r. Since obviously 
0, (xz) = 0 for x < —-,, it follows that 6, (z) = 0 for 
|x |2r. This proves Proposition 1 for = 1. 

Assuming now that Proposition 1 has already been 
proved for families of forms of degree n — 1 on the space 
R"-!, consider a family of forms (5) on R”. Let pEL 
and let r be a (p-dependent) number such that wp = 0 
outside I”, | 

Representing the space R” as a product RR"! xR 
and identifying accordingly its points with pairs of the 
form (x, t), where x€R”"' and ¢€R, we can write 
every form wp as 

Wp = O1,p / Zt, 


where 


Wt,p = Wp (x, dz’ A... A dz™", 
BAGS weg es 
is a form on R”-"* which is smoothly dependent on the 
point (¢, p) of a manifold R X ZY and zero outside the 


cube 1 and for |¢|>r. 
With the aid of the function a in Lemma 1 of Lecture 1 
a smooth nonnegative function @ on R”7! can immedi- 


ately be constructed such that a = 0 outside m and 
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a (0) 0. For such a function the integral 
(7) a (x) dx 


pr 


is positive, and dividing the function a by the integral 
we obtain a function a, on R"-* for which integral (7) 
is equal to unity. For the function g;,, on R”~' defined by 


Bt, p(X) = Wp (x, t) a(x) | wp (x, #) dx 


Rr-l 
we will have 
Bt, p (x) dx =0. 
Rr-1 
The form 
Ot» = &t,p dz J\.-2 is A dzx”-} 
on R”-! is zero outside [n (and for | ¢ | >7), smoothly 
depends on (t, p), and the integral of this form over 


R"-! is identically zero. Hence, under the induction hy- 
pothesis there is on R"-! a form @;,, smoothly dependent 


on (t, p) €R X & and zero outside the cube | aa (and 
for |¢| > vr) such that 


dB: p = Os p- 
The forms 8;,p and &;,) may be thought of as forms 
on R” independent of dt. We shall denote them in this 


case by 0, and 6&,, respectively. The form &>p is con- 
nected with the form wp, by 


Wp =B, A dt+fpdz' fA... A dz"? A dt, 
where fp is a function on R” defined as follows: 
fp (Xt) =A (x) | wp (x, t)dx=wp (x, t)— 81, p(X), 
R21 


and the differential dd, of 0, is the sum of &, and a 
certain form 6 f\ dt. Therefore 


d? > A at = Bp \ at 
6* 
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and hence 
d(%, A dt) = &p fA at. 
We define the form 8, on R” as: 
0, =, A dt + (—1)""'F pdt! A... A d2™}, 
where F, is a function on R” given as 
t 


Fy (x, t)= \ fp (x, t) dt. 


Then 

d8, = 8, A dt + (—1)" fp (x, t) dt A dz’ 
A... A dx"? = &> A dt+ fp (x, t) dz’ 
A... da®* A dt = ap. 


The form 6, is obviously zero outside the bar ["-! x R. 
On the other hand, since 


( | w, (x, t)dxdt= | o,=0, 


—T Rr! 


we have F, (x, t) =O for ¢>r (and, of course, for 
t <= —r). Moreover, since w;,p = 0 for | ¢ | > r, we have 
Op =O for |t|>r7, ie. 0, = 0 for |t|>r. Conse- 
quently, 8, = 0 for |t|>~7, i.e. 0, =O outside the 


cube 1”. O 
Corollary 1. Jf there is 
(8) | o=0 


RR” 


for a finite form w of degree n on the space RR", then there 
ison R" a finite form 0 of degree n — 1 such that 


(3) w = dé. 


If wm = 0 outside 1”, then it may be assumed in addition 
that 8 = QO also outside i”. Oo 
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Remark 2. It will be shown in the next lecture that 
condition (8) is not only sufficient but also necessary for 
equation (9) to hold. 


Now let 2 be an arbitrary n-dimensional manifold 
(Hausdorff and paracompact) and (U, h) be a chart in 2. 
A finite form w of degree n on Z is said to be concentrat- 
er (on U, we mean) if m = 0 outside U. A form (h-)*w 
is defined for such a form w on an open seth (U)c R”. 
That form is zero outside some compact set C Ch (U), 
from which it follows that if it is assumed to be zero 
outside h (U), then we obtain a smooth (and finite) form 
on the entire R”. This form is also denoted by (h-')*q. 

Let 


Io = 


e 


| Gety*o 


Rn 


Since the integral may only change sign with a different 
choice of the diffeomorphism h, the number J@ depends 
only on the form @ (is defined correctly). 

[If the manifold 2 is oriented, which we prefer not to 
assume for the time being, then the number Jw is nothing 


but the absolute value of \ 0.) 


A finite concentrated form @ is said to be essential if 
Iw ~0, and inessential if Jw = 0. An essential form for 
which Jw = 1 is cajled normed. 

A finite form w on a manifold % is said to be finitely 
cohomologous to zero if there is a finite form 8 on 2 such 
that 

d@ = wo. 


Lemma 1. Every concentrated inessential finite form w 
is finitely cohomologous to zero. 
Proof. It is clear that we may assume without loss of 


generality that the set h (U) < R” is a cube I” and that 
the form (h~1)*w (considered as a form on the entire space 


R") is zero outside I”. Under the hypothesis 
| (-4)*o=0. 


R”™ 
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It follows that by Corollary 1 to Proposition 2 there is on 
R” a finite form 0 which is zero outside I”, such that 


(h-)*@ = dO. 


Consider a form k*8. This form is defined on U and satis- 
fies on U the relation 


d (h*0) = o. 


Moreover, the form h*®@ is zero outside some compact sub- 
set of a coordinate neighbourhood U, the subset being the 


image for h- of a compact subset of the cube I” =h (U) 
outside which the form 6 is zero. Assuming h*6 to be zero 
outside U, we therefore obtain on 2 a smooth finite dif- 
ferential form 0, which satisfies the relation 


d§, = @ 


both on and outside U, i.e. on the entire 7. 
Lemma 2. For any coordinate neighbourhood U < & there 
ison ® a normed finite form which is concentrated on U. 
Proof. By Proposition 2 of Lecture 14 there is a smooth 
nonnegative function g on Z® which is zero outside U 
and equals unity on some open set W c U with compact 


closure We U. We define a form p-> w, on ZF setting 


_{ P(p)dzp A... A aap if peu, 


» 0 otherwise, 


where z!, ..., z” are the local coordinates on U. It is 
clear that the form @ is smooth, finite, and concentrated 
on U. In addition, 


(102) e)*@= | (oh) (x)dx> 


h(U) h(V) 
\ (<p © h-4) (x) dx = \ dx>0, 
h(W) h(W) 


whereh: U +h (U) isacoordinate homeomorphism. Hence 
the form o is essential. Dividing it by the integral Jw 
we obtain a normed form concentrated on U.( 
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Remark 3. If the manifold @ is oriented and the chart 
(U, z', ..., 2”) is positive, then the constructed form w 
has the property that 


| o>0. 


Coordinate neighbourhoods U and V in a manifold 7 
are said to be chained if there are in 2 coordinate neigh- 
bourhoods 

Pie o Pree eras oe 


such that U, = U, U,, = Vand U;_, {| U; # © for any 
i=1,..., m (cf. Lecture 20). It is clear (see Lemma 1 
of Lecture 20) that on a connected manifold Z any two 
coordinate neighbourhoods are chained. 

Finite forms w, and w, on a manifold Z are said to be 
finitely cohomologous if there is a finite form @ such that 


Wy, — Wo — dé, 


i.e. if the form w, — @, is finitely cohomologous to 
zero. 

Proposition 3. Let o, and w, be normed concentrated finite 
forms of degree n on an n-dimensional connected manifold Z. 
Then the form @, is finitely cohomologous to either the 
form W, or the form —@y. 

Proof. Let the form w, be concentrated on a coordinate 
neighbourhood U, and the form w, be concentrated on a 
coordinate neighbourhood U,, and let hy: U, > R” and 
h,; U,— R” be coordinate mappings such that 


(14) \ (h-")*o, = 1 and \ (hz')*o, = 1. 
R2 R” 

Case 1. Charts (Uy, hy) and (U,, h,) coincide. Then the 
finite form w, — @, is concentrated on U, and inessen- 
tial. It follows that by Lemma 1 the form @, — @, is 
finitely cohomologous to zero. 

Case 2. Coordinate neighbourhoods U, and U, coincide. 
Since integrals (11) may only change sign when coordi- 
nate mappings are changed, we have 


\ (h7')*oo = ©&, where ¢ = +1. 
R™ 
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According to the foregoing, therefore, the form o, is 
finitely cohomologous to ep». 

Case 3. Coordinate neighbourhoods U, and U, inter- 
sect: 


Uj, U, #2. 


By Lemma 2 there is a normed form w concentrated on a co- 
ordinate neighbourhood U,f| U, (and hence on the coordi- 
nate neighbourhoods U, and U,). Since the normed forms 
®, and @ are concentrated on U,, by the foregoing the 
form w, is finitely cohomologous to either the form w or 
the form —@, and since the normed forms and @, are 
concentrated on U,, similarly the form o is finitely co- 
homologous to either the form w, or the. form —w,. Hence 
the form , is finitely cohomologous to either the form 
@, or the form —w,. 

Case 4. Coordinate neighbourhoods U, and JU, are 
chained. An obvious induction on the length of the chain 
of coordinate neighbourhoods that joins U, and U, at 
once reduces this case to the case we have just considered. 

Since in a connected manifold any two coordinate 
neighbourhoods are chained this proves Proposition 2. 9 

Corollary 1. Let w, be an arbitrary essential concentrated 
form of degree n on an n-dimensional connected manifold 2. 
For any finite form w of degree n on & there is then a num- 
ber c such that the form @ is finitely cohomologous to the 
form cWy. 

Proof. It may be assumed without loss of generality 
that the form m, is normed. 

Since under the hypothesis the manifold ® is Haus- 
dorff and paracompact, there is a numerable covering 
{U,} on it which consists of coordinate neighbourhoods. 
Let {n,} be a partition of unity subordinate to {U,}. 
For any @ the form n,@ is then concentrated on U,; 
hence a number 


Co = T (Ne) 


is defined. 

If c, =&0, then like w, the form cg'n,@ is normed and 
concentrated. It follows from Proposition 3, therefore, 
that this form is finitely cohomologous to a form €, a, 
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where €, = --4. Consequently, the form 7, is finitely 
cohomologous to the form c,€,@ 9. 

This conclusion clearly remains valid for c, = 0 as 
well, because in this case the concentrated form y, is 
inessential and hence by Lemma 2 finitely cohomologous 
to zero. 

Thus in the expansion 


o= 2) Na 
a 


(containing due to the finiteness of the form only a finite 
number of nonzero terms) every term 7, is finitely 
cohomologous to ¢,&,,. The form o is therefore finitely 
cohomologous to cw), where 


c= > Cota. O 
a 


For any m > 0 we put 
Mint = Lint Bint , 


where Zfin@ is the space of all closed finite forms of degree 
mon & and B,2 is its subspace consisting of differen- 
tials of finite forms of degree m —1. (Notice that in gen- 
eral there are exact finite forms which are not in Bfi,2.) 

Elements of a quotient space Hf,% are called finite 
cohomology classes of a smooth manifold 2. 

Theorem 1. For an arbitrary n-dimensional connected 
Hausdorff and paracompact manifold DY there is 


dim Hfin? < 1, 


i.e. either Htin® =O or Ain? =~ R. 

Proof. By Corollary 1 to Proposition 3 the vector space 
Hint? is generated by a finite cohomology class [w,] of 
an arbitrary concentrated essential form w,. If therefore 
lo.) = 0, then AA,®% =0, and if [w,] 40, then 
Ane =~ RO 


When 2 is an orientable manifold, a more exact result 
can be obtained. 

Choosing on 2 one of the two possible orientations 
(recall that the manifold 2 is assumed to be connected) 
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we can construct for every finite form wo € Q"D its in- 
tegral 


(12) \ Co. 


In Lecture 27 we shall show (see Corollary 1 to Theo- 
rem 1 of Lecture 27) that if m € Bi,®, then integral (12) 
is zero. Therefore integral (12) depends only on a finite 
cohomology class [w)] € Hfin® of the form ow (notice that 
it is trivially closed), i.e. the correspondence 
(13) [o] — \ 9 
correctly defines some homomorphism Hin? — R. 

Theorem 2. For any orientable n-dimensional connected 
Hausdorff and paracompact manifold ® the group Hfin® 
is isomorphic to R. The isomorphism is defined by corre- 
spondence (13). (It depends on the choice of orientation on 2.) 

Proof. From Remark 3 we know that there are finite 
forms w of degree n on 2 for which integral (2) is non- 
zero. This means that homomorphism (13) is nontrivial. 

Since dim HAfin 2 <1, this is possible only for 
dim Afn% = 1 and then homomorphism (13) is an 
isomorphism. ( 

Thus, for a finite cohomology class [w] of a finite (not 
necessarily concentrated) form w of degree n to generate 
the vector space Hfin® (to make up its basis), it is 
necessary and sufficient that the integral of w over Z be 
nonzero: 


(14) | 060. 
For any other finite form w, of degreen on 2 there is 
then an equation 


[w,] rae. [ol], 
where 


Notice that condition (14) is trivially satisfied if the 
form @ is concentrated and essential. 

Corollary 1. For any orientable n-dimensional connected 
Hausdorff compact manifold 2 the group H"Z is isomor- 
phic to R, i.e. 

hn"®% =1. 0 
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Remark 4. Giving isomorphism (13) is equivalent to 
giving in a one-dimensional vector space Hfi,% a hasis 
for, and hence some orientation of, that vector space. 
When an orientation of a manifold 2 is changed, that 
orientation is replaced by the opposite orientation. Hence 
the orientations of a connected manifold D can be identi- 
fied with the orientations of a vector space Hfin®. 

Remark 5. It can be shown—try to do it!—that the 
equation dim Afin® = 1 characterizes orientable mani- 
folds, i.e. a connected manifold 2 is nonorientable if and 
only if Hin BD = 0. 

Problem 4, Compute the group H7?,% for a disconnected man- 
fold %. Compare the result with Proposition 2 of Lecture 20. 
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Degree of a smooth proper mapping - The algebraic number 
of inverse images of a regular value - Invariance of the degree 
under smooth homotopies - Proof of the drum theorem - In- 
variance of the degree under any homotopies 


Definition 1. A mapping f: 2 — Y is said to be proper 
if the inverse image f-1C of every compact set C c ¥ is 
compact. It is clear that if a smooth mapping /: 7 > Y is 
proper, then for any finite form @ on Y the form f*@ on 
& is also finite. For any m > 0 therefore every smooth 
proper mapping f: VY — ¥Y induces a homomorphism 


| ae Atin¥ —_> Ain . 


We consider this homomorphism in the special case 
where both manifolds 2% and Y are oriented and have 
the same dimension n = m. We shall also assume that the 


manifold ¥ is connected. 
Suppose a finite form w of degree 7 on Y is finitely not 


cohomologous to zero (its finite cohomology class {w] 
makes up a basis for a vector space H7#i,%). Then, as we 


know, \ @ =£0, and for any other finite form ow, of 


y 
degree n on ¥Y there is an equation [w,] = c [w], where 
” 

o- 


C= 
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Since the forms w, and cq are finitely cohomologous, the 

forms f*w, and f{* (cw) = = cf*@ are also finitely cohomo- 

1ogOUs and hence—in the case where [f*w] <0 in 
Hiin® —there is an equation 


{ ftw, 
X 


¢= 


es 
i 


For c=<0, i.e. for ( w, 0, it follows that 
y 


| fto { fF@, 
X a 


ye { o : 
Y 


i.e. the number 


(1) deg f= 


J 


is independent of the choice of the form wo. 
Clearly this conclusion remains valid also for {* [w] = 


"Remark 1. Algebraically the above reasoning rests on 
the obvious fact that every linear mapping R-—>R isa 
multiplication by some number. 

Definition 2. Number (1) is the degree of a proper smooth 
mapping f: 7 —> y. 

Equation (1) may be rewritten as 


(2) \ f*ow = deg f.- \ w 
Xx Yy 


and in this representation it holds for any finite form 
of maximal degree on Y. 

Note that for the degree deg f to be defined it is neces- 
sary that the mapping f be proper. This condition is al- 
ways satisfied when the manifold Z@ is compact. Thus if 
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the manifold ® is compact, then the degree deg f is defined 
for any smooth mapping f: ® > Y (of course, assuming 
as before that the manifold ¥ is connected). 


Problem 1. Show that if Vis a compact manifold, and Y is 
not, then the degree of any mapping V — ¥Y is zero. 


Remark 2. For the degree to be defined, it is also nec- 
essary that the manifolds Y@ and Y should be not only 
orientable, but also oriented. When the orientation of one 
of them is changed, the degree changes sign. For ¥ = Z, 
however, a change in the orientation of % leaves the 
degree unchanged (the degree changes the sign twice). 
Therefore one may speak about the degree of proper map- 
pings 2 —+ 2 (where Z is a connected, Hausdorff and 
paracompact manifold) without assuming 2% to be neces- 
sarily oriented (it is only necessary for it to be orientable). 


By the Sard theorem (see Lecture 15) the smooth map- 
ping /: 2 — y has regular values g € Y, and by Propo- 
sition 1 of Lecture 13, for any regular value q € % the set 
{-' (gq) is an embedded zero-dimensional submanifold of a 
manifold 2% (recall that under the hypothesis dim yY.= 
dim 2), i.e. consists of isolated points (see Lecture 7). 
Since f is a proper mapping, the set is compact and hence 
finite. 

Let p ‘be an arbitrary point of f-' (g), (U, hk) = (U, 


zi, ..., 2") be an arbitrary chart of 2 centred at p, 
(V, k) = (V, y', ..., y”) be a positive chart of Y cen- 
tred at a point q, and 

(3) yi=fi(zt,..., 2"), fol,....m, 


be functions expressing in the charts the mapping f. 
Under the hypothesis the Jacobian 


af? oe 
D, (p) = det aa | i, joi, ..., 7, 


of functions (3) is nonzero at p. Therefore sgn D; (p) = 
+1 is defined. Clearly this sign is independent of the 
choice of (positive!) charts (U, h) and (V, k). We shall 
call it the sign of the mapping f at p and denote by sgn,f. 
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Let 
(4) pr sgn» f 


f(p)=a 
be the sum of the signs of f over all points p € f~' (q) (the 
“algebraic number of the inverse images of the point q 
under f”). This sum is defined, since f~* (q) is a finite set. 

Proposition 1. Number (4) is independent of the choice of 
a point gq € & and equals the degree deg f of a mapping f. 

Proof. Let W be an arbitrary neighbourhood of the 
point gq in &Y whose closure W is compact. 

Since the mapping jf is continuous and the set of all its 
critical points is closed, every point p €f~! (q) has a 
neighbourhood U, c f- LW containing no critical points 
of f. Of course, neighbourhoods U, may be chosen so that 
they should not intersect for distinct points p € f~ (q), 
all the sets f Ue), should be open in ¥Y and all the map- 


pings f | U,: U;—f(U;) should be diffeomorphisms. 
Let 
U'= U U,; 
f(p)=q 


‘be the union of all neighbourhoods U, and letC=f-"*W\U’. 
The set C is compact and has the property that ¢ ¢ 
f (C). Its image f (C) is also compact and hence closed. 
Consequently, there is a coordinate neighbourhood V’ 
of a point g on a manifold Y such that V’ C WN f (C) 
and hence such that fV’ c U’. 
Let. 
v= n_ fWUs)nv’. 
f(p)=9 
Since the set f~! (q) is finite, the set V (containing the 
point g) is open and hence it is a neighbourhood of gq. 
For any point p € f(g) we put 


Up = UZ IV. 


Obviously the sets U, have the following properties: 
(a) Every set Uy, is a neighbourhood of a point p. 
(b) Neighbourhoods U » corresponding to distinct points 

p do not intersect. 
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(c) The union U of all neighbourhoods U,, p € f-' (q), 
is the inverse image {-'V of a neighbourhood V. 

(d) On every neighbourhood U, the mapping f is its 
diffeomorphism on the neighbourhood V. 

Since the neighbourhood V is contained in the coordi- 
nate neighbourhood V’, it is itself a coordinate neighbour- 
hood, i.e. the support of some chart (V,k) =(V,y', ..., 
y") of Y which may be assumed without loss of generali- 
ty to be positive. By virtue of (d) it follows that for 
any point p € f~* (q) the pair (Up, hp), where hp = k « 
(f lu, ), is also a chart. Since in charts (Uy, hp) and (V, k) 
the ‘mapping f can be written by formulas of the form 
yt+=2*,i=1,..., nm, the chart (Up, hp) is positive if 
and only if sgn, [f) = 1. 

As we know, to compute deg f we may use an arbitrary 
finite form o, finitely not cohomologous to zero, of degree 
non Y. Making use of.this freedom, we take as w an 
essential form concentrated on V. Such a form exists 
according to Lemma 2 of Lecture 25. 

But if a form @ is concentrated on VY, then the form f*w 
is zero outside neighbourhoods U,, and therefore 


(fo= > | po, 
A t(p)=q Up 


where on the right U, is considered to be an open subman- 
ifold provided with an orientation induced by the ori- 
entation of the manifold 2. If therefore 


o =wdy' A... A dy” on V, 


and hence 
ffo = woeof)dzr' A... A dz” on Up, 
where z}' = ylof, ..., e* = y" of, then 
\ ffo=e, SN (wo f oh5*) (x) dx, 
Up App), 


where ¢, = 1 if (Up, hp) is a positive chart aan Ep = 
otherwise. On the other hand, since h, o (f | U, ‘ 
and hence hy (Up) = k (V) and wefe ee oko}, 


Lecture 26 444 


we have 


(we fohy*)(x)(dx)= | (wek)(x)dx=| 0 
¥Y 


hp(U p) k(V) 


Moreover, according to the above remark the equation 
= +1 holds if and only if sgn, f = 1. Since e, = 
a and sen, f = +1, this means that 


&€p = sgn,f for any point p € f-' (q). 


Comparing all these facts we immediately get 


\ ota | > sans) | w. 


X t(p)=¢ 


By definition (see formula (1)) it is this that implies that 
number (4) is equal to deg f of the mapping f. 0 

Corollary 1. The degree deg f of an arbitrary proper 
smooth mapping f: ® > Y is an integer. 0 

Corollary 2. If a mapping f: ®& > y is not subjective, 
then deg f = 0. 

Proof. It suffices to notice that any pointg ¢f (%) isa 
regular value of the mapping f. 0 


Definition 3. Continuous (proper) mappings f, g: 2 > ¥ 
are said to be (properly) homotopic if there is a continuous 
(proper) mapping F: 2 x 10, 1] > % such that 


F (p, 0) =f(p), Fp, 1) = 8 (P) 


for any point p € 2. 

The mapping F is called a (proper) homotopy connecting 
the mappings f and g. It is convenient to identify it with 
a family {f,} of continuous (proper) mappings f;: 2 > yw, 
Q=<t< 1, defined as follows: 


fe (p) = F (p, 4), pes. 


A homotopy F is said to be smooth if it is a restrictiom 
to @ xX [0,1] of some smooth mapping 2 x (a, b) > y, 
where (a, 5) is an interval of the axis R that contains a 
closed interval [0, 1J. Smooth (and proper) mappings 
f, g: © —~>yY connected by a smooth (and proper) ho- 


442 Semester III 


motopy F: 2 x [0, 1]—>y are called smoothly (and 
properly) homotopic. 

Since fora smooth and proper homotopy F: Z x [0, 1]—> 
Y all mappingsf; 2 —~Y, 0<t<1, are smooth and 
proper, for every one of them a degree 


ji 
deg f;= ic 


is defined. 

The form f$o involved in this formula is obviously 
continuously (even smoothly) dependent on #é, i.e. in 
every chart its only coefficient is a continuous function of 
t (and of local coordinates, of course). Therefore (see 
Problem 3 of Lecture 25) the number deg f; is also con- 
tinuously dependent on ¢. Hence, being an integer it is 
constant. In particular, deg f = deg f, = deg f, = deg g. 

Thus, if smooth proper mappings f, g: U@ — Y are smooth- 
ly and properly homotopic, then their degrees are equal: 


(9) deg f = deg g. 


This statement is known as the theorem on the homotopic 
invariance of the degree. 


Now we can easily prove the drum theorem advertised 
in Lecture 9. 

Proof of Theorem 1 of, Lecture 9. Suppose there is a 
retraction 


r: BP> S"}, n>2, 
and let r (0) =s 9. Then the formula 
(6) F (x, t) =r (x), xE€§"71, 0st, 
defines a homotopy 
F: §"-! x [0, 1] > §""? 
connecting a constant mapping 
const: §”-! +> §”"*, x = Sp» 


with an identity mapping id: §"-!—~ §"-!, x + x. By 
virtue of the homotopic invariance of the degree map- 


Lecture 26 443 


pings const and id (obviously smooth) must therefore have 
the same degree (that these mappings should be proper 
need not bother us, since the sphere §”~! is compact). 
But it is clear that deg id = 1 and deg const = 0. This 
contradiction proves that the retraction r cannot exist. 

Remark 3. This proof fails for n = 1 (if only because 
the sphere S° consists of two points and is not a connected 
manifold). But in this case it is obvious that the retrac- 
tion B’-—» S° cannot exist (the connected segment B! 
cannot be continuously mapped onto the disconnected 
sphere §°). 


An attentive reader must have noticed that the above 
proof of the drum theorem has a gap, and therefore, 
strictly speaking, cannot be considered to be a proof. 
Indeed, homotopy (6) isin general only continuous, where- 
as equation (5) assumes that the homotopy connecting 
mappings f and g is smooth. To lay a firm foundation for 
the drum theorem we must therefore prove (at least for 
mappings §”-!—>5S"-!) that equation (5) remains valid 
also when the homotopy connecting the mappings f{ and g 
is only continuous. To do this it is sufficient, of course, to 
prove the following general proposition. 

Proposition 2. For any compact (and Hausdorff) mani- 
folds Z and Y smooth mappings f, g: 2 + Y are homo- 
topic if and only if they are smoothly homotopic. 

[By making the technicalities more involved a similar 
statement can be proved for proper mappings of noncom- 
pact manifolds as well, but since we need only the case 
where @ = Y = §”"' to prove the drum theorem, we 
shall not do this. Besides, strictly speaking, we prove 
Proposition 2 only under some additional assumptions 
imposed on 2 and Y which are trivially satisfied for 
A =%Yy=S5"". (In fact they are satisfied for any 7 
and &Y, but we shall be able to establish this result only 
in the next semester.)] 

Note that Proposition 2 does not assume the dimensions 
of manifolds 2 and ¥ to be equal (and the manifolds 7 
and Y themselves may be disconnected). 

Manifolds 2% and Y will be assumed to be embedded in 
the space R”, where 7 is some sufficiently large number. 
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(Thus, here we depart from the custom of using n to de- 
note the dimension of a manifold %.) According to the 
embedding theorem (Proposition 1 of Lecture 14) this 
may be assumed without any loss of generality. 

Definition 4. A subset Y% of R” is said to be a neigh- 
bourhood retract if there is an open set O> @ that is a 
retraction onto 2. When & is a submanifold, it is in ad- 
dition required that there should be a retraction r: O > 
XZ which is a smooth mapping. 

For example, a neighbourhood retract is the sphere §"-! 
of R”. (In this case we may take as a neighbourhood O a 
punctured space R”\ {0} and define the retraction r: 


O — §”” as follows: r (x) = — » X € R°\ {0}.) 


We prove Proposition 2 only on the assumption that 
submanifolds Z and Y of R" are neighbourhood retracts. 
[It will be shown in the next semester that this assump- 
tion may be made without any loss of generality. More- 
over, at all events it is satisfied when 7 = ¥ = §”-1.] 

Proof of Proposition 2. Of course, if smooth mappings f, 
g: © —+yY are smoothly homotopic, then they are also 
homotopic. Therefore it is only necessary for us to prove 
the converse. The natural way is to transform an arbit- 
rary continuous homotopy F: 2 x [0, 1] + y connect- 
ing the mappings f and g into a smooth one. 

Let r: Og > % be a retraction onto % of some neigh- 


bourhood Og > Z. We define 
F’: Og x Ro Y 


as 
f (7 (x)) if ¢<¢3/7 
F’ (x, t)=¢ F(r(x), 7t—3) if 3/7<t<4/7, 
g (r (x)) if 4/7<t. 


Clearly, the mapping F’ is continuous (even smooth for 
t< 3/7 and t > 4/7) and its restriction to 2 x [0, 1] 
is a homotopy connecting the mappings f¢ and g. 
The following theorem is known in calculus. 
Weierstrass theorem (polynomial approximation). Let 
O be an open set of R", K be a compact subset of O, and 
F; O — R™ be acontinuous mapping. For any e >O there 
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is then a polynomial mapping P: R" — (R™ (given by the 
polynomial functions of coordinates) such that 
| P (x) — F (x) |< « for any point x € K. 
[Notice that it is obviously enough to prove the theo- 
rem for m = 1, i.e. when F is a number function. It is 


only this case that is usually treated in calculus.] 
We apply the Weierstrass theorem to an open set Oq- x 


R (considered to be a subset of the space R”*! = R” x 
R), to a compact set 2 x [0, 1] and to a mapping F’ 
(considered to be a mapping in R”). Again denoting the 
restriction of a polynomial mapping P to 2% x [0, 1] 
by P we obtain by the theorem that for any e > 0 there 
is a smooth mapping 
'‘P: X% x {0, 1] > R” 
such that 
| P (x, t) —F (x, th) |<e 
for any point (x, t)€ ® x(0, 4). 
Now let A be a smooth function R — R such that 

ro=| 0 if t<1/7 or 6/7<1, 

7 4 if 2/7<t<5/7 


and O< A(t) <1 for any ¢€R. [Such a function can 
be given, for example, as follows: 


a( late) 
Ab) = — SD oOo oa 
a (4-5 +#|)+e(| +5|—-a7) 
— co<ti<=-+ oo, 


where @ is the function in Lemma 1 of Lecture 1; cf. Re- 
mark 3 of Lecture 1.) We put 


G (x, t) = F (x, )+4() (P(&, ) —F (x, 2)) 


for any point (x, t)€ 2 x [0, 4). 
Since A (t) =O for t=O and t=1, we have 
G (x, 0)=F’ (x, 0) =f (x) and G(x, 1)=F' (x, 1)=¢ (x) 
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for any point x € Z, i.e. G is a homotopy connecting 
mappings f and g. Since for t< 3/7 and 4/7 << ¢ the 
mapping F’ (and hence the mapping G) is smooth, and 
for 2/7 < t < 5/7 the mapping G coincides with the map- 
ping P (and is therefore also smooth), G is a smooth ho- 
motopy. 

We have constructed a smooth homotopy, but it takes 
on values not in the manifold ¥ but in R”. To improve 
the situation we recall that the construction of a homoto- 
py G depended on the parameter e > 0 and that 


IG (x,t) -—F (x,t) |SAMIPRD)-F wDI<e 


for any point (x, t) € @ x [0,1]. Since F’ (x, t) € ¥, this 
means by definition that the distance of the point G (x, t) 
from the manifold ¥ is less than e, i.e. the point G (x, ?) 
is contained in an e-neighbourhood of ¥Y. 

On the other hand, there is under the hypothesis a 
neighbourhood of the manifold Og that is a retract onto 
Y, Since ¥Y is a compact manifold, there is e > 0 such 
that the entire e-neighbourhood of ¥% is contained in Oy 
(prove this!). Consequently, the homotopy G constructed 
for this e has the property that G (x, t) € Oy for any 
point (x, t)€ 2 x [0, 1]. Therefore the formula 


“HT (x, t) = ry (G (x, t)), (x, DED xX {0, 1), 


where ra: Oy > Y is a smooth retraction, defines a 
smooth homotopy H: 2 x [0, 1] —¥Y connecting map- 
ping ry of =f with mapping ry og = g. 

This completes the proof (on the assumption that the 
manifolds % and Y are neighbourhood retracts) of 
Proposition 2. 0 

The proof of the drum theorem is thus also complete. 

Remark 4. Just as we have approximated an arbitrary 
homotopy 2 x [0, 1) > y by a smooth homotopy, it is 
possible to approximate any continuous mappings f: 
XM —-»>yY by a smooth mapping. 

Problem 2. In the next semester we shall prove that for any 
compact manifold ¥Y embedded in R™” there is a constant d > 0 


such that any two points p, q€ Y the distance between which 
(measured by %) is less than d can be joined in Y by a unique short- 
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est path (for a sphere the constant d is x and the shortest path 
is an arc of the great circle). Making use of this show that any two 
sufficiently close mappings X — Y are homotopic. 


In particular, it follows that any two smooth mappings 
X —-yY which approximate sufficiently closely a given 
continuous mapping f: 7 + Y are of the same degree (if 
the manifolds 2 and ¥Y are oriented, compact and have 
the same dimension). That degree is called the degree of a 
continuous mapping f. 


Problem 3. Prove that the degrees of homotopic continuous 
mappings are equal. 
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Domains with regular boundaries . Stokes’ theorem - Ga- 
uss-Ostrogradskii, Green's, and Newton-Leibniz formu- 
las - Manifolds with border sets. Interior and boundary 
points - Embedded 0-submanifolds . Stokes’ theorem for mani- 
folds with border set and for 0-submanifolds - Stokes’ theo- 
rem for surface integrals. Stokes’ theorem for singular sub- 
manifolds . Line integrals of the second kind 


Let 2 be as before a smooth n-dimensional Hausdorff 
and paracompact manifold. 

Definition 1. A subset D of a manifold Z is said to be 
a domain with regular boundary if 

1° the subset D is the closure of its own interior 


D = Int D: 
2° its boundary (or frontier) 
Fr D = D\ Int D 


is an embedded (nm — 1)-dimensional submanifold. 

For such a domain D the boundary Fr D is called its 
border set and denoted by dD. 

As we know (see Lecture 13), for every point of the 
submanifold 0D in the manifold 2 there is a chart 
(U, h)=(U, zx, ..., x”) containing that point such 
that the pair 

(V, k) = (V, y®, -- 4 ¥), 


where V = 7) aD and p= 3" Wy, = 2z"ly, is 
a chart on 0D and the equation z! (p) = = “0 holds ie a 


yr-1 
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point p € U if and only if p€ 0D. We may assume 
without loss of generality that z1<(0 on U{\ Int D. 

We shall say that a chart (U,h) having these properties is 
adapted to D and that a chart (V, k) is cut out (or excised) 
on OD by. the chart (U, h). 

Now let (U, h) = (U, 2, ..., 2”) and (U’, h’) = 
(U', x’, ..., 2™) be two charts on 2 adapted to D and 
let (V, k) and (V’, k’) be the charts they cut out on dD. 
hince the function z’’ is identically zero on V(] V’, we 
Save on V{\ V’ 


Therefore 


dh’ éx' ak’ : 
d t= =a det = on V ‘a V’. 


On the other hand, since z’ < 0 if and only if z1< 0, 
then 


dz} ' 
or ea on V a Vv. 


Consequently, if the charts (U,h) and (U',h’) are positive- 
ly oriented, then (for n > 1) the charts (V, k) and (V’, k’) 
are also positively oriented. 

Now suppose that the manifold ® is orientable and 
oriented. Since for any point p€d0D, with n >1, 
there is obviously a positive chart containing the point p 
and adapted to D, and all positive charts adapted to D 
cut out on dD an atlas of positively oriented charts. The 
orientation on 0D given by that atlas is said to be in- 
duced by the orientation of the manifold 2. 

When n = 1 the domain D is a system of segments (on 
a straight line or circle) and 0D consists of their ends. 
The orientation on the manifold ZY gives on those seg- 
ments a direction, and we introduce on @D an orientation 
(in the sense of Remark 1 of Lecture 25), assuming that 
the right end of every segment has a plus sign and the 
left end has a minus sign. 
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Thus, in an orientable (oriented) manifold ® the border 
set of any domain with regular bowndary is an orientable 
(oriented) manifold. 


Since by the Sard theorem (see Lecture 15) the border 
set of an arbitrary domain with regular boundary is a 
null set, every compact domain D with regular boundary 
is cubable. Therefore, on the assumption that the mani- 
fold @ is oriented, for any form w of degree n on Z and 
any compact domain D with regular boundary an inte- 


gral 
( rH) 
D 


is defined. This integral is defined for noncompact do- 
mains D as well provided the form w is finite. 

In particular, for any form w of degree n — 1 (finite 
if D is a noncompact domain) an integral 


(1) \ dw 


D 
is defined. On the other hand, also defined (with respect to 
the induced orientation of the manifold 0D) is an inte- 
gral 

i*w, 
QD 
where i: 0D — % is an embedding. For brevity we shall 
denote this integral by 


(2). \ @. 


6D 


Theorem 1 (Stokes’ theorem for domains with regular 
boundaries). For any domain D with regular boundary of a 
Hausdorff paracompact oriented n-dimensional manifold ® 
and any form w € Q”-! & (finite if D is noncompact) there 
is .an equation 


(3) \ do = \ w. 
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Proof. Clearly charts'(U,, h,.) of the manifold & either 
not overlapping with 0D or adapted to D make up an 
atlas on 2%. Since under the hypothesis the manifold 
XY is paracompact and Hausdorff, there is a partition 
of unity {n,} subordinate to a covering {U,}. Since 


w= >) yo and dw= >) d(n,w), we have 
a & 


| \ dw = > \ d (Ne) 


D a D 


[0-3 | ne 


0D a @D 


and 


(clearly the integral is also additive with respect to in- 
finite sums of the type we are considering here having in 
the neighbourhood of any point just a finite number of 
nonzero terms). It suffices therefore to prove formula (3) 
only for forms y,, i.e. on the assumption that o = 0 
outside some positive chart (U, h) = (U, xz, ..., x”) 
of 2, either not overlapping with 0D or adapted to D. 
If on U 


d= Yi (— Ay wa dat A... A * A... Ada%, 
then’ 


io= (> st) dat A he an 


k=i 


on U (see formula (4) of Lecture 19), and hence 


| do = \ do = \ (> sok) dat... de”. 
D UND MUND) k=! 


Functions w,, ..., W, considered as functions on 
h (U) are zero outside some closed set, and if therefore 
they are assumed to be zero outside hk (U) on the entire 
R”, then again smooth functions result. On the other 
-hand, we may assume without loss of generality that the 
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open set h (U) is bounded, i.e. contained in some cube 
IR={xER", [ct]/<R,..., | 27 |<R} 


(on whose boundary all functions w, are therefore zero). 

Case 1. The chart (U, 2) does not overlap with 0D. In 
this case integral (2) is obviously zero (since i*o = 0), 
and hence to prove (3) it suffices to establish that inte- 
gral (1) is zero. We may assume without loss of generality 
that either Uc 2@ND or UCD. But for JU — BND 
integral (1) is trivially zero, and for UCD it is ex- 
pressed by the formula 


nr 
| Owp, n 
( do=| (> Sb) det... dz 
RO O= 
n R R oe 
on R n 
= >} \ ( aah dx! dx 
k=1-R ~ 
and hence since for any k =1,..., m the integral 


R 
OW p 
\ Zek Ft" = Wy (x1, eas Rese x”) 
-R 


—w,(z!,..., —R,..., 2") 


is zero, D is also zero. 
_ Case 2, The chart (U,h) is adapted to D. In this case 
by similar considerations 


n 9g R R 3 
| do= >, ( ... | Sbadat... dat 
D k=1—-R-R —R 
R R 
= | A w, (0, x?, ..., 2") dz? ... dz”. 
-R -R 
On the other hand, since i* (dr') = 0 and i* (dz*) = 
dy’, ..., i* (dx") = dy”-1 (because z' =O and 2? = 
y', ..., 2” = y™" on OD), we have 


i*w = w, (0, y*, ..., y2) dy* A... A dy” on UN OD. 
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Therefore 


R R 
ee w, (0, «2, ...,2") dz*... dz" 
-—R es 


R 
R R 

=| noe w, (0, y!,...,¥” N dy! ... dy™! 
-N —R 


Corollary 1. For any finite form w of degree n —1 on 
an oriented n-dimensional paracompact Hausdorff mani- 
fold 2 there is an equation 


(4) ( dw =0. 
Xx 


Proof. Let py be an arbitrary point of % and let (U, h) 
be a chart in 2%‘ such that p,€U and h(U) = Bz, 


where as before B3 is an open ball of R” of radius 2 
with centre at the point 0. Also let D, = h~™ (B%), where 
Bi is a closed concentric ball of radius 1, and let D, = 
YNInt D,. Clearly both sets D, and D, are domains 
with the same regular boundary (border set) k=! (§"-). 
(It is said that D, is obtained from ZY by drilling out a 
ball D,.) The orientations. induced on the border set 
h- (§”"-') by the orientation of Z are easily seen to be 
opposite (which can be written as dD, = —oéD,) and 


hence 
\ =—l[ao. 


8D aD 
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Consequently, applying Theorem 1 to the domains D, 
and D, and considering that 


\ dw = ( deo + de 
X D, De 
we immediately obtain (4). 0 
Formula (4) may be considered to be a special case of 
the general formula (3) if we agree that the integral of an 
arbitrary form over an empty set is equal to zero. 
We have already made use of Corollary 1 in Lecture 25 
(see p. 434). 


In the special case where 2% is a space R® with coordi- 
nates x, y, z, every form w of degree 3 on % is as follows: 
f dx \dy \dz, where f is some function, and for any 


cubable set D c R® the integral \ @ is equal to the Rie- 
D 
mann integral ( f (x) dx which in the case under con- 


D 
sideration is usually denoted by 


| \ | fae dy de 


D 


to emphasize three-dimensionality and the possibility of 
being reduced to the triple Riemann integral on a straight 
line. By analogy, for any oriented surface 2 in R° 
(oriented two-dimensional submanifold) and any form 


= P dy\dz + Q dzAdz + R dz/dy 


on R® (note the order of the differentials in the second 

term!) the integral \ wm (more exactly, the integral 
XL 

\ i*w, where i is an embedding 2Y —> R°) is denoted by 


(5) | | Pdydz+ Qdzde+ Raz dz. 
X 
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Since 


dy = (+ +e = = ~) dx \ dy f dz, 


we obtain as a special case of Theorem 1 that for any do- 
main D <— R® with regular boundary and any functions 
P, Q, and R we have 


(6) WV § (- oe La P x) dx dy dz 
D 


= ( P dydz-+Qdzdzx+ Rdz dy. 
aD 
Formula (6) is called the Gauss-Ostrogradskii formula. 


Remark 1. In (6) all integrals are assumed to exist, i.e. 
either the functions P, Q, and A are finite or the domain 


D is compact (and the functions P, Q, and A are defined 
on D, of course). At the same time, for this formula to be 
true there is no need to necessarily assume that D is a do- 
main with regular boundary; it suffices to, say, regard the 
boundary of D as piecewise regular (in the obvious sense). 

Remark 2. The orientation of a plane in R*® is given by 
its side, i.e. by a vector orthogonal to the plane. There- 
fore the orientation of a surface in R? is given by a field of 
nonzero normal vectors. It is easy to see that for the in- 
duced orientation of the border set 0D in (6) that field 
consists of outer normals. 
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In the plane R*® the analogue of formula (6) is of the 
form 


(7) (apap) aedv= | Pde oa 


and is called the Green’s formula. Here the orientation of 
the border set 0D, i.e. the direction of tracing the bounda- 
ry is given by the requirement that the domain D should 
remain on the left. 

Finally, on the straight line R formula (3) goes into 
the Newton-Leibniz formula 


b 
(8) | f(x) dz =f (0)—F (a). 


(Recall that the integral over an oriented zero-dimensional 
manifold is given by formula (3) of Lecture 25 and that by 


% 
in aX, 


definition the point 6 enters the border set of the closed 
interval [a, bl with a plus sign, and the point a does with 
a minus sign.) 
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The notion of a domain with regular boundary, together 
with: Theorem 1, allows an important generalization. 

Let R¢_) be a half-space of R” consisting of points 
x = (z', ..., 2") for which z' < 0, and let Rj“ be its 
border set consisting of the points x for which z! = 0. 

A subset U < R” is said to be 0-open if it is an open 
set in either R” or R@_), i.e. if there is an open set U’ in 
R” such that either U = U’ or U = U'() R(_). A map- 
ping g: U > R™ defined on a d@-open set U Cc R” is said 
to be smooth if there is an open set U’ < R” and a smooth 
mapping q’: U’ — R™ suchthat Uc U' andgq’ | y= 4g. 
This is equivalent to saying that functions giving a map- 
ping @» have continuous partial derivatives of all the 
necessary orders (subject to the condition, in the case 
where U c R?_) and U() RU'' #4, that at the points 
of Uf) R** differentiation with respect to z' is under- 
stood as differentiation from the right). A mapping 9g: 
U —» V of d-open sets is said to be a diffeomorphism if it is 
bijective smooth and the inverse mapping pt: V+ U 
is also smooth. 

Let D be an arbitrary set. A pair (U, h) consisting of 
a subset U Cc @ and a bijective mapping h: U +h (U) 
on a d-open set h(U) CR” is called a d-chart in Z. 
Two 0-charts (U, h) and (V, k) are said to be compatible 
if either Uf) V= O@ or UN V #+@ and 

(a) both sets h (U () V) and k (U {| V) are d-open sub- 
sets of R”; 

(b) the mapping 


koh: h(UQ V) ~k(UN V) 


is a diffeomorphism. It is clear that every chart in D 
(in the sense of Definition 1 of Lecture 6) is a d-chart and 
compatible charts (in the sense of Definition 2 of Lecture 6) 
are compatible as 0-charts. 

By an atlas of 0-charts on a set D is meant (cf. Defini- 
tion 3 of Lecture 6) a set of pairwise compatible d-charts 
(U,, h.) with the property that their supports U, cover 
DF. It is easy to see (cf. Proposition 1 of Lecture 6 and 
its Corollary 1) that any atlas of d-charts A is contained 
in a unique maximal atlas which consists of all d-charts 
compatible with d-charts of A. 
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Definition 2: A set D in which a maximal atlas of o- 
charts is given is called a smooth 0-manifold (and the 
charts of the atlas are smooth charts). 

Of course, every manifold Z is a 0-manifold. 

Note that just as in Lecture 6 we assume the dimension 
n of R” to be fixed (it is termed the dimension of a 0-man- 
ifold D and designated dim ZB) as well as the smooth- 
ness class C’ of all the mappings under consideration, 
where r is either a nonnegative integer or co or w. (This 
class is called the smoothness class of a 0-manifold J; 
as a rule, we shall assume that r = oo.) 

The topology is introduced into d-manifolds the way it 
is introduced into manifolds, i.e. a sibset O in a 0-mani- 
fold D is considered to be open if and only if for any 
smooth chart (U, h) the set h (O(| U) is d-open in R”. 
Thus every 0-manifold turns out to be a topological 
space (satisfying the first countability axiom and, as- 
suming its being Hausdorff, to be locally compact). 


Definition 3. By an interior chart of a d-manifold D 
is meant a 0-chart (U, h) for which the set h (U) is open 
in R". A point p € Z is said to be an interior point of a 
d-manifold @& if there is an interior chart (U, h) in D 
such that p€ U. The set of all interior points of a 0-man- 
ifold D is designated int D (note that the first letter is 
small!) and is called the interior of D. 

Clearly the set int DZ is open in # and is a smooth man- 
ifold (with an atlas consisting of all interior charts). 

Problem 1. Prove that int D is not empty (if D is not 
empty) and, moreover, that 

int D = Zw. 

Definition 4. By a boundary chart of a d-manifold D 
is meant its 0-chart (U, h) such that h (U) c R@_) and 
h(U)() RO #~M. A point p € D is said to be a point 
of a border set of @ if there is a boundary chart (U, h) 
in D such that p € U and h (p) Eh (U) (| RO. The set 
{possibly empty) of all points of the border set is desig- 
nated 0Z@ and called the border set of the d-manifold D. 
By definition 

D=0dD Vint D. 
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Proposition 1. No interior point is a point of a border 
set, and conversely no point of a border set is an interior 
point: 


0D} int F = PD. 


Proof. The statement that p€ 0D int Z implies 
that there is an open set U in @ that contains the point 
p and mappings h: U — R¢_) and k: U — R” such that 
the pair (U, h) is a boundary chart and the pair (U, k) 
an interior chart of DM. Consequently & (U) is an open set 
in R" and h(U) is not. Since the mapping hok™ is a 
diffeomorphism of k (U) onto h (U), this contradicts Lem- 
ma 1 to be proved below. Therefore the point p cannot 
exist, and hence 0D () int F= O.0 

Lemma 1. Let go: O-—R" be a smooth C'-mapping 
(r > 1) of an open set O < R” into R". If at every point 
x €O the Jacobian D, of @ is nonzero, then @ (QO) is an 
open set. 

Proof. By the inverse mapping theorem (see Lecture 6) 
a point x €O has a neighbourhood U cO which is 
mapped onto some neighbourhood V of a point @ (x). Since 
Vc@ (QO) it follows that o (x) € Int  (O) and since it 
is true for any point x € O, we have @ (O) = Int g (0), 
i.e. m (QO) is an open set.O 

Proposition 1 is true for r = 0 as well (for topological 
manifolds). The corresponding analogue of Lemma 1 
(known as the Brouwer theorem on the domain invariance) 
states that if a continuous mapping g: O— R” of an 
open set Oc R” into R” is a moneomorphism (a ho- 
meomorphism onto @ (Q)), then the set @ (O) is open. 
Unfortunately, there is no room to present here a rather 
lengthy and tedious proof of this statement. 

Corollary 1. A border set 0D of an arbitrary 0-manifold 
@ is closed in D. re 

Proof. According to Proposition 1 0D = DNint D 
and int D is open in DZ. 

Corollary 2. The equation 0D = OS holds if and only 
if the 0-manifold @ is a manifold. 

Proof. Clearly @ is a manifold if and only if int D = 


-C) 
On the basis of Corollary 2 smooth manifolds are also 
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called manifolds without border sets. Accordingly, d-mani- 
folds with OD =~ © are called manifolds with border sets. 
However, the term “manifold with border set” is often 
used as a synonym of the term “d-manifold”. (But where 
this terminological licence may lead to confusion one 
speaks of “manifold with a nonempty border set” or of 
“manifold with or without border set”.) 

Of particular importance are compact manifolds with- 
out border set. Such manifolds are called closed. 

For every boundary chart (U, h) = (U, xz, ..., x") 
of a d-manifold D the pair (Uf) 0D, hynag) is by 
virtue of the identification R?-* = R”' a chart in 0D 
(with local coordinates zx”, ..., 2”), and these charts 
make up an atlas on 0B. This shows that the border set 
0D of an arbitrary n-dimensional 0-manifold D is an 
(n — 1)-dimensional manifold without border set. 


It is clear that any domain D with regular boundary is a 
0-manifold with border set 0D. (For this d-manifold d-charts 
are the charts of an encompassing manifold 2 contained 
in Int D or intersections of charts adapted to D with D.) 
The dimension of this 6-manifold is equal to the dimen- 
sion 7 of the manifold 2%. 

A mapping /: 2—> 7 of a d-manifold Z into a 0-man- 
ifold 2% (we shall need only the case where Z has no 
border set) is said to be smooth if it is continuous and for 
any two 0-charts (U, h) in Z and (V, k) in ® for which 
fU <—V the composite mapping 

kof oh: h(U)—~k (V) 
is smooth. 

Let a manifold Z% have no border set (in the case where 
0X + OS some complications arise we do not wish to go 
into at this point), and let DZ c Z. If the embedding i: 
%J—» ZT is smooth and the manifolds int D and 6D 
are embedded submanifolds of 2, then @ is said to be 
an (embedded) d-submanifold of 2. 

For example, any domain with regular boundary is a 
o-submanifold. 

Problem 2. Prove that if the dimension of a d-submanifold 


2D of a manifold Y is equal to the dimension of V, then Z is a do- 
main with regular boundary in %. 
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By a differential form wm of degree m on a d-manifold D 
we shall mean a form on int @ such that for any bounda- 
ry. chart (U, h) the coefficients @;,...1, of the form in a 
chart (Uf) int DZ, bh lynints) of the manifold int D 


are restrictions of some (obviously uniquely defined) 
smooth functions given on U. These functions will be 
denoted by the same symbols j,...;, and called the 


coefficients of a form w in a chart (U, h). Restrictions of 
the coefficients Wi errigs by een im y1, to UT) 0D are 


obviously the coefficients of some form of degree m— 1 on 
@Z which will be designated \ag- 


In the case where & is a 0-submanifold of a manifold 
2 without border set (for example, a domain with regular 
boundary), for any form on Z the form j*w, where j: 
int D — @ is an embedding, is obviously a form on J. 
For this form j*@ | 95 = i*w, where i is an embedding 


OD—> TD. 


Problem 3. Prove that any form on JZ is j*w, where o is a 
form on %. 


A manifold with border set D is said to be orientable 
(oriented) ifso is the manifold int M. On an oriented 0- 
manifold D a boundary chart (U,h) is said to be positive 
if so is the interior chart (U (| int DZ, h lyo int g).. 


A differential form on a d-manifold @ is said to be 
finite if it is zero outside some compact set Cc F. Ifa 
Hausdorff and paracompact d-manifold @ is oriented, 
then for any finite form w of degree n = dim J an in- 
tegral 


@ 
int FD 
is defined. We shall call it the integrai-of w over D and 
designate 


(9%), om 
ws) 


If D is a domain D with regular boundary in a mani- 
fold Z and the form o is a restriction of some (finite if 
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the domain D is not compact) form w’ to Z, then since 
the border set 0D is a null set by virtue of the Sard theo- 
rem, integral (9) is equal to the integral 


jo” 
| D 
of Ge form w’ over D. 

The construction of an induced orientation of a border 
set for domains with regular boundary can be carried 
over word for word to any oriented 0-manifolds. In what 
follows when speaking about the border set of an oriented 
0-manifold D we shall always assume that it is provid- 
ed with an induced orientation. 

In particular, for any finite form w of degree n — 1 on 
an oriented n-dimensional Hausdorff and paracompact 
0-manifold B this makes it possible to speak about the 
integral 


\ 014m 
6D 
which for brevity we shall simply denote by 
(10) . 
0D 


Theorem i’ (Stokes’ theorem for manifolds with border 
set). For any finite form w of degree n — 1 on an n-dimen- 
sional Hausdorff paracompact and oriented 0-manifold D 
there is 


(11) | da= | o. 
Qo 

The proof of Theorem 1’ repeats virtually word for 
word that of Theorem 1 and it will be left to the rea- 
der.O 

For 0D = © it is appropriate to assume integral (10) 
to be zero. By virtue of this convention Corollary 1 to 
Theorem 1 turns out to be a special case of Theorem 1’. 

In the case where @ is a d-submanifold of a manifold 
X, for any form w of degree n on ® (notice that here n 
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is the dimension of D rather than Z!) with the property 
that the form j*@ on Z- is finite (where as before j is an 
embedding D —> 2%) the integral 


| ite 
D 
is denoted by 
(12) \ w 
JD 


(and forms on 2 for which the form j*w is finite are 
called forms finite on Z). 
' By virtue of this convention the following theorem, a 
generalization of Theorem 1, is obviously true. 
Theorem 1” (Stokes’ theorem for 0-submanifolds). For 
any n-dimensional oriented 0-submanifold D of a Hausdorff 
and paracompact manifold 2 and any form o finite on D 
of degree n —1 on D formula (11) holds.| 
Two-dimensional d-submanifolds of R® are called sur- 
faces with border set. For any such surface Z and any form 


o = Pdyf\dz+ Qdzfdz + Rdxf\dy 
in R®* integral (12) is denoted by 


(13) \ ( P dy dz + QO dzdz + R dz dy 
D 


(cf. (5)). In this case formula (11) (for forms o = P dx + 
Q dy + Rdz) becomes therefore 


aa \S (Ge) dyae+ (GE—Z-) dade 
+ (30-4_) de ay 6 ll alae 


Formula (14) is known as Stokes’ formula for surface 
integrals in R°. 

Remark 3. It is interesting that the name “Stokes’ for- 
mula” first applied to formula (14) and then carried over 
to its generalizations and analogues (3) and (11) origi- 
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nated.as a result of misunderstanding. Formula (14) came 
to be known at Cambridge University, England, in the 
mid 19th century and on the suggestion of the well-known 
physicist and mathematician Thompson (who may have 
been the first to devise it) was included in question cards 
in mathematics for students of the University. It was 
ascribed to Stokes, first only by students, just because 
Stokes was at the time the chairman of the examining 
board who signed the question cards. 


Theorems 1’ and 1” may be combined in one general 
theorem. 

Let D and ZY be arbitrary d-manifolds, and let y: 
& —-» X bea smooth mapping carrying int D into int Z. 
Then for any form o on % the form y*q@ (defined on int 
@) is easily seen to be a form on JY. If therefore it is 
finite and of degree n = dim BM and the manifold @ is 
orientable, then an integral 


(15) | y*o 
/ Jf 


is defined. ’ 

Smooth mappings y: D> DM carrying int D into 
int Z for which the d-manifold D is oriented and n-di- 
mensional ‘are called n-dimensional singular submanifolds 
of the 0-manifold Y, while forms m on 2 for which the 
form y*q@ is finite are called forms finite on y and inte- 
gral (15) is the integral of w over y. Accordingly we desig- 
nate integral (15) as 


(16) \ w. 


A “mapping” @ — 2% of an empty set © into Z is also 
considered to be an n-dimensional singular submani- 
fold. Integral (16) over such a submanifold is assumed to 
be zero. 

By virtue of this convention a singular submanifold 


VYlag: OD> @ 
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is defined for any singular submanifold y: DJ > %. This 
singular submanifold is called the border set of y and 
designated dy. 

Theorem 1” (Stokes’ theorem for singular submani- 
folds). For any n-dimensional singular submanifold y of a 
manifold 2 and any form w finite on y of degree n —1 on 
X a formula 


(17) | do = \ w 


Y 9 


holds. 

Proof. It suffices to apply Theorem 1’ to the form y*o 
on @&. 

Theorem 1” reduces to Theorem 1’ when y is an iden- 
tity mapping id: DZ - Z and to Theorem 1” when y is an 
embedding J > Z. 


Integrals over one-dimensional singular submanifolds 
of R”, nm > 2, allow quite an elementary treatment. Let 
for definiteness n = 2, and let D be a closed interval 
[az, b] and hence a singular mapping y: D — R? be noth- 
ing but a plane smooth curve 


(18) r=2(),y=y(),a<t<b 


(subject in general to no regularity requirements). A triv- 
ial interpretation of the definitions shows that for any 
form P dz + Q dy on R? the integral over curve (48) is 
given by the formula 


b 


(19) | P dz+Qdy=\ [P (w(t), y(t) 2! ()+ 


a4 a 
+Q (z(t), y (t)) y’ (t)] at 


which may be taken to be its definition. Integrals of such 
a type occur frequently in calculus problems and are 
called line integrals of the second kind. 
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For n = 3 they are of the form 


b 


| Pdz+Qdy+Rde= \ [P(x(i), y(t), 2) 2’) 
: 


+ Q(z (2), y(t), 2(¢))y' (2) 
+R(x(t), y(t), 2(t)) 2" (tI dt 


and similarly for any n. 

[Line (or curvilinear) integrals of the first kind were 
introduced in the preceding lecture. They are integrals of 
densities rather than forms. ] 

Notice that integral (19) makes sense not only for 
smooth but also for piecewise smooth curves y. 

In the case where Z is an oriented circle 5! the singu- 
lar manifold y is called a closed curve. Choosing a closed 
interval [a, 6). a point s) € S' and a mapping a: [a, b] > 
S' carrying the points a and b into the point s, and diffeo- 
morphically mapping (while preserving orientation) an 
open interval (a, b) onto an arc §’\ {so} we can identify. 
every such curve with a curve B = yoa: {a, b] > R” 
having the property that f (a2) = B (b). (On this basis 
curves B: [a, b] > R" for which f (a) = f (8) are also 
called closed curves, cf. Lecture 1.) 

This identification is compatible with integration, i.e. 
for any closed curve y an integral over y (generally 


designated p to stress that y is a closed curve) is equal to 


Y 
a line integral over 6. 
When @ consists of several oriented circles the singu- 


lar manifold y is a system y,, ..., Yn of closed curves, 
and a formula 

G= 9 +--. +5 

? Va Vn 


holds for the corresponding integral. In particular, for 
any compact plane domain Yc R? with regular (or 
piecewise regular in the obvious sense) boundary and any 
form Pdz+ Qdy on R?* this identifies the integral 


Lecture 27 467 


b P dx + Q dy of the Green’s formula (7) with the line 
6D 
integral p P dx + Q dy. 


aD 
Thus both integrals in the Green’s formula (7) allow 
quite an elementary treatment, which cannot be said 
about, for example, the integral on the right of the Gauss- 
Ostrogradskii formula (6) or the one on the left of 
Stokes’ formula (14). 
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Operators of vector analysis - Consequences of the identity 
dod=0- Consequences of differentiation formulas for prod- 
ucts: The Laplacian and the Beltrami operator - The flux 
of a vector field - The Gauss-Ostrogradskii formulas for di- 
vergence and Green’s formulas - Convergence as the density 
of sources: The Stokes formula for circulation - The Gauss- 
Ostrogradskii formula for rotation - The generalized Ga- 
uss-Ostrogradskii formula 


In this lecture we shall study the case of forms in the 
space R* which is especially important for applications. 

The availability in R® of a fixed coordinate system and 
of a standard Euclidean metric allows us to identify lin- 
ear differential forms P dz + Q dy + Rdz on R?® (as 
well as the second-degree forms P dy fA dz + Q dz J dx+ 
R dz dy) with vector fields 


(1) u = Pi + Qj + Rk, 


where i, j, k are vectors of the standard basis in R*. This 
leads to a very rich theory known as vector analysis (or 
field theory). Although vector analysis is of minimum 
theoretical importance, we shall nevertheless develop it 
quite explicity since it plays an important role in physi- 
cal and technical applications connected’ with hydrody- 
namics and electromagnetism (suffice it to say that the 
Maxwell equations for an electromagnetic field can be 
written most elegantly, unless we use the four-dimensio- 
nal formalism of special relativity theory, using differen- 
tial operators of vector analysis). 


Lecture 28 469 


The principal field of vector analysis is the algebra of 
smooth functions F defined on some open set Wc R® 
(which is considered to be fixed throughout what follows) 
and the F-module a of vector fields on W. 

The identification of the module a with the modules Q? 
and 2? of differential forms of degrees 1 and 2 (and the iden- 
tification of the algebra F considered as a module over 
itself with the module 9® of forms f dx/jdy Adz of de- 
gree 3) allows the operators of exterior differentiation 


F-97505 593 
to be interpreted as the operators 
F+a->a->F. 


The first of these operators (the one from F to a) is 
designated grad. It associates an arbitrary smooth func- 
tion F with a vector field 


OF , OF . OF 
(2) grad F= Or its 3 Fz k 


called the gradient of F. 
The -second operator (the one from a to a) is desig- 
nated curl. It associates the vector field (1) with a field 
_(9R  0Q\.,,/9P  @R\., / 0Q_ OP 
(3) curlu= ( By oz )i+( de az )i+(4o-3 )k 
called the curl (or rotation) of a field u. 


Formula (3) can be written in the following mnemonic 
form 


i j k 
i) 6] (] 
(4) curlu=|%z Oy, ‘2 
P Q R 


The third operator (the one from a to F) is designated 
div. It associates the vector 0 ” with a function 


(5) div u=—— 4+ 


called the divergence of u 
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Besides these operators (and the operation of multipli- 
cation by a function) also defined on the module a are 
operations of scalar and vector multiplication which asso- 
ciate vector fields 


u= Pi + Qj + Ak and v = Xi + Yj + Zk 
with a function 
uv = PX +QY+ RZ 
and a vector field 
uX v=(QZ— RY)i+ (RX —PZ)j+ (PY —QX)k 


ijk 
=|P Q R 
XYZ 


respectively. 
All these operators (and operations) are connected with 
one another by numerous identities. 


In the first place, the identity d od = 0 gives us two 
identities 
(6) curl grad F = 0 and div curl u = 0 


which are easy to verify by a straightforward computation. 

Fields of the form grad F are called potential fields and 
those of the form curl wu are solenoidal fields. [fu = grad F, 
then F is said to be the potential of the field u and ifv = 
curl u, then the field u is said to be a vector potential of the 
field v. If W is connected, then the potential F is defined 
by the field u up to a constant term. | 

A field u is said to be irrotational if curl u = O-and to 
be a source-free field if div u = 0. The vector potential u 
of the field curl u is defined up to an irrotational field. 

By identity (6) any potential field is irrotational and 
any solenoidal field is a source-free field. [The quotient 
space of a vector space of irrotational fields with respect 
to a subspace of potential fields is nothing but a one-di- 
- mensional de Rham cohomology group H'W of a domain 
W and the quotient space of:source-free fields with respect 
to a subspace of solenoidal fields is a group H*W. There- 
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fore all irrotational fields are potential fields if and only if 
H*W = 0, and all source-free fields are solenoidal if and 
only if mw = 0.) 
Example 1. A field of the form 
u=fi(rr, r¥<0, 
wherer = zi + yj + zkandr=|r|=V2+y?+4+ 2, 
is called a central (force) field. For this field 
P=f(r)z, Q=f(y, R=f(h2 
(and W = R°\{0}). Since 
or or y or z 


——_- — 
om lm ae ll eee oe 


Oz r* @6y r? @2 saa 
the matrix 


‘is of the form 
2 
f(r)—t+fir) ft . “Et f’ (r) = 
(7) fir f~HXHtin rom 
2 
f(r) = fr= Ff M=+hH) 
The symmetry of the matrix implies that curl u = 0, 
i.e. that every central field is an irrotational field. More- 
over, since H* (R°\{0}} = A1(§*) =0, every central field 


is a potential field. (The corresponding potential F is de- 
fined as follows: 


F(r)= ( rf (r) dr, 


1 


where the lower limit of integration may of course be 
any other positive number.) 
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If, in particular, f(r) = ——} and hence {u|= “ 
(the gravitational field of a point of mass m,), then 
F(r) = “0 (up to a constant). This potential is termed 
a Newtonian potential. 
The divergence of a central field is the sum 
; 34,21 22 ; 
fi (r) SEE 4 f(r) = rf (7) + 3f (r) 
of the diagonal elements of matrix (7). Solving the differ- 
ential equation rf’ (r) + 3f (r) =0 we immediately 
get f (r) = £ . Thus a central field is a gravitational field 


(a field of Newtonian potential) if and only if it has no 
sources (in the domain R°\ {0}, where it is defined). 


By virtue of our identifications the outer product 
ofA 9 of differential forms goes into a vector product of 
fields for deg » = 1 and deg 0 = 1 and into their scalar 
product for deg wo = 1 and deg 0 = 2 (for deg w = O it 
is a product of the field 6 by the function w). Therefore 
the formula 


d (fo) = fdo + df\o 


yields relations 


(8) grad (FG) = F grad G + G grad F, 
(9) curl (Fu) = F curl u + grad F X u, 
(10) div (Fu) = F div u + grad F-u, 


and the formula 
d (ow /\8) = dw A989 — wfdo, wo, 8€2', 
yields 
(14) div (u X v) = (curl u) v — ucurl v. 
Of course, formulas (8) to (141) can easily be obtained 
by a straightforward computation. 


The mnemonic formula (4) suggests that a symbolic 
vector field 


@.,8@., 4 
Van ht Go on 
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should be introduced into consideration. Then the field 
curluis a vector product V xX u of a field V by a field u: 


curl u=V X u, 


the function div u is a scalar product Vu of the field V 
by the field u: 


divu = Vu, 


and the field grad ¥, with the scalar factor written on the 
tight, is a product VF of the function F by the field V: 


grad F = VF. 


These representations of the operators curl, div, and 
grad by a symbolic operator V allow relations (8)-(11) to 
be written as one identity 


(12) V® @Oy =VO@ Op) +VO@ OP), 


where @ and f are either functions or fields, © and ©@ are 
two of the three possible multiplications (multiplication 
by a function, scalar or vector multiplication) and | 
marks the factor subjected to the action of the operator 
V. Indeed, when a = F and 8 = G this is obviously for- 
mula (8), and when a = F and B=u we have, depend- 
‘ing on the choice of multiplications, formulas (9) and 
(10). When a = u and f = v, on the assumption that 
® isascalar multiplication and © is a vector one, for- 
mula (12) is of the form 


Vx y=V Ux vy +V (ux ¥). 


But by virtue of the skew commutativity of a triple sca- 
lar product (and the commutativity of a scalar product) 


‘ } t 
V (u X v) = Vuv = vVu = vVu = u(V X u) 
=(V xX uv 
and 
7 ' 4 | 
V(u X v) = Vuv = —uVv = —uVv = —u(V Xv). 


In this case formula (12) reduces therefore to formula (11). 
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Notice that when a = u and f = v two more Cases 
remain unconsidered in (12): 
' ' 
(13) V (uv) = V (uv) + V (uv) 
and | . 
| n . ' 
(14) VX (uX v) =V X (u X v) + V OX (u X y). 


To decipher these formulas we agree that for any vector 
field a = Ai + Bj+Ck we understand by aV an oper- 
ator a» F acting on the field u = Pi + Qj + Rk by 
the formula 


AP pO 4 ¢ OR 

(avjusd a+ Bae 3 
{thus abandoning the commutativity of the scalar product 
with respect to the symbolic vector V). Multiplying out 

4 
the vector triple products V xX (u X v) andV X (u X vy). 
(by the familiar formula ec X (a x b) = (eb) a — (ac) b; 
see (19) of Lecture 1.22) we then get 
+ 

V X (u X v) = (vV) u — (Vu) v = (vV) u — (div u) Vv 
and 

' 
V X (u X v) = (Vv) u — (uV) Vv = (div v) u — (UV) v. 


Since by definition V X (u < v) = curl (u X v), formu- 
la (14) thus becomes 


{15) curl (u < v) = (vV) u — (uV) v + (div v) u 
— (div u) v._ 


‘Similarly, by applying to the fields u X curl v = 
u X .(V X v) and v X curl u= v X (V X u) the same 
formula for a vector triple product but rewritten as 
« X (a X b) = a (ch) — (ca) b we obtain relations 

+ 
u X curl v = V (uv) — (uV) Vv 
and 


' 
v X curl u = V (uv) — (vV) u. 
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By virtue of these relations formula (13) becomes 
(46) grad (uv) = u X curlu + v X curl u + (vV) u 
+ uv), 


It is remarkable that, as shown by direct computation, 
formulas (15) and (16) are indeed true (so that (12) is al- 
ways true when it makes sense). 

[The complexity of formulas (15) and (16) is due to the 
fact that the values of the operator curl on a vector field 
u X v and of the operator grad on a function uv cannot be 
interpreted directly in terms of exterior differentiation of 
forms. } 

Example 2. Let a be a constant vector. Find a field 
grad (ar), where, as ever, r = zi + yj + zk. Clearly, 
curl-a = 0 and (rV) a = 0. In addition, as shown by di- 
rect computation, curl r = 0 (r is a central field) and 
(aV) r = a. Hence grad (ar) = a. 


Grouping grad, curl, and div we get 
curlograd: F ~a, divograd: F — F, 
gradediv: a—a,  curlecurl: a > a, 

divocurl: a — F. 


As we know, the operators curl » grad and div o curl 
are identically zero. [Notice that the operator V reduces 
this to the statement that a vector product of two identical 
vectors is zero: (curlo grad) F = VXVF=(V XV) F=0 
and (divo curl) u=V(V X uw =(VxXV)u=0.]) 

Of paramount. interest among the other operators is 


div o grad = Y’. 


This operator is denoted by A and called the Laplace oper- 
ator (or Laplacian). It transforms every function F into a 
function 


O2F CR orF 
OP = San tae tae 


It is used to write the most important equations of mathe- 
matical physics which are treated in a separate course at 
universities. 
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It is possible to apply A to vector fields as well, apply- 
ing it to each component individually: if u = Pi + 
Qj + Rk, then by definition 


Au = (AP) i + (AQ) j + (AR) k. 
Hence we have 
cur] o curl = grad o div — A. 


Indeed, by the formula for a vector triple product 
curl (curl u) = V X (V Xu) = V (Vu) — (VV) & O 


[This is not a proof, of course, but merely a heuristic con- 
firmation. The real proof, which will be left to the reader, 
is only by direct computation using formulas (2), (3), 
and (5).] 

It is possible to make up other differential expressions 
as well. For example, for any two functions F and G we 
can define a scalar product of their gradients: 


OF 0G OF @G OF 9G 
grad # grad Gap tay. oy | dn On 


It is denoted by A (F, G) and called the Beltrami mized 
differential parameter of functions F and G. In particular, 
for F = G we obtain a scalar square of the gradient: 


AF, F)= (grad P= (F)'+ (47) + (4) 


It is denoted by A,F and called Beltrami's first differential 
parameter of a function F (cf. Lecture 3). 

A scalar triple product of the gradients of three func- 
tions is called the Darboux differential parameter. This 
term, however, has almost completely gone out of use 
now, since this mixed product is nothing else than the 
Jacobian of the mapping given by the three functions. 


Using vector analysis operators the Gauss-Ostrogradskii 
formula (and the Stokes formula) can be represented in 
a convenient and compact form. 

Let D be a two-dimensional oriented surface in R® 
(with or without border set). We know (see Remark 2 of 
Lecture 27) that the orientation of Z is given by some 
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smooth field n = n (M) of nonzero normal vectors which, 
after being normed, may be assumed to consist of unit 
vectors. 

An arbitrary vector field a defined in an open set W 
containing a surface Z gives on Z a function a, which 
associates every point M € D with a projection a, (M) = 
a (M)n(M) of the vector a (M) onto the direction of 
n (M) (the so-called normal component of a (M)). 

Definition 1. The integral 


(17) : a, do 
D 


of a function a, over a surface @ is called the fluz of a 
field a over the surface Z. (Here do is a surface element 
of D; see Example‘2 of Lecture 24.) 

Note that the integral of the first kind (of density) is 
meant in formula (17). 

If a is the velocity field of some fluid, then flux (47) 
is equal to the quantity of fluid passing through the sur- 
face D per unit time. 

If @ is an elementary surface, then for any of its 
parametrizations r = r (u, v) compatible with the orien- 
tation, i.e. such that vectors r, and r, make up a positive 
basis for the tangent plane, the normal vector n is given 
as follows: 

IluXlpy — = Ty X Pp 

IruXto| WEG—F? 


(cf. Lecture 4). On the other hand, as we know from 
Lecture 3, a surface element is given by do = 


V EG — F? du dv. For flux (17) therefore we have 


n= 


P OR 
(18) \ a, do= \ \ (ar,r,) dudv = \ \ Ly, Yy 2, | dud, 
J 4 U 120 Yo 2p 


where P, Q, R are the coordinates of the vector a and U 
is the domain of R? on which a parametrization r = 
r (u, v) is defined. To compute the flux over a nonele- 
mentary surface it is necessary to partition it into ele- 
mentary parts and apply formula (18) to each part. 
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Now recall that the field a = Pi + Qj + Rk is asso- 
ciated with a differential form 


Pdy \dz+Qdz A dzx+ Rdz / dy 


and this form is associated with an integral 


(19) | PdyAdz+QdzAdz+Rdz\dy 
JZ 
={ \ P dydz+Qdzdz+ARdzdy 
g 


(see formula (13) of Lecture 27). In the case where the sur- 

face D is elementary and parametrized (with parametri- 

zation r = r (u, v) defined on an open set U c R?), on 

deciphering the definition of integral (19) we immediately 
get 

\\[> - 

U Ly 


Ty Yu 


Vv U 


Yu 2y 


| du dv 
Yo 2p 


—@Q 


P QR 
= ( Ly Yu 2,|adudv. 
U }%, Yo 2p 


A comparison of this formula with (18) shows that flux 
(17) of a field a over a surface D can be expressed by inte- 


gral (419): 
(20) ( a,do—\\ Pdydz+Qdzdx+R dzdy. 
wd) JD 


[Proved for elementary surfaces this formula is due to 
additivity also true for any surfaces.] _ 

Notice that formula (20) expresses the flux in terms of 
a surface integral of the second kind. 


When a surface isthe border set 0Z of a domain with 
regular boundary, integral (19) is nothing but the integral 
appearing on the right of the Gauss-Ostrogradskii formula 
(see formula (6) of Lecture 27). Since the integration 
element on the left is nothing but div a, we see that the 
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Gauss-Ostrogradskii formula may be rewritten as: 


(24) \\\ divaav=Qhy, as, 
D 6D 


where dV denotes dz dy dz (and the sign (a) on the right 


emphasizes that the integration is taken over a closed 
surface). In words: the fluz of a vector field over the boundary 
of a domain is equal to the integral of the divergence of the 
field over the domain. 

In the case where a= grad F the normal component a, 


is denoted by — and called the directional derivative of F 


with respect to the normal (or briefly the normal derivative). 
Since diva = AF, in this case formula (21) becomes 


(22) ((( arav=§ $ ao. 
D aD 
When a = F grad G, according to (10), 


div a = F div grad G + grad F-grad G 
F-AG + A (F, G) 


and 

a, =F gradG-n=F a. 
Therefore 
(23) | \ \ [F-AG+A(F, G))aV=GhF = ao. 


D oD 


This formula is called the first Green’s formula. With 
F = G, it becomes 


( \ (F-AF +A,F) v=) F & ao 
D 6D 


and, with F — 1, it transforms into formula (22). 
Interchanging in (23) the functions F and G and sub- 
tracting the obtained formula from the original one we 
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arrive at the formula 


(24) || -ag—e.aryav=Gh(F 4 65 )do 
D 6D 


known as the second Green’s formula. 


For the velocity field of a fluid the integral on the 
right of (21) is equal.to the quantity of the fluid flowing 
out of the domain D. Hence, the positiveness of the inte- 
gral indicates the presence of sources in the domain, i.e. 
points where the fluid appears, and its being negative 
indicates the presence of sinks, i.e. points where the fluid 
disappears. (It is convenient, however, to call sinks, too, 
sources but with a negative yield.) The integral itself 
expresses the full capacity of the sources of the field in 
the domain D. Dividing the integral by the volume of the 
domain, therefore, we obtain the average capacity of these 
Sources in D. 

Fixing in the domain D some point M,, consider a 
sequence {D,} of domains contracting to that point, i.e. 
such that M@,€D, and diam D, +0 as n-— oo, where 
diam D, is the diameter of the domain D,. Then the 
limit 


lh» 0o 


(when it exists), V, being the volume of the domain D,, 
is nothing but the density of the sources of the field at M5. 
But according to (21) this limit is equal to 


Jf J diva dV 


lim vr 


T—> oo 
and hence is equal to the value of the function div a at 
M,. Thus the divergence of a vector field is nothing but the 
density of its sources: 

J y an do 
D 


div a= lim yo ° 
N00 nT 
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This yields a new definition of divergence (and in 'partic- 
ujar, for a = grad F, a new definition of the Laplace 
operator AF) which has the advantage of being a physical 
visualization (and explains why fields with diva = 0 
are called source-free fields). 

Remark 1. It is helpful to keep in mind that this defi- 
nition of divergence and of the Laplace operator is also 
suitable for nonsmooth (even disconnected) fields and 
functions. It is only necessary that there should exist an 
appropriate limit. 

As we know (see Example 1 above) the field 


(25) a= ——m 


of gravitating mass has no sources (in the domain 
R2\. {0}, where the field is defined). On the other hand, 
if S, is a sphere of radius ¢ with centre at a point 0, then 


(26) th a, do = —m, fp >= —™. (h do = —Anm, 
Se 


Se 8, 


since the integral (3 do is equal to the area 4ne* of the 
5S. 

sphere S,. This means that the source of the gravitational 

field (25) is at the point 0 and that its capacity is proportional 

to the mass. (The minus sign in (26) indicates that in 

fact it is a sink rather than a source.) 

Thus one can say that the sources (sinks) of gravitation- 
al fields are gravitating masses. 

Remark 2. By introducing Newtonian potentials of 
massive bodies into consideration it is possible to show 
that the conclusion remains valid also for gravitational 
fields of any configuration, but all this goes far beyond 
the scope of our exposition. [This kind of questions are 
dealt with by potential theory presented in the course in 
equations of mathematical physics. | 


The surface integral appearing in the Stokes formula 
(see formula (14) of Lecture 27) is by virtue of the general 


9 3ax. 529 
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formula (20) nothing else but the flux 
\ (curla), do 
& 


of the curl of a field curl a over an oriented surface J. 
To interpret in a similar manner the integral over the 
border set of a surface we first notice that a differential 
form » = P dx + Q dy -+ R dz corresponding to a vec- 
tor field a = Pi + Qj + Rk may be represented as a 
scalar product adr, where 


dr = dzx-i + dy-j + dz-k, 


and hence the integral of over an arbitrary curve y 
may be written as 
(27) adr. 
Y 
Let y be. a closed curve. 
Definition 2. Integral (27) over a closed curve y is 
called the circulation of a vector field a over y. 


To emphasize that y is a closed curve integral (27) is 
in this case designated 


(28) p adr. 
7 

In particular, circulation (28) is defined over the border 
set 0M of an arbitrary orientable surface Z and is nothing 
else but the line integral appearing in the Stokes for- 
mula. 

We thus see that the Stokes formula for surface integrals 
in R* may be rewritten as follows: 


(29) ( | (curla), do= 6 adr. 
DD 6D 


In words: the circulation of a vector field over the border 
set of a surface is equal to the flux of the curl of that field 
over the surface. 


For curl a there is another integral formula which may 
be regarded as a version of the Gauss-Ostrogradskii for- 
mula. 
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Let as before D be -an oriented surface in R® with a 
field of unit normal vectors n giving the orientation of 
that surface. For any vector field u = Xi + Yj + Zk 
given on & we define the integral of u over D as follows: 


\ mapa <a) i+(f4 al i+(Jh sad bs 


In particular, this definition applies to a field u =n X a, 
where a is an arbitrary vector field defined in the domain 
containing the surface J. 

Definition 3. In the case where a surface Z@ is closed 
(compact and has no border set) the integral 


(30) \ (n X a) do 
JD 


is said to be the circulation of a vector field a over the 
surface D and designated 


¢ (n X a) do. 


D2 
If D is anelementary surface and r = r (u, v) is its 
parametrization, then on the grounds we already know 


(34) \ ( (n x a) do = ( ( ((r,, X rp) X a) du dy, 
JD) U 


where U is an open set of R* on which the parametrization 
r=r(u, v) is given. 
But 
(r, X Tp) X a= (ary) t — (ary) ry, 
= [(Px, + Qy, + R2y) t)— (Pry + Qy + Rep) ry) i 
is (Pr. ae Oyu fe Rz,) Yo — (Pz, ai Qy, at Rz,) Yul j 
+{(P2y + Qyu + R2y) 2 — (Pry + QYy + Rzy) 2,)k 


=(z 2y Zp = Ly Ly )i 
Ly Ly Yu Yo 
Ee ( Ly LX = Yu Yol, 
Yu Yo Zy Sy 
Yu Yo Zu Sy 
+(¢ Sy 4y 7 Ly Ly )i 


Q* 
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and 


| | Razdz—Qdzdy 


JD 
= WCF Set ca 
(| Pdxdy—R dydz 
D 
=JI (P Py = —R Z ) au av, 
| \ Qdydz—P dedz 
D 
= (Ofer ]-Pler al) enw 
Hence 


\ \ (n X a) sales sic brated 


G 


R 
+({ \ ah ital | 
2 
+(\ Laced k. 


Due to additivity this formula is true for an arbitrary 
(nonelementary) surface D as well. 

But if DM = aD, where D is a domain with regular 
boundary, then by the Gauss-Ostrogradskii formula 


x dz dx —Q dx dy = \ \ (So -S) ev, 


Cp P dx dy— Rdydz= \ \ \ ( __en 
oD D 
( Q dy dz—Pdzdx=\\\ (4 (- S-) av. 
0D D 
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Since 


_/(9R  0Q\,,/9P _ OR 6g AP 
curt ( $220) (2-98) 54(H-4E) 
this proves that the circulation of a vector field over the 
boundary @D of a domain. D is equal to the integral of the 
curl of that field over D 


(32) (nx a) do= \ \ curl a dV. 
aD D 


[It follows, in particular, that the curl of a vector 
field may be interpreted as the density of the circulation 
of the field (thus giving, in particular, a new definition 
of a curl, which is suitable for nonsmooth fields as well). ] 


Formula (32) is a special case of some general formula 
whose proof, as is often the case, is substantially shorter 
than the proof of its special case (32) 

Let @ be a linear mapping of R® into either a space of 
functions F or a space of vector fields , (The ee 
implies that for any vector r= zi+ yj + zk of R® 
there is an equation @ (r) = zq (i) + y@ (j) + 29 (k).) 
We relate to the mapping @ a function (or field) g (V) 
defined as follows: 


0 , 7 : 7] 
P(V) = 57 9 fi) +5, OG) +a F (K)- 
For example, if @ (r) = rF (the product of a vectorr by a 
function F), then 
OF ., OF .,, OF 
9(V) =VF=—— 1- a, ita, k= grad F, 
and if @ (r) = ra or @ (r) =r X a, where a is a field, 
then, respectively, 
yp (V) = Va = diva or 9 (Vv) = V Xa = curla. 


Let for definiteness o: R?—F. Then é (V) = diva 
where a = g (i) i + @ (j) j + 9 (k) k, and hence for any 
domain D by the Gauss-Ostrogradski formula (20) 


\ \ \ 9 (7) dV = Gp a, do. 
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But. if n = cos a-i + cos B-j + cosy-k, then 
a, = an = g (i) cosa + @ (j) cos B + g (k) cos y 
= @ (cos a-i + cos 8-j + cos y-k) = @ (n) 
and hence 


(33) |) | ov) av=€ 0 ) ao. 
D 6D 


If m: R3— a, then applying (33) to each component 
of the mapping @ we immediately see that the formula is 
true in this case too. 

Formula (33) is called the generalized Gauss-Ostro- 
gradskii formula. 

When @ (r) = ra it goes over into formula (20) and 
when @g (r) = r X a, into formula (32). 
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Periods of differential forms - Singular simplexes, chains, 
cycles, and boundaries - Stokes’ theorem for chain integrals . 
Singular homology groups - The de Rham theorem - Coho- 
mology groups of a chain complex - Singular cohomology 
groups 


The application of Stokes’ theorem to compute cohomolo- 
gy groups H"™Z of a smooth Hausdorff manifold ® (not 
necessarily without border set) rests on the fact that for 
any closed differential form o € Q”2% and an arbitrary 
oriented closed (i.e. compact and without a border set) 
m-dimensional submanifold ¥ c Z the integral 


(1) Ty [o] = \ a) 
¥ 


depends only on the cohomology class {w] € H"®% of that 
form (since if the form ow is exact, then by formula (4) 
of Lecture 27 this integral is zero). Therefore formula (1) 
correctly defines some (obviously linear) mapping 


(2) ly: H™L—+R, [wo] > Ty [o] 
of a group H”®@ in R (i.e. a linear functional on H™2), 


The number J a[o] is called the period of the form o 


(or of a cohomology class [w]) in a submanifold ¥. 
Of course, if for a cohomology class [w] there is a sub- 
manifold & such that Ig [w] 0, then [o) 0. It turns 


out —a very difficult theorem! —that conversely if [w] ~ 
QO, then there is a submanifold Y < &% such that Lyla] ~(). 
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This theorem is difficult because in constructing-a Sub- 
manifold ¥ from a form o it is a very complicated matter 
to ensure all the requirements that submanifold should 
satisfy (for example, the absence of self-intersections). 
It is a priori clear that the proof will become easier if 
these requirements are relaxed, i.e. if the class of sub- 
manifolds Y (or, more exactly, functionals (2)) is widened. 

The first thing that occurs to one here is to replace the 
current submanifolds ¥Y by closed singular submanifolds, 
i.e. by smooth mappings of the form y: DZ — 2X, where 
@ is an arbitrary m-dimensional oriented compact mani- 
fold without border set. Another idea is to consider 
arbitrary linear combinations of functionals (2). Com- 
bining these two considerations results in functionals of 
the form 

N 


[wo] + >} a; wo, fw)eC AZ, 


where y; are smooth mappings of the form D; > ® and 
a, are arbitrary real numbers, each manifold DZ; being 
closed. For obvious technical reasons, however, it is 
convenient to introduce into consideration formal linear 
combinations of the form 

N 
(3) y= 2s av 


and assume by definition that 


It may be expected that for a cohomology class [w] #0 
it is easier to construct a linear combination y for which 


( o ~0 than to find a submanifold Y with |e +0. 


g 


(Once such a combination y is found it is possible, if 
necessary, to raise the question of seeking ¥%.) 

This expectation is in fact justified but, unfortunately, 
not to the extent we would like, for the problem remains 
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all the same a very difficult one to tackle. Therefore some 
new idea is necessary here. , 

Such an idea was suggested nearly eighty. years ago by 
the great French mathematician H. Poincaré, and it is 
from that time that modern algebraic topology dates. 

Poincaré suggested that linear combinations (3) of 
singular m-dimensional manifolds y;: DB; 2 should 
be considered for which manifolds D;, while being assumed 
as before to be compact (so that all integrals should 
exist), might have a border set. For every such linear 
combination y its boundary dy is defined as follows: 


N 
Oy = Pay a; O¥:, 


where Oy: = ¥: lag,- (Of course, if all manifolds D; are 


closed, then dy=0, but dy =0 may hold even when man- 
ifolds D; have a border set.) It is clear, because of the 
linearity, that the Stokes formula remains valid in this 
case too, i.6. for any form w of degree m — 1 on a mani- 
fold 2 we have 


(4) \ do = | w. 


y ay 
Therefore if dy = 0, then the formula 


I, [o] = | Q, fo] € HZ, 


7 
correctly defines some linear functional] 
[,; H™U>R 


and the theorem says that for any nonzero cohomology 
class [w] there is a linear combination (3) (with dy = 0) 
such that J, [o] 0. 

It turns out that thus stated, the theorem is compar- 
atively easy to prove. The reason for this is that it is 
possible to find the corresponding singular manifolds 
y;:: Di > ® in the class of very simple manifolds for 
which the manifolds B; are diffeomorphic to a ball. 
[Intuitively this is quite clear: every manifold D; can 
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beecut into elementary parts diffeomorphic to a ball, and 
the integral of an arbitrary form over J; is equal to the 
sum of the integrals over those parts.} But if this is the 
case, then we can take a further step, also proposed by 
Poincaré, and consider from the very outset only singular 
manifelds D— WZ for which the manifold J is a ball. 
The corresponding constructions need only to be inte- 
grated over the balls, and therefore they can be carried 
out anew at the elementary level regardless of the general 
theory of integration over manifolds. 

It is more convenient to consider cubes or simplexes 
rather than balls (neither cubes nor simplexes are mani- 
folds with border set, of course, but points at which there 
are inflections make up a null set and therefore do not 
affect integrals). We choose simplexes, mainly by tra- 
dition (although reducing multiple integrals to iterated 
ones is easier for cubes, of course); 


Definition 1. By a standard m-dimensional simplex A™ is 
meant a subset of the space R™*! consisting of points 
t = (to, ¢,, ..-,; tm) for which 


0<t<1, 0<t,<1,...,0<tp<1 
\ and 
t& ++ °° » +t, = 1. 


{This is a Euclidean simplex in the sense of Lecture 21 


\\ 


Standard simplex At Standard simplex A? 


with vertices at the end points of the unit vectors eo, 
€,, ..., @» of the standard basis for R™*.] 
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For O<i< m (and m > 0) a mapping 
6;: A™-1 xe Am 


(to, ty, - + +s bm- =) (boy ty oy ben, O62: wag Bypass) 
is defined whose image aay called the ith Wace 
of a simplex A™) consists of all points t € A” for which 
t; — 0. 

Each point of A™ is uniquely determined by its coor- 
dinates t,, ..., t,, which allows this simplex to be 
identified with a subset of R™ consisting of points t = 
(t,, ..., ty) such that 


Oe tee 4s they UR 1, = 4 
and 
OS Fe i ote 
(i.e. with a simplex of R™ with vertices at 0, e,. .... e,,). 


A mapping K > 2 of an arbitrary set K c R™ into 
a smooth manifold Z is said to be smooth if it is a re- 


m=\ m=2 
mx3 


Standard simplezes projected in R™ 


striction to K of some smooth mapping U — 2, where 
U is some subset of R™ containing the set K. 

In particular, we may speak of smooth mappings 
A™—» 2% of a simplex A” into 2. 

Definition 2. By a singular m-dimensional simplex of 
a smooth manifold 2 is meant an arbitrary smooth 
mapping o: A™-+ JZ. By its ith face 03, O<i<m, 
is meant a mapping (also obviously smooth) 


The set of all singular m-dimensional simplexes of 2 is 
designated S,,7. 
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Let G be an arbitrary Abelian group (in additive no- 
tation). 

Definition 3. By a singular m-dimensional chain of a 
manifold X over a group G (or with coefficients in G) is 
meant an arbitrary finite formal linear combination 


(5) y= >) GG, a€G, 
oES,U 


of singular simplexes o € S,,% with coefficients in G. 
(The finiteness of sum (5) means that only a finite number 
of coefficients a, are nonzero.) Such chains form an addi- 
tive group designated C,, (2%; G). For G=Z this is 
nothing else but a free Abelian group generated by a set 
Smt , and for G=R it is a vector space with basis 
Smt. 

We shall also consider infinite linear combinations (5) 
with a property (known as the local-finiteness property, 
cf. Definition 1 of Lecture 22) such that for any point 
p € Z, and therefore for any compact set C c 2, there 
is its neighbourhood U such that the set of singular sim- 
plexes o € S,%, for which both a, #0 and o (A”) fj 
U =, is finite. Such linear combinations are called 
infinite chains. They form a group Cit (2; G) containing 
Cm(®@; G) as a subgroup. 

Clearly the equation C,, (V3; G) = Ci! (2; G) holds 
if and only if D is a compact manifold. 

For every m>1 we define homomorphisms 


0: Cm(L; G) > Crs (XG) 
and 
a: cin (@; G) > Cnt (L; G), 
assuming for any finite (or, respectively, infinite) chain (5) 


(6) dy= >) a,00, 
Xx 


where 
m eo 
do= >) (—1)' 4,0, 
i=0 
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i.e. as follows: 


ay = ( 
y Te 2 i=0 o€S) V, 
8,0=% 


(—1)'a5) x 


where the inner sum is taken over all simplexes o € S,7 
for which 0;0 = t (the set of such simplexes with ag #0 
is finite, even if the chain y is infinite, and therefore this 
sum makes sense). ; | 
‘Definition 4. A chain dy is called the boundary of 
a chain y. Chains for which dy = 0 are called cycles. 


For any differential form w af degree m on a manifold 
® and any singular.simplex o: A" —- 2% a form o*@ 
is defined on A™ (or, more exactly, on some open set 
U => A™). In coordinates ¢,, ..., ¢, this form is as 
follows: | 


o*m =wdt, \ ... A dtm, 


where w = w (t) is some smooth function. By definition 
we put 


(7) \ =\... | wit de. 
G am 


In other words, 


4 S1 Sm 
(8) Jo={ at, | at, ... | w(t) dtn, 
oO 0 0 0 
where s,; = 1—t,, ..., 8, =1—t, —... —typ. 


The integral of w over an arbitrary m-dimensional 
chain y with coefficients in the field R is defined by addi- 
tivity: if y = >) a,o, then 


(9) | o= > ao ( . 
4 oEé€S, 0 


If the chain y is infinite, then for sum (9) to make sense 
(to be finite), we require that the form w should be finite. 
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Theorem 1 (Stokes’ theorem for chain integrals). For 
any m-dimensional singular chain y of a smooth manifold Y 
with coefficients in the field R and any (finite, if the chain y 
is infinite) differential form w of degree m —1 there is an 
equation 


(10) ( dw = | o. 


v ov 


[This equation is of course a special case of the general 
equation (4), but we give here its direct proof based only 
on formulas (6), (7), and (9).] 

Proof. It follows directly from formulas (6) and (9) 
that it suffices to prove equation (10) only for the case 
where the chain y is a simplex o. It may be assumed with- 
out Joss of generality that o*w is of the form 


o*m =wdt, A... A dtp... A dtm 
where 0 < k < m (and~ as ever indicates that the corre- 
sponding factor must be omitted) and that hence o* (dw) = 
d(o*w) is of the form 


7] 
o* (dw) = (— 1)*-! Hy tts A aa Nate: 


Then 
Ow 
= ee |e ee eee 
\do=!... 4 (—1y se at 
0 Am 
ae 
— Ww 
—(— 1)? ‘ se \ ( Fiz ats tn, 
a4 0 
ACh) 
wheret =t, +... tt, +... + tm, dtp) = dt,... 
aN ; 
db, ... dt,, and A@y' is a simplex A”? in RR”? with 
coordinates ¢,, . . ne ung we begs OL DCE 


\ Oth dt, = wl =Weai-t "7 | t,=0° 
0 
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where w |;,—, is a restriction of a function w to the hyper- 


plane t, = r (considered as a function of ¢,, .. ., bia, 
t,,) this proves that 


(11) de == (— 1)** \ ves \ (W |r,—1-2— Wt, =o) dt. 
0g ary | 


On the other hand, since t;06; =O (and _ hence 
§* (dt;) = 0), we have (0;0)* w = 8% (o*o) = 0 for i # 
0, k, and therefore 


(o= { wo +(— 1)" \ Q. 


do a,0 4,0 


°? 


At the same time, since 


t, ifi<k, 
t; © 5, = 0 if i= k, 
t, if i>k, 
where t,, ..., tm on the left are coordinates in R™, and 


ti, -- +, tm-; on the right are coordinates in R™~-', we 
have 


(0,9)* w = Sf (o*w) = (wo 63) dty A... A adtm-y, 
where 
(wo b,) (t,, ener bee bined) = W (t,, ea ey tp 1) 0, tr, o %- a4 bas) 
and hence 


\ o= | sd \ Ly, case die Os 


0,0 Am-i 
a 09 Uns rr | tm—1) at, eee Ot sie 
Denoting the variables t,, ..., tm-, by tr4,, ..-, tm 


we may rewrite this integral as 


\ O = \ aes \ (w |+,=0) dba). 


01.0 am 
‘ (k) 
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Similarly, since t;00) = t;-,, i= 1, ..., m, where 
t,=1—t, —...—tm-1, we have 


re ee 


ty, . 00 tm—s) Aty 10. Tbm—y- 
On making a change of variables 


t=1—t—... tay, = th 


t= ty, to = t, 
th-1 = tho, tho = th) 
that = ths try = {— ty 
—_ —th— — tm: 
th+2=Chew ty = th+t, 
bm = bm-1) tm-1 = tm 


{whose Jacobian is equal to (—1)*“!) and dropping the 
primes we get 


[ o=(—1t (1... | wats) ata. 


Qo0 m—i1 
ACR) 


Therefore 


(12) \ @=(—1)*t \ vee \ (W |2,=1-t—W |1, <0) ata). 


dc Am-t 
(Rk) 


A comparison of formulas (11) and (12) proves the 
theorem. 0 | 

It follows from Theorem 1 that for any cycle y and inte- 
gral 


Iya = | 0) 
Y 


Lecture 29 497 


of a closed form w over y depends only on the cohomology 
class {m] € H™@ of that form, i.e. the formula 


(13) I, Co] = \ w 
v 
correctly defines some homomorphism (linear functional) 


(14) Iy: H°-2—>R. 


In a similar manner, for any infinite cycle y the same for- 
mula (14), but with a finite form w, correctly defines 
a linear functional 


(15) Ty: Htin® — R. 


In both cases the number J, [w] is called the period of 
the form o (or of the cohomology class [w]) in the cycle y. 


We now study the dependence of the function J, on the 
cycle y. To do this we must first develop the appropriate 
algebraic tools. 

Lemma 1. Jf O<i<j<m, then 


(16) 0;0;0 = 0;_,0;9 


for any m-dimensional singular simplex o of amanifold 2. 
Proof. Since 0;0j0 = 6 06;06; and 0;_,0;0 = o06; o 
5,;-,, it suffices to prove that 


6; 06; = 6:08;4, OSi<jcm 


But by definition the action of the mapping 6, is to insert 
a zero into the ith place in the vector t = (tf), ..., tm). 
Since after the insertion the number j >i is acquired by 
the place which had the number j —1, the mapping 
6; °6;_, inserts zeroes into the ith and the jth places. 
On the other hand, after applying the mapping 6, all 
places with numbers less than j retain their numbers, and 
therefore the mapping 4, o 6; also inserts zeroes into the 
ith and jth places. Hence 6; 6; = 6; 0 6;_,. O 

Proposition 1. For any m-dimensional (m > 2) chain 
y of a manifold Z over an arbitrary group G “there is an 
equation 


(17) doy = 0. 
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Proof. (Cf. the proof of Proposition 4 of Lecture 21.) 
It is obviously sufficient to prove (17) for the case where 
the chain y is a singular simplex o € S,%. But for any 
sim plex o the chain 6do0 is obviously the sum of chains 
of the form (—1)**? 0,0;0, where OS i<m —1i and 
Q0<j<™m. On the other hand, by Lemma 1 if i<j, 
then 9,0;0 = 0;-,0;0. For any pair (i, j), with i<j, 
there are therefore two equal terms in the chain 0c, 
one with the sign (—1)*+) and the other with the opposite 
sign (—1)@- ++, All the terms of the chain 0do therefore 
cancel out. O 

Proposition 1 implies that for any m > 1 the boundary 
group By, (; G) (the image of a ~ homomorphism 
0: Cmas (Z: G)—> C, (@; G)) is contained in the cycle 
group Z, (%; G) (in the kernel of a homomorphism 
0: Cm (£: G) > C,,-; (7; G)), and similarly the infinite 
boundary group Birt (1; G) (the image of a homomor- 
phism 0: Cint (7; G) + Cit (YW, G)) is contained in the 
infinite cycle group Zint (2; G) (the kernel of a homo- 
morphism 4d: Cinf (W; G) > Cimt (2; G)). The quotient 
groups 

Hm (®%; G) = 2, (%; G)/Bm (%; G) 
and 
Hit (@; G) = Zant (2%; G)/Bit (&; G) 


are therefore defined, which are called an m-dimensional 
(or the mth) group of singular homologies (respectively, 
singular infinite homologies) of a manifold D with coef- 
ficients in a group G (or over a group G). 

Remark 1. Homology groups are also called homology 
groups with compact supports and infinite-homology groups 
are also called homology groups with arbitrary supports. 

Remark 2. The construction can be carried over word 
for word to any topological spaces % (it is only necessary 
to require continuity instead of smoothness in the 
definition of a singular simplex). Thus for a smooth mani- 
fold, along with the above homology groups (said to be 
based on smooth singular simplexes) there also arise 
topological homology groups (based on any continuous 
singular simplexes). However, it is possible to show, by 
a conceptually simple but somewhat cumbersome con- 
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struction, that a natural mapping of the latter groups 
into the former is an isomorphism. 

Elements of homology groups (classes of cycles modulo 
boundaries) are called homology classes, and two cycles 
belonging to the same homology class (i.e. differing by 
a boundary) are called homologous. Accordingly bounda- 
ries are also called cycles homologous to zero. 

Now let the group G be again the field R. 


As we know, for a cycle y and a closed form w the 
integral 
(0 


y 


depends only on the cohomology class x = [a] of o. 
From Theorem 1 it now follows that this integral only 
depends on the homology class & of y (since 


\ o= | dw = 0 
op B 


for any chain f). Therefore the formula 


(18) &, x) = \ @) 


Y 


correctly defines some pairing (see Lecture II.4) between’ 
vector spaces H,, (7; R) and H™® (and between vector 
spaces Hint (2; R) and A, 2). 

Recall (ibid.) that a pairing between vector spaces 7 
and &# is said to be nondegenerate if for any nonzero 
vector § € Y there is a (trivially nonzero) vectorx €W 
such that (E, x) +0, and vice versa. 

Theorem 2. For any oriented paracompact.and Hausdorff 
manifold Z both pairings (18) (between H,,(L; R) and 
H"™2Z and between Hitt (XY; R) and Hfin ZY) are non- 
degenerate. 


_ Let us discuss this theorem at greater length. (We shall 
not prove it.) 
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For every pairing between vector spaces ¥Y and #” 
(over some field K) and any vector § €Y the formula 


I_x = (, xX), xX CW, 


defines on &# a linear functional J;:; W— K, i.e. a vec- 
tor of the conjugate space #”’ = Hom (#W, K). The 
nondegeneracy of a pairing in x implies that for any 
nonzero element x € #W there is an element §€ € FY such 
that Tex +0. 

Similarly, for any element x € W the formula /,& = 
(§, x) defines a functional J,: Y — K, and the nonde- 
generacy of a pairing in € implies that for any nonzero 
element €€®W there is an element x€¥Y such that 
1,8 40. 

For pairing (18) the functional J; is precisely the func- 
tional J, (where y is a cycle such that § = [{y]). Thus 
Theorem 2 states that for any closed form @ not coho- 
mologous to zero there is a cycle y (trivially not homolo- 
gous to zero) such that J,@ “0. This is precisely the 
statement we started this lecture with. 

But Theorem 2 also states that, conversely, for any 
cycle y not homologous to zero there is a closed form o 
(trivially not cohomologous to zero) such that /,y 0 
(and hence J, =«0). 

Moreover, Theorem 2 says that similar statements are 
true with respect to finite forms and infinite chains. 
(Warning. The two parts of the theorem do not, contrary 
to what might be thought, reduce directly to each other, 
because a finite form finitely noncohomologous to zero 
may nevertheless be cohomologous to zero, and similarly 
a finite chain nonhomologous to zero may be the boundary 
of an infinite chain.] 

Correspondences € +> /; and x +> /, obviously define 
some homomorphisms 


(19) YW’ and wy’ 


of vector spaces Y and & into the conjugate spaces #”’ 
and ¥’. The nonsingularity of a pairing is equivalent 
to the fact that both homomorphisms (19) are monomor- 
phisms. 
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For finite-dimensional spaces Y and #, we know (Pro- 
position 4 of Lecture 11.4) that for a nonsingular pairing 
mappings (19) are even isomorphisms. For infinite-di- 
mensional spaces this in general is not so, and, moreover, 
it may happen that one of the mappings is isomorphic and 
the other is not. 

Example 1. Let S be an infinite set, Y be the vector 


space of all formal finite sums & = >} a,0, where o € S, 
a,€K, and #@ be the vector space of all functions 
x: S—>K. Then the formula 


(&, X) = > AgX (0) 
o€S 


correctly defines an (obviously nonsingular) pairing be- 
tween Y and W. For this pairing, every functional 


I, (x) = 2 5x (0) 


has the property that J;x +0 only for elements x €-# 
in some finite-dimensional subspace of #W (consisting 
of functions x which are nonzero only on those elements 
o €S for which a, ~0). Hence the mapping § +> /; 
of Y into #” is trivially not epimorphic. On the con- 
trary, since any functional go: 7 —K can be repre- 
sented as I,,x€W (it suffices to put x (o) = @ (0) for 
any o € S), the mapping x +> /, of # into 7’ is an iso- 
morphism. 

The ‘following theorem is therefore a refinement of 
Theorem 2. 

Theorem 3. For any paracompact Hausdorff manifold Y 
homomor phisms 


(20) H" % +> H,(V; BR)’, xreT,, 
and 
(21) Amt (ZY; R) > (AhaDL)', E> Ly, 


where I, and I, are functionals H,, (2%; R)—~>R and 
Hfin DY —> R defined, respectively, as follows: 


i <=> \ wo, x=[o}], §=[y], 


y 
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and 


x= \ o, x=[o]fins s—[y)'™, 
: 


are isomorphisms. 
[On the contrary, the “dual” mappings 


Hy (V; R) > (A™Z) and Afi, V > Hit (L; R)’ 


are not in general isomorphisms. ] 

Theorem 3 (together with Theorem 2) is known as the 
de Rham theorem (de Rham being the first to prove it 
for compact manifolds). 

Isomorphism (20) reduces computing the group HZ 
to computing the group H,, (%; R)’, for which special 
methods, sufficiently effective in principle, have been 
developed in algebraic topology. 


The construction of homology groups Hy, (7%; G) and 
Hint (@; G) splits into two stages, i.e. construction of 
chain groups C,, (%; G) and Cimt (2; G) together with 
homomorphisms 0 (the first stage) and construction of the 
homology groups themselves from the chain groups (the 
second stage). It is appropriate, as in a Similar situation 
with cohomology groups, to have a separate second stage. 

Definition 5. A family 


Ce Ce ee ey Oe 


of groups and homomorphisms is said to be a chain complex 
if 


ddy = 0 


for any element y€C,,, m1. Elements of C,, are 
called m-dimensional chains; a homomorphism @ is called 
a boundary operator; chains y for which dy = 0, i.e. 
which are in the kernel 


ZmC, = Ker (0: Cm —> Cm-1) 


of a homomorphism @: C,, ~ Cm-, are cycles (for m = 0 
it is assumed by convention that Z,,C, = C,); chains 
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of the form dy, i.e. chains in the. image 
B,C. = Im (0: Crit > Cm) 


of a homomorphism 0: C,,4, > Cm are called boundaries 
(or cycles homologous to zero); a quotient group 


Hy,C, = Zm (C.)/Bm (C.) 


is an m-dimensional (or the mth) homology group of a com- 
plex C,; the elements of the group are called m-dimensional 
homology classes, and cycles which are in the same ho- 
mology class, i.e. differ by a boundary, are homologous. 

Groups H,,(%; G) are thus homology groups 
H,,C.(@; G) of a complex 

C,(%; G) = {Cm (Xs G); 9}, 
and groups Hint (2; G) are homology groups of a complex 
Cint (7; G) = {cint (2; G); 9d}. 
In the case where a chain complexC, = {C; 0} con- 


sists of vector spaces over a field K, for any m>0O 
we can construct a conjugate vector space 


C™ = (C )’ = Hom (Cy; K). 
In modern mathematics it is customary to distinguish 
a passage to a dual (conjugate) situation with a prefix 
“co” (for example: vectors and covectors). Accordingly 


elements of a space C™ are called m-dimensional cochains 
of a chain complex C.,. 


For any cochain c € C™ the formula 
(5c) (y) = ¢ (Ay), YE Cmar 
defines some cochain 6c, and since 
(58c) (y) = ¢ (ay) = 0 
for any chain y € Cmis, we have 
d6c = 0 


for any cochain c € C™. By definition (see Definition 1 of 
Lecture 20) this means that a family C*’ = {C™; 0} of 
groups and homomorphisms is a cochain complex. 
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Cocycles c € C™(C*) of the complex are characterized 
by the relation 


(8c) (y) = ¢ (vy) = 9, YECm 


i.e. by being zero on a subgroup of boundaries B,C. < 
C,,. By definition (see Lecture II.4) this means that 


Z™C* = Ann B,,C. 


(cocycles make up the annihilator of a boundary group). 
Similarly, if dy = 0, then (5e) (y) = e (@y) = 0 for any 
cochain e and, conversely, if c (y) = 0 when dy = 0, 
then the formula e (dy) = c (y) correctly defines a linear 
functional e: B,,.,C, ~ K with the property that arbit- 
rarily extended, with linearity preserved, to the entire 
space C,,_,, it gives a cochain e: C,,_, > K such that 
(Se) (y) = e (@y) = ¢ (y), i.e. such that 5e = c. This 
proves that 
B'c’ = Ann Z,,C, 


(coboundaries make up the annihilator of a cycle group). 


The extendability of the functional e from the subspace B,, _,C° 
to the entire space C,,_, is a general fact: for any subspace # of 
an arbitrary—even infinite-dimensional!—vector space % every 
linear functional e: # — , allows an extension to?°. To prove 


this it suffices to choose for @ an additional subspace @ whose 
existence is proved in. Lecture 22 in connection with Remark 3, 
and to give e arbitrarily on @. 


For cohomology groups H™(C’) of a complex C’ this 
implies that for any cohomology class x € H™C° the for- 


mula 
(Hz) (—)=c(y), S€H,C., 


where c is an arbitrary cocycle of a cohomology class x 
and y is an arbitrary cycle of a homology class & correctly 
gives a functional 

He: H,C, > K 


and that the resulting mapping 
H: A™C* > (A,,C.)’, «cts, 


is an isomorphism. [That this mapping is monomorphic 
follows from the equation B"C’' = Ann Z,C, and that 
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it is epimorphic is ensured by the possibility of any 
linear functional Z,,C, — being extended to the entire 
space C,,.| Thus, for any chain complex C, consisting of 
vector spaces and any m > 0 there is an isomorphism 


+: HC’ — (H,,C.)’. 
This reduces computing cohomology groups to computing 
homology groups. 


For a complex C, = C, (@; K) of singular chains of 
a smooth manifold 2 over a field K a cochain complex C’ 
is designated C° (%; K). Since for any m > O the set. 
Sm is a basis for the space C,, (%; KX) and since linear 
functionals on an arbitrary vector space can naturally be 
identified with K-valued functions given on its basis, 
for any m >0O the component C™(2; K) = Cy, (7; KY 
of a complex C* (2%; KK) can be identified with the vector 
space of all possible functions S,,2% — K. This in partic- 
ular allows a group C"(%; G) to be defined for an arbit- 
rary group G. By definition elements of that group called 
m-dimensional singular cochains of a manifold 2 over the 
group G are G-valued functions c: §,,% —G defined on 
the set S,,% of all m-dimensional singular simplexes of V. 
The coboundary operator 6 is defined by the formula 

(8c) (0) = (—1)*e (0,0) 

which deciphers the formula (6c) (o) = c (dc). 

Cocycles, coboundaries, cohomology classes of the com- 
plex C* (2; G) are called singular cocycles, coboundaries, 
and cohomology classes of a manifold 2 and the corre- 
sponding groups are denoted by Z™(Z7; G), B™(Z; G), 
and H™(2; G). According to the general result proved 
above, for any field K there is an isomorphism 


(22) H™(Z; K) > Hm (L; WY’. 


In the case where K = R every form w € 2” DY defines 
by the formula | 


o(y) = 0, VEC, (2; R), 
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some cochain w € C"(2; R), with 
(23) dw = da. 
{Indeed, 


dw (y) = J duo = | @ = @ (BY) = (8x) (y) 
Y oy 
for any chain y € C,, (7; R).] It follows from (23) that 
the mapping w+» changes cocycles into cocycles and 
coboundaries into coboundaries. Therefore this mapping 
induces some homomorphism 


(24) H™® -» H™X; R). 


A comparison of the definitions shows at once that the 
composition of homomorphism (24) and isomorphism (22) 
is nothing but homomorphism (20) of the de Rham the- 
orem. To prove the theorem therefore (at least with 
respect to groups H”™2%) it suffices to establish that 
homomorphism (24) is an isomorphism. Unfortunately, we 
cannot afford to carry out the corresponding proof here. 

Remark 3. The statement that homomorphism (24) 
is an isomorphism implies that both approaches to the 
definition of cohomology groups of a manifold (in terms 
of forms and singular chains) lead in fact to the same 
result. There are other approaches to these groups as 
well, such as the Cech-Leray approach of Lecture 22 
which we know to lead to groups isomorphic to groups 
H"2Z. To prove isomorphism (24) it suffices therefore to 
establish that singular cohomology groups are isomorphic 
to Cech-Leray groups (which were designated by the 
same symbol H™(%; R) in Lecture 22). Forms are not 
involved in this formulation, and the formulation 
makes sense for any topological spaces (for which there 
are appropriately defined Leray coverings). The question 
therefore may be raised as to the validity of this state- 
ment in the general form (for any topological spaces). 
The answer turns out to be affirmative for polyhedra (see 
Remark 2 of Lecture 21) but negative in the general case. 
A general study of the entire range of these questions is 
the subject of a broad theory which is a constituent part 
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of general topology. Unfortunately, we were able to 
touch on this theory only by hints. [For example, a com- 
parison of the definitions of cohomology groups of sim- 
plicial schemes and of singular cohomology groups of 
manifolds, and, more generally, of topological spaces, 
shows their close resemblance. The elucidation of this 
resemblance in general terms leads to simplicial sets 
whose theory is both beautiful and profound. On the 
other hand, construction of a cochain complex from a 
chain one is a poor example and a shadow of algebraic 
manipulations on chain complexes which are dealt with 
in homological algebra, and so on and so forth. The in- 
terested reader may find further information in the book 
by Bott and Tu referred to in the Preface, and in many 
other, rather numerous, textbooks of algebraic topology. |] 
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